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OVERGROUPS OF F, IN E¢ OVER COMMUTATIVE RINGS

A. YU. LUZGAREV

ABSTRACT. Overgroups of the elementary Chevalley group of type F4 in the Cheval-
ley group of type Eg over an arbitrary commutative ring are described.

§1. INTRODUCTION

In the present paper we describe overgroups of the elementary Chevalley group of
type F4 in the Chevalley group of type Eg over an arbitrary commutative ring. A
systematic study of similar questions for the classical groups over fields was started by
Roger Dye, Oliver King, and Li Shang Zhi; see [22, 23| 24], 29, [30, [33]. The description
of overgroups for orthogonal, symplectic and unitary groups in the general linear group
over a commutative ring was obtained by Vavilov and Petrov in [9] [I0] 11l 35] and by
Hong You in [27] 2§].

The papers listed above deal with overgroups of classical groups in irreducible rep-
resentations, or equivalently, with subgroups of GL(n, R) containing a given Chevalley
group. It would be useful to transfer these results to the exceptional groups over commu-
tative rings. In [12], the author presented some steps towards a description of overgroups
for Chevalley groups of types Eg and E7 in their irreducible representations.

In [5, [§] it was observed that, in order to study Chevalley groups of type Fy, instead
of the minimal 26-dimensional representation, it is often convenient to use the reducible
27-dimensional representation that arises as a result of twisting the minimal module of
the group of type Eg. Thus, we have an inclusion Gy (F4, R) < Gsc(Esg, R), and it is
natural to ask about intermediate subgroups in this setting.

Several technicalities arise when we try to adjust the proofs in [I0] to exceptional
groups, but the core remains the same, and so does the result: a “fan subgroup” descrip-
ton in the spirit of Borevich. More precisely, for any subgroup H lying between E(F4, R)
and G(Eg, R) (and viewed as subgroups in GL(27, R)) there is a unique ideal A in R such
that H lies between the group E(Fy4, R, A) = E(F4, R)E(Eg, R, A) and its normalizer in
G(Eg, R).

Theorem 1. Let R be any commutative ring. For any subgroup H in G = G(Eg, R)
that contains E(F4, R), there exists a unique ideal A < R such that

E(F47R7 A) < H < NG(E(F47R7 A))

Moreover, we compute the normalizer in question. Consider the extended Chevalley
group

G(F4,R) = G(F4, R) Cent(G(Es, R))
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(where Cent(G) denotes the center of a group G).
For any two subgroups E, F in a group G, let Trang(E, F) denote the transporter of
E to F:

Trang(E,F)={¢g€ G| EY < F}.

Another result of this paper is the following theorem.

Theorem 2. Under the hypothesis of Theorem 1, we have

Ne(E(F4, R)) = No(G(F4, R)) = Trang(E(Fy, R), G(Fy, R)) = G(F4, R).

Now, consider the reduction homomorphism p5¢ : G(Es, R) — G(Eg, R/A) induced
by a homomorphism of the corresponding general linear groups, and let CG(Fy, R, A)
denote the full preimage of G(F,, R/A) under p5e.

Theorem 3. Under the hypothesis of Theorem 1, for any ideal A < R we have
Ng(E(F4,R,A)) = CG(F4, R, A).

The matrices in CG(F4, R, A) are determined by certain congruences modulo A. We
make these congruences explicit in Proposition 2.

Technically, this work combines the localization-completion method, introduced by
A. Bak in [19] and simplified by Hazrat and Vavilov in [25] 26}, [I0], with explicit compu-
tations in exceptional groups in their minimal representations, as developed by Vavilov
and his students; see [4} [5] 6] [7, [8, [12].

This paper is organized as follows. In §§2 and 3 we recall the basic definitions per-
taining to Chevalley groups of types Eg and Fy in their 27-dimensional representation.
In §4 we reproduce some general facts about these groups. In §5 we prove technical re-
sults concerning the equations that define G(Eg, R). In §6 we describe certain parabolic
subgroups in G(Eg, R) and G(F4, R), together with their unipotent radicals. In §7 we
prove Theorem 2 and describe equations on elements of the extended Chevalley group
G(F4, R). The notion of the lower level for the subgroups in question is introduced in §8.
In §9 we prove Theorem 3 and describe equations that determine the normalizer appear-
ing in that theorem. The technical core of the proof of Theorem 1 is §10: localization
helps us to simplify the extraction of a root element. The next three sections are devoted
to this exrtraction: we gradually weaken conditions that ensure the existence of a root
element. After that, the proof of Theorem 1 is finished easily in §14.

I am grateful to Nikolai Aleksandrovich Vavilov, without whom this paper would not
have been written, and to Antony Bak for hospitality and valuable support.

§2. CHEVALLEY GROUP OF TYPE Ej4

In the present section we recall the basic notions and facts pertaining to Chevalley
groups of type Eg over commutative rings. Further information and references can be
found in [T}, 13}, 34} [36], [T5], 40} 41, 42} 41 6], [7]. However, we wish to discuss more thoroughly
the inclusion of a group of type F,4 in a group of type Eg, which is far less covered in the
literature.

We consider the root systems Eg and F4 with fixed sets of fundamental roots II(Eg)
and II(Fy). Our numbering of roots follows [2]. From now on, let R be a commutative
ring with 1.

Our computations use an action of the Chevalley group G = G(Eg, R) of type Eg on
a module V' = V(w;) with the highest weight w = w;. Let A be the set of weights for
this module. Then V has a crystalic base v*, A € A. This means (see [34]) that each v*
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is a weight vector, and the action of the elementary root unipotents z,(§) for a € Eg,
¢ € R, can be written as follows:

Moreover, every structure constant cy, of this action is equal to £1, and ¢y, = +1 for
a € £I1(Eg). Let T(Eg, R) be a split maximal torus in G(Eg, R); in our representation, a
matrix in G(Eg, R) belongs to T(Eg, R) if and only if it is diagonal. The group T'(Eg, R)
is Abelian and is generated by the following elements:

ha(€) =e+ Z ((6 - 1)6)\_;_047)4_,1 + (571 — 1)6)\)>\)
A A+a€eA
for every « € II(Eg), € € R*.
It is easily seen that
P ag(€) = w(e"P¢)
forall a € II, B € @, ¢ € R*, £ € R. Recall that (a, 8) = 2(a, 8)/(8, ), where (-,-) is a
W (Eg)-invariant scalar product on P ®z R, and in our case, P = P, is a weight lattice.

The paper [7] was devoted to a detailed study of the module V. In particular, the
tables of signs of the structure constants in the crystalic base can be found there. Those
tables are used extensively in our computations. As was noted in [I7, [I8] [6], a principal
instrument for studying the module V is the invariant trilinear form. This form was
described in [7]. One can look at G(Eg, R) from several different viewpoints: the clas-
sical definition says that it is the group of points of a certain affine group scheme (the
Chevalley—Demazure scheme). But for specific matrix computations it is easier to use
the fact that for any commutative ring R the group G(Eg, R) coincides with the group of
isometries of a trilinear form 7". The description of this form, and of the associated cubic
form together with its partial derivatives can be found in [7] (see also [40, 4], 42} [8, [@]).
We reproduce the cubic form and its partial derivatives in §5.

Moreover, G(Eg, R) coincides with the group of isometries of the cubic form @ men-
tioned above. This result is nontrivial (see [17]), especially if the invertibility of 2 and 3
in R is not assumed: note that T'(u,u, u) = 6Q(u).

In Figure 1 we reproduce the weight diagram of the module V. Its vertices are labeled
by the weights of V', while each edge connects a pair of weights if their difference is a
fundamental root. The edge is then labeled by this fundamental root, and the greatest
of two weights is put on the left-hand side.

FIGURE 1

We view a vector a € V, a = Y ayv?, as a column of coordinates in the crystalic base:
a = (ay), A € A. At the same time, an element b of the contragredient module V* can
naturally be regarded as a row b = (bx), A € A. Note that the coordinates of a vector
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in V* are indexed by weights of the module V; that is why they are written as rows.
We identify an element g € G(Eg, R) with its image with respect to the representation 7
and write it as a matrix (g,) belonging to GL(V) ~ GL(27, R) with rows and columns
indexed by the set of weights A. We denote by g., the column of this matrix with
index u € A. In other words, g., = gv*. Similarly, we denote by gx. the row of the
matrix g with index A € A. The entries of the inverse matrix of g are denoted as follows:
97" =(95,), A €A

The following lemma is a simple reformulation of the definition of a crystalic base,
and we shall use it in the computations without any special mention.

Lemma 1. For any g € GL(27,R), o € Eg, £ € R, we have
(xa(f)g)ku = gau + r—a,al9r—a,u (gxa(g))ku = gap t CualIr uta-

Often we do not need to know the exact signs of the constants cy,, and then we use
the symbol ‘+’ instead of the sign.

§3. CHEVALLEY GROUP OF TYPE Fy

From now on we assume (unless otherwise stated) that ® = Fy, ®; is the set of long
roots, and @ is the set of short roots in ®. We realize the root system F, as the projection
of the root system Eg to the four-dimensional subspace spanned by the vectors 00(1)00,
00100 01010 10001

o> 0 0
subspace. Such a root must have the form
is the root day + cag + 2bas + 2acy € ®; (where the a;, 1 <i <4, are the fundamental
roots of Fy). Therefore, we may assume that ®; C Eg (note that ®; is a root system of
type D4). On the other hand, a short root of Fy is the projection of two roots of Eg to
abeb'a’ o q @'t (ciba
day + cag + (b+b)ag + (a+a')ay € .

Let B;, 1 <14 < 6, denote the short roots of Eg; we recall that our numbering follows
[2]. Consider the outer automorphism o« — @ of order 2 of the root system Eg that
permutes (B with B¢ and B3 with S5, leaving > and (4 invariant. The one-element
orbits of this automorphism consist precisely of the long roots of F4, while each two-
element orbit contains two roots that project to a short root of F4. Note that the roots
B # 3 in a two-element orbit are orthogonal to each other and form angles of m/4 with
the corresponding short root (34 3)/2 € ®,. We shall identify the set of orbits with the
set of roots Fy.

We denote by z5(€) the elementary root unipotents of the group G(Eg, R), and by
X3(€) the elementary root unipotents of the group G(F4, R). Each element X3(€) is
equal to z5(¢) for = B (long root unipotent), or to zg(&)zz(+£) for f # B (short root
unipotent). We shall use the explicit signs in the short root unipotents:

. Then the long roots of F4 are precisely the roots of Eg lying in this

abcba ¢ g and from the Fy point of view it

our four-dimensional subspace: the roots are projected to

Xooo1(§) = »’510800(5)!500801(5), Xoo10(§) = 5601800(5)9500810(5),
Xoo11(§) = 5811800(5):500811(*5), Xo110(§) = fOléOO(f)xOO(l)lO(*f),
X1110(§) = zo1100(§)00110(—E), X0111(§) = z11100(§)Z00111(£),

1 1 0 0
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X6 = »’811%00(5)%00}11(5), Xo121(&) = $11510(§)x01é11(*€),
X1121(€) = »’811%10(5)101}11(*5), X1221(8) = $11§10(§)£E01§11(*§),
Xi231(€) = 5812%10(5)101%21(*5), X1232(8) = $12%11(§)9911§21(€).

The split maximal torus T'(F4, R) of the group G(F4, R) is generated by the following
diagonal elements:

Hi00(€) = hooooo(e), Ho100(g) = hoo1oo(€),
1 0

Hyo10(€) = ho1ooo(€)hooo1o(€), Hopo1(€) = h1oooo(€)hoooot (€)-
0 0 0 0

When we restrict the representation 7 from G(Eg, R) to G(F4, R), we obtain the 27-
dimensional representation with the weight diagram depicted in Figure[2l Here the edges
are labeled by the fundamental roots of Fjy.

FIGURE 2

We shall use this numeration of weights in all our computations. For diversity, this
numeration (and even its positive part) does not coincide with any of the three numer-
ations listed in [7]. A weight labeled by an integer ¢ on this diagram is denoted by \;
or (if this does not cause ambiguity) simply by i. Note that after restriction to Fy the
weights 13, 14, and 15 become zero weights.

The representation (Eg, 1) | Fy is reducible: it is the direct sum of a 26-dimensional
representation on the short roots and a trivial 1-dimensional representation. Moreover,
we need to consider the restriction (Eg,w1) | D4. To visualize it, one should remove all
edges labeled by 1 and 6 from the diagram (Eg, ). Combining the restrictions to Fy4
and to D4, we obtain the restriction to B3, which corresponds to removal of all edges
labeled by 4. It is easily seen that the result is the direct sum of three one-dimensional
representations (corresponding to the weights A\; = w, A\_; = —, and \13), and three
eight-dimensional representations (one of them is reducible and is the direct sum of a
seven-dimensional and a one-dimensional representation). Let B, I', A be the sets of
weights of these representations:

B ={2,3,4,5,7,8,9,10},
I ={6,11,12,14,15, 12, —11, -6},
A ={-10,-9,-8,—7,—5,—4,-3,—2}.
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As has already been noted, G(Eg, R) coincides with the group of transformations
of the free right module R?" that preserve the trilinear form T. It is convenient to
view the group G(F4, R) < G(Eg, R) as the group of transformations of class G(Eg, R)
that stabilize a certain vector v with Q(u) # 0. Equivalently, G(F4, R) is the group
of transformations of class G(Eg, R) that preserve a bilinear form B(z,y) defined by
B(x,y) = T(u,z,y). We can choose u = v'? — v!% + v1% 50 that Q(u) = —1, while the
bilinear form is expressed as

12
B(z,y) = Z:(—l)“rl (T3y—i +T_iYi) + T13Y14 + T14Y13 + T14Y15 + T15Y14 — T13Y15 — T15Y13-
i=1

Let F' denote the Gram matrix of the bilinear form B. We see that a matrix g =
(9ij) € G(Eq, R) belongs to G(F4, R) if and only if gFg” = F (here, as usual, g7 is the
transpose of g). This means that G(F4,—) is a subscheme in G(Eg, —); a matrix g €
G(Es, R) belongs to G(F4, R) if and only if (FgT);; = (971 F);; foralli,j =1,...,—1. In
particular, when ¢,5 =1,...,12,—12,...,—1, these equations say that ggj = &i€59—j,—i-

We also need to consider the group of similarities of the bilinear form B, that is,
the group of transformations g € G(Eg, R) such that B(gx,gy) = A(g)B(z,y) for some
Ag) € R*. In terms of the Gram matrix, this condition can be rewritten as gFg’ =
A(g)F. This group is denoted by G(F4, R). Let g € G(F4, R). For any z,y € R*" we
have

T(u,2,y) = B(z,y) = Mg) ™' Blgz. gy) = Mg) "' T(u, gz, gy) = Ng) "' T (9™ u, 2, y),
whence T(A(g)u — g~ tu,x,y) = 0. Therefore, g~'u = A(g)u, which means that g maps

the one-dimensional subspace (u) into itself. Since the converse is also true, G(Fy, R)
can be described as the group of matrices in G(Eg, R) that stabilize (u).

Lemma 2. If gu = Au for some g € G(Eg, R), A\ € R, then \3 = 1.

Proof.
—1=Q(u) = Qgu) = QM) = X’Q(u) = —\*. 0
Therefore, if R contains no nontrivial cubic roots of 1, then G(F4, R) = G(F4, R). But
if A € R and A\* = 1, then the matrix Al»; belongs to the center of G(Eg, R) and, at

the same time, to G(Fy4, R); moreover, Cent(G(Eg, R)) consists of these scalar matrices.
Hence,

(1) G(F., R) = G(F4, R) Cent(G(Eq, R)).

We denote the diagonal subgroup in G(Fy4, R) by T(F4, R). Since this subgroup nor-
malizes E(F4, R), we can form the product

E(F4, R) = E(Fy, R\ T(F4, R) = E(F4, R) Cent(G(Eg, R)).

§4. GENERAL FACTS ABOUT CHEVALLEY GROUPS

In this section ® is Eg or Fy.
Let A <4 R be an ideal of the ring R. By definition, the group E(®, A) is generated
by the root elements of level A:

E(@,A) = (z4(§), a0 € D,& € A).

In particular, if A = R, the group E(®, R) is called an (absolute) elementary group.
There are, of course, relative elementary groups E(®, R, A):

E(®, R, A) = (x,(8),a € ®,& € A>E(<I>,R).

The following simple fact is well known (see, for example, [36, Corollary 4.4]).
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Lemma 3. If ® is Eg or Fy, then the elementary group E(®, R) is perfect.

Consider the reduction homomorphism p% : G(®,R) — G(®, R/A), that is, the re-
striction of an obvious homomorphism GL(27, R) — GL(27, R/A) to the group G(®, R) <
GL(27,R). Let G(?,R, A) be the kernel of this homomorphism, and C(®, R, A) the
preimage of the center of G(®, R/A).

The following equations are called the standard commutator formulas.

Lemma 4. Suppose ® is Eg or Fy. For any ideal A < R the following equations hold
true:

[G((I)a R)v E(q)v R, A)} = [E((I)a R)a C((I)a R, A)] = E((I)a R, A)
In particular, E(®, R, A) is normal in G(®, R).

In the exceptional cases that we need here, this lemma was proved by Taddei [37] and
Vaserstein [39]. One can find other proofs and further references in [40] 20} 26].

Let S be a multiplicative system in the ring R, i.e., a subset of R that contains 1 and
is closed under multiplication. We denote by S~ R the localization of R with respect to
S, and by Fs : R — S™'R the canonical homomorphism. The following cases are of
particular interest.

(1) Localization with respect to a maximal ideal: S = R\ M, where M € Max(R)
is a maximal ideal of R. In this case we write (R\ M)"!R = R), and use the
notation F; instead of Fg. The Ring Rj; is local with a unique maximal ideal
Ry Far(M).

(2) Principal localization: S = (s) = {1,s,s?,...} is the smallest multiplicative
system that contains s € R. In this case we write R instead of (s) 'R and Fj
instead of F.

Let X be an affine group scheme over Z. The homomorphism X (Fs) : X(R) —
X(S7!R) induced by the localization homomorphism will also be denoted by Fis. Note

that if X is one of G(Eq, R), G(F4, R), G(F4, R), then the elementary root unipotents
are mapped to elementary root unipotents: Fg(24(§)) = 2o (Fs(§)). Thus,

Fs(E(Eg, R)) < E(Es, S™'R),
Fs(E(F4,R)) < E(F4,S™'R).

Since Fs maps tori to tori, Fs(E(F4, R)) < E(F4,S™'R). Hence, E(Eq, —), E(Fy, ),
E(F4,—) are also functors from the category of commutative rings to the category of
groups, but these functors are not representable.

It is well known that these functors commute with inductive limits. More precisely,
if R;, i € I, is an inductive system of rings, and X is one of the functors G(Eg, —),
G(F4, —), E(F47 —)7 E(EG, —), E(F4, —), and E(F4, —)7 then X(h_m) Rz) = h_Hl)X(RIL)

In particular, if R; is the inductive system of all finitely generated subrings of R
with respect to inclusion, then X (R) = li_m)X (R;), and we can restrict our attention to

Noetherian rings.

Moreover, if S is a multiplicative system, then the rings Ry, s € S, form an inductive
system with respect to canonical localization homomorphisms F; : Ry — Rg. There-
fore, X(S7'R) = ll_m> X (Rs). This fact allows us to pass from arbitrary localizations (in

particular, localizations with respect to maximal ideals) to principal localizations. Lo-
calizing with respect to maximal ideals, we obtain local rings. It is well known (see, for
example, [I6]) that for local (and even for semilocal) rings we have G(Eg, R) = E(Eg, R),
G(Fy, R) = E(F4, R); therefore, G(Fy, R) = E(Fy, R).
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§5. THE STUDY OF EQUATIONS ON G(Eg, R)

In the present section we collect some technical results concerning matrices in G(Eg, R).
The proofs involve the explicit description of the trilinear form T', the cubic form @, and
its partial derivatives fx, A € A. With respect to our numeration of the weights, the
cubic form looks like this:

Q(x) = 2101301 — T1T_10T—2 + T1T_9T_3 — T1T_§T_4 + T1T_5T_7
— ToX10T_1 + X2X14T_2 — T2X _12X_3 + To2X_11T_4 — L2 _¢L_7
+ X3T9T_1 — T3T12T—2 + T3T150 -3 — T3T_11T—5 + T3T_8T_¢
— X4TT 1 + T4T11T 2 — L4158 —4 + T4X 12T 5 — T4T_9T_¢
+ X7T5T 1 — T7TeXT—2 + T7X15T—7 — T7T_12T-8 + TrT_9T_11
— X5211%-3 + T5X12T -4 — T5T14T—5 + T5T_10T—6 + T8T6T -3
— XgX12% 7 + TL14T 8 — LT _10T—11 — TeL9T—4 + TeX10T—5
— TT13T—6 + T9T11T—7 — T9T14T—9 + T9T_10T—12 — T11210T—8
+ 211213T-11 + T10T12T—9 — T10T15T—10 — T12213T—12 + £13T14T15.

The symmetric trilinear form 7' is obtained from @ by polarization. For future refer-

ences, we reproduce the explicit form of the partial derivatives in this numeration:

Ji(z) =w132 1 — 2 10T 2+ 2T 9T 3 —T_gx_4 +T_7T_s5,

fo(z) = —z100—1 + 14T 2 — T 1203+ T_11T_4 — T_T_7,
f3(x) =z9x_1 — 1209 + 1523 — T_11T_5 + T_gT_¢,
fa(z) = —xgx_1 + T110_2 — T15T_4 + T_12T_5 — T_9T_g,
fs(x) = 2721 — 1123 + 1204 — T14T_5 + T_10T s,
fo(x) = —xrx_9 + 232 _3 — Tox_4 + T10T—5 — T13T_¢,
fr(x) =501 —xeT o+ X150 7 — T_120_8 + T_9T_11,
fs(z) = —myx_1 + TT_3 — T12T_7 + T14T_g — T_10T_11,
fo(z) =a30_1 — 26T + T112_7 — T14T_g + T_10Z_12,
fio(x) = —wox 1 + x5 — T11Z_8 + T12Z_9 — T15T_10,
f11(x) = x40 — w5 _3 + ToT_7 — X10T—8 + T13T_11,
f12(x) = —w32_9 + 504 — XgT_7 + T10T—9 — T13T_12,
f13(x) = 2101 — 26T _6 + T11T_11 — T12Z_12 + T14T15,
fi1a(x) = woxw_9 — T5x_5 + T3T_g — T9T_g + T13%15,
J15(%) = 2303 — X4T_4 + T7x_7 — T10T_10 + T13T 14,
fo12(x) = —wox_3 + 405 — X708 + T9T_10 — T12%13,
fo11(w) = 2wy — w3205 + 2709 — 3T _10 + T11213,
f-10(x) = =212 2 + X506 — XgT_11 + T9T_12 — T10T15,
foo(x) = 123 — 47 _6 + T7T_11 — ToT14 + T10T12,
f-s(x) = =104 + T30 _6 — T7T_12 + TT14 — T10%11,
for(x) = x12_5 — T2 _6 + T7T15 — TgT12 + ToL11,
fo6(x) = =227 + T30 _g — X4T_g + T5T_10 — TeT13,
fos(x) =212 7 — 23011 + T4 _12 — T5T14 + T6T10,
foa(x) = =108 + Tox_11 — 4215 + T5T12 — Teo,
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J-3(z) = 2129 — T2T_12 + T3T15 — T5T11 + TeTs,
fo2(x) = —@12_10 + T2w14 — T3T12 + T4T11 — TeT7,
f_l(x) = X1T13 — L2210 + T3Tg — T4Tg + 5.
We shall often use the fact that every column v of a matrix in G(Eg, R) is a singular

vector; hence, v satisfies the quadratic equations fy(v) = 0 for A € A.

Lemma 5. Let v be a column of a matriz in G(Eg, R), and let the row (ve,...,v_1)
be unimodular. If v; = 0 for j = 6,11,12,13,-12,..., -1 and vi4 + vi5 = 0, then
v1g = v15 = 0.

Proof. Let & = v15 = —wv14. Since v is a column of a matrix in G(Eg, R), we have
fa(v) =0 for every A € A. In particular,

= f2(v) = vavig = —Ewo,
0= f_3(v) = v3v15 = &v3,
0= f_4(v) = —v4v15 = —Ev4,
0=f_5(v) = —v5014 = {3,
0= f7(v) = vrv5 = &ur,
0= f_g(v) =vgv14 = —Euvs,
0= f_o(v) = —vgv14 = &vy,
0= f_10(v) = —v1ov15 = —&V10,

0= fi3(v) = viavis = Euia.

Since the row (vq, vs, v4, U5, U7, Vs, Vg, V10, ¥14) is unimodular, we have £ = 0. O

§6. PARABOLIC SUBGROUPS

We split A into three parts: {A;}, BUT', and {A13, A_1 }UA (this partition corresponds
to the removal of all edges labeled by 1 from the weight diagram of Eg).

If gn1 = 0 for all A € BUT', and g1, is invertible, then the equations in the first column
imply that it coincides with that of the identity matrix. Therefore, g lies in the parabolic
subgroup of G(Eg, R), and the matrix g has the following block structure with respect
to our partition of A:

* k%
g=10 * x
0 0 =

Here the diagonal blocks have sizes 1, 16, and 10. We denote this parabolic subgroup by
Pi(R). Its unipotent radical U (R) looks like this:

1 A «x
0 Il6 *
0 0 Iy

The group U (R) is Abelian and is isomorphic to R'® as an abstract group. Indeed,
choosing any row A of length 16 consisting of elements of R, we have a unique way to
construct a matrix in the unipotent radical Uy (R). We describe this construction. Let
Y1 be the set of all roots o € Eg such that A\ — o € A. When we subtract such roots «
from Ay, we precisely obtain the 16 weights in B UI":

S ={\ - A A€ BUN} = (I ¢ B}
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We choose any 16 elements £, € R, a € X1, and consider the matrix

H xa(fa) € G(EG,R)

a€Y

The product of these root elements can be taken in any order because they commute
with one another. It is obvious that this matrix belongs to Ui (R), and it has +&y,_x
at the intersection of the first row and the column v* for A\ € BUI (the sign here is in
fact the sign of the structure constant cy ,—x). Moreover, any matrix in U;(R) can be
expressed in this way uniquely.

The parabolic subgroup Ps(R) and its unipotent radical Us(R) can be defined similarly.
Consider the partition of A into the three subsets {A;, A3} UB, T U A, and {A_;1},
corresponding to removal of all edges labeled by 6 from the weight diagram of Eg. The
matrices in Pg(R) and in Ug(R) have the following block structure with respect to this
partition:

* k% ILip *x x
0 = x| € PG(R), 0 L x| € UG(R)
0 0 = 0 0 1

The group Us(R) is Abelian and can be expressed as the product of sixteen pairwise
commuting subgroups. Indeed, let

S ={a €Be | A1 +a € A} = {1 € B}

We have A_1 + o € TUA for a € X5. Now we choose any £, € R, a € Y4, and form the
product

II za(é) € G(Es, R).

aEdg
It belongs to Us(R), and any element of Ug(R) can be expressed in this way.
Now we consider the intersection P; (R) N Ps(R). We need to split A into six subsets:
A= {)\1} UuBUT'U {)\13} UAU {)\,1}.

The block structure of the matrices in the intersection P;(R)NPs(R) and in its unipotent
radical is as follows:

* ok ok % ok % 1 0 % 0 % =
0 * x *x *x * 0 Is 0 0 * =«
0 0 « 0 % = 0 0 Is 0 0 =
00 0 % x = € PiI(R)N Ps(R), 00 0 1 0 0 € U1 (R) N Us(R).
0 0 0 0 % = 0 0 0 0 Ig O
0 0 0 0 0 =x 00 0 0 0 1

Let Wy6 be the intersection 31 N Yg, and let ¥; and Wy be the complements of Wqg in
Y1 and in g, respectively. It is easily seen that

Uy ={\ —A[AeB} = {0 e gy,
Wo={A— 1| rea}={"*lepg)
Uig={M-A|Ael}={ -y rer}={*erg)
A matrix in U3 (R) N Us(R) can uniquely be expressed as a product
[[ #al60) € G(Es, R),

ac¥ig

where £, € R for a € Uqg.
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Lemma 6. Suppose g € G(Eg, R) is such that g11 = 1 and gx1 = 0 for A € (BUT')\{\15}.
Then gx1 = 0 for all A ¢ {\1, A5}
Proof. We denote g15.1 by & and consider the matrix
h = 56,11%21(5)9
We have his1 = g15,1 — €911 = 0 and hy 1 = gx1 for every A € (BUI') \ {\i5}, because

for such a A the sum \ + 11%21 is not a weight. This implies that hy; = 0 for every
A # A1, whence h € P;(R). Therefore, since g = x_11221(—&)h, we obtain
1

a1 =ha1 =0 for every A € A\ (A}, A+ 11221 g g,
Finally, if A, A + 11221 € A and A # A5, then
gra = haa £8h 11201 = ha1 = 0. 0
1

Lemma 7. Let g = [[ cg,, ¥+(§y) € G(Es, R), where & € R for all v € Wi6. The
matriz g belongs to G(Fy, R) if and only if 12011 = E11221.
1 1

Proof. If 12211 = €11221 = &, then
1 1
212211 (§12211) 11221 (§11221) = X1232(8),

1 1 1 1
and since all other roots of U4 belong to ®;, we have g € E(F4, R). Conversely, if

91,13 =0, g114= —512%11, 91,15 = —511%21,
then
(9“)1 = g1,13 — g1,14 + 91,15 = &12211 — 11221,
By assumption, we have gu = Au for some A € R*. Th;refore7 '
&12211 — 11221 = (gu)1 = Aug = 0. 0

1 1
Lemma 8. If g € Pi(R)NG(F4,R), then g € Ps(R).

Proof. We have g11 € R* and gx1 = 0 for every A # A;. Choose any A € A U {\13}.
Then

0= B(v',v") = B(gv', gv*) = 9119—1,x5
and g_1,» = 0 for every such A\. On the other hand, for any A € BUA U {\;1} we have
g—1,» = 0 because g € P;(R). This means that the last row of g is proportional to the
last row of the identity matrix, whence g € Ps(R). O

§7. THE NORMALIZER OF E(F4, R) IN G(Es, R)

Loosely speaking, Theorem 2 shows that G is not only a scheme-theoretic normalizer
of F4 in Eg, but also a pointwise normalizer: when we apply this functor to any com-
mutative ring, we obtain the normalizer of the corresponding group in a group-theoretic
sense. Note that our definition of G(Fy4, R) coincides with the definition of the extended
Chevalley group, given originally in [I4] for adjoint groups and later carried over in [21]
to simply connected groups, which is the case of interest to us (see also [3]). Obviously,
G(Fy, R) is a normal subgroup of G(Fy, R).

By the very definition, G(F4, —) is an affine scheme over Z. It is well known that the
functor of points of any affine group scheme is determined by its values at all local rings.
In particular, we have the following lemma.
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Lemma 9. Suppose g € G(Eg, R) and Fp(g) € G(F4, R) for every M € Max(R). Then
g < G(F4, R)

Lemma 10. A matriz g € G(Eg, R) belongs to G(F4, R) if and only if
(Fg")ir(g™ F)js = (97 F)in(FgT)js
foralli,j,r,s=1,...,—1.

Proof. Let X be an affine group subscheme of G(Eg, —) over Z defined by the above
equations. It is clear that G(F4, R) C X(R). By Lemma 9, it suffices to establish the
reverse inclusion for a local ring R. Let M = R\ R* denote the maximal ideal of R.
First, we show that for g € X(R) there exist i and r such that (FgT)s.(¢7'F)ir € R*.
Indeed, suppose (FgT);. (g7 F)ir € M for all i,r. Since Fg” is invertible, for any i there
exists an r such that (Fg7T);. ¢ M. Since g~ F is invertible, for any j there exists an s
such that (7' F);s ¢ M. Therefore, (Fg"); (97 F);s € R*, but by assumption we have
(g7 F);r(FgT) ;s € M, which contradicts the fact that g € X(R).
Now we fix 4,7 so that (FgT);-(¢7 F)ir € R*. Let

A= (Fg")u((g F)ir) " € R".

Then the equations for g can be written as (Fg7);s = A(g'F);s. But this implies
Fgl' = \g7'F, whence gFg" = A\F and g € G(F4, R). |

The following theorem is a slightly stronger version of the Taddei theorem [37]. Strictly
speaking, in [37] it was proved that E(®, R) is normal in the Chevalley group G(®, R),
but later (see, for example, [0, [10, [11]) it was suggested that G(®, R) can be replaced by

G(®,R). In fact, in our case (P = Fy) this fact can easily be deduced from the Taddei
theorem with the help of (1).

Lemma 11. The elementary subgroup E(F4, R) is normal in G(Fy, R) for any commu-
tative ring R.

Proof of Theorem 2. Recall that G denotes the group G(Eg, R). Clearly, Q(F4,R)
Ng(G(Fy4, R)) (this follows directly from (1)). Lemma 11 implies that G(Fy4, R)
Ng(E(F4, R)). Next, obviously,

Ng(E(F4,R)), Ng(G(F4,R)) < Trang(E(F4, R), G(Fy, R)).
To finish the proof we only need to establish the inclusion
TI'al’lG(E(F4, R)7 G(F47 R)) S E(Fﬁla R)

Let g € Trang(E(Fy4, R), G(Fy, R)). For some a € Fy and £ € R, consider the matrix
h =g 'X,(&)g. Since h € G(F4, R), we have hu = u, which implies ¢g=! X, (&)gu = u.
We denote gu = v; then Xo(€)v = v. Since X4(€) = e + £eq, we have e,v = 0 for all
a € F,. This shows that if & € &, A\ € A, and A\ + o € A, then v* = 0. Therefore,
the vector v has zeros in all entries except for 13, 14, and 15 (for any other entry we
can easily choose a necessary root a € ®;). Substituting 0001 € F,4 in place of «, we
obtain v'? 4 v'* = 0, while substituting @ = 0010 € Fy yields v'* + v'®> = 0. Thus,
v = Au for some \ € R, so that gu = Au, and by Lemma 2 we have A> = 1. Therefore,
g€ G(Fy,R). O

IAINA

A simple group-theoretic argument allows us to refine the result of Theorem 2 as
follows.

Corollary. Under the hypothesis of Theorem 2 we have

Trang(E(F4, R), G(F4, R)) = G(Fy4, R).
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Proof. Suppose that [g, E(Fy, R)] < G(F4, R) for some g € G(Eg, R). Lemma 11 implies
[ga E(F4a R)v E(F4a R)] § E(F4a R)
But the group E(F4, R) is perfect (Lemma 3), and applying the lemma on three sub-

groups, we obtain g € Ng(FE(F4, R)) = G(F4, R). O

§8. RELATIVE GROUPS AND LOWER LEVEL

We recall the definition of the relative elementary groups. Let R be a commutative

ring, let A < R, and let ® be any root system. Then
E(®, R, A) = E(®, A)E®R),

The following proposition was proved by Tits [3§].

Lemma 12. The group E(Eg, R, A) is generated by the elements
20(6,0) = "2z, (€), €€ A, CER, a€ks.
Lemma 13. For any ideal A < R we have
E(Eg, A)PF4E) — E(Eg, R, A).

Proof. Obviously, the group on the left is included in that on the right. Let H denote
the group on the left-hand side. By Lemma 12, it remains to check that z,(£,¢() € H
for all @ € Eg, £ € A, ( € R. This is obvious for a € ®;. Otherwise, @ and @ # «
project to a root § € ®,. Consider the element X-5(z, (&) = #-=FO2-=(EFz (£) in
H. Since @ is orthogonal to «, this element equals *~~(*z (&) = 2,(€,4¢), and the
proof is finished. O

Lemma 14. Assume that H is a subgroup in G(Eg, R) that contains E(F4, R). For
every a € Eg\®;, let I, = {{ € R | z4(§) € H}. Then for any 8 € E¢ \ ®; we have
In=1Is=1, and I 9 R.

Proof. Clearly, each set I, is an additive subgroup in R. Suppose a € Eg\®; and £ € I,.
We choose any ¢ € R and take § € Eg \®; such that 5 — « € ;. Then
25(££¢) = [£a(§), wp-a(C)] = [za(§), Xp-a(¢)] € H.

Hence, I,R C Ig. Moreover, for some choice of the signs, z,(£8)zz(£E) belongs to
E(F4, R), whence I, = Iy. We split the positive roots of Eg \®,; into three sets:

0, : 10000 11110 11110 11210 00001 01111 01111 01211
* ) b ) 1 ) ) b

0 0 1 0 0 1 1

0, : 11000 11100 11100 12210 00011 00111 00111 01221
o> o0>»1°> 1> 0" 0" 1 1

05 : 01000 01100 01100 12211 00010 00110 00110 11221
0> o0’> 1> 1> 0’ 0’ 1 1

It is easily seen that, in each of these sets, the difference of any two of the first four roots
lies in ®;, while the last four roots are the images of the first four under the action of the
automorphism « — @. Therefore, for all roots « in each set ©;, the sets I, coincide and
form ideals. We denote these three ideals, corresponding to the roots in 01, O5, O3, by
Iy, I, I3, respectively. Consider the commutator

[5810800(5),)(0010(()] = [5810800(5),x01800(iC)$00810(iC)] = xngoo(if()-

This implies that Iy R C I5. Acting similarly, we obtain [; = Iy = I3. Hence, the
ideals I, coincide for all positive roots a € Eg\®;. Similar arguments can be used to
show that the ideals I, coincide for all negative roots o € Eg\®;. It remains to note

that the difference of the roots 10800 and —012‘)11 belongs to ®;, and we can repeat the
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computation at the beginning of this proof to see that the ideals in question are identical
for all roots in Eg \ ;. O

Combining Lemmas 13 and 14, we arrive at the following statement.

Proposition 1. Assume H is a subgroup in G(Eg, R) that contains E(Fy, R). Then
there exists a unique largest ideal A Q R such that

E(F4, R, A) = E(F4, R)E(Eg, R, A) < H.
Moreover, if xo(§) € H for some o € Eg \ Fy, then € € A.

This proposition shows that with every subgroup between E(F4, R) and G(Eg, R) we
can associate the lower level. In order to finish the proof of Theorem 1, it remains to
show that this lower level coincides with the upper level; i.e., E(F4, R, A) is normal in H.

§9. PROOF OF THEOREM 3

Lemma 15. If R is a commutative ring and A < R, then the group E(F4, R, A) is
perfect.

Proof. Lemma 13 implies that E(F4, R, A) is generated (as an abstract group) by the root
elements z,(¢) with o € Fy, ¢ € R and the root elements x,(§) with o € Eg\ Fy, £ € A.
We show that all these generators belong to the commutator subgroup of E(Fy, R, A).
For the root elements of Fy, this follows from the fact that the absolute elementary group
is perfect (see Lemma 3). Now, consider z4(€) for a € Eg\F4 and £ € A. As in the
proof of Lemma 14, we can find a root 8 € Eg \ F4 such that o — 5 € F4. But

za(8) = [25(8), va—p(£1)],
and the two root elements on the right-hand side belong to E(Fy, R, A). (]

Consider the reduction homomorphism p%° : G(Eg, R) — G(Eg, R/A) and denote by
CG(F4, R, A) the full preimage of G(F4, R/A) under this reduction:
CG(F4, R, A) = (p5°)"YG(F4, R/A)).

We recall that G(Eg, R, A) denotes the kernal of p5°. Note that G(F4, R)G(Eg, R, A) <
CG(F4, R, A), but this inequality can be strict.
Lemma 10 immediately implies the following description of the group CG(F4, R, A).

Proposition 2. A matriz g € G(Eg, R) belongs to CG(F4, R, A) if and only if it satisfies
the congruences

(Fg")ir(9™ F)js = (97" F)ir(FgT)js  (mod A)
foralli,j,r,s=1,...,—1.
Now everything is ready for the proof of Theorem 3.

Proof of Theorem 3. Recall that G = G(Eg, R). Clearly,
NG(E(F47 Ra A)) < NG(E(F47 Ra A)G(E67 R7 A))

Also, combining Theorem 2 applied to the ring R/A with the fundamental homomorphism
theorem, we see that

Ng(E(F4, R, A)G(Eg, R, A)) = CG(Fy, R, A).
In particular,

[CG(F4, R, A),E(F4, R, A)] < E(F4, R, A)G(Eg, R, A).
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It remains to show that E(F4, R, A) is normalized by CG(Fy, R, A). Note that
[G(F4, R, A)G(Eg, R, A),E(F4, R, A)] < E(Fy4, R, A).
Indeed, consider the commutator
[zy,hg], x€ G(F4,R), y€ G(Es, R, A), h€ E(F4,R), g € E(Eg,R, A).

We have [zy,hg] = ®[y,h] - [x,h] - "[zy,g]. Lemma 11 shows that the second com-
mutator belongs to E(F4, R). By Lemma 4, the commutators [zy,g] and [y, h] be-
long to E(Eg, R, A), so that "[xy,g] € E(F4, R, A) and, again by Lemma 4, we have
x[y,h]GE(EG,R,A). _

But E(Fy, R, A)G(Eg, R, A) is included in G(F4, R, A)G(Eg, R, A), and a fortiori, we
have

[E(Fﬁlv Ra A)G(EGa R7 A)? E(F4a Ra A)] S E(F4a Ra A)
Summarizing, we obtain
HCG(F47 Rv A)7 E(F47 Ra A)]? E(F47 R, A)] S E(F47 Ra A)
Now we want to refine this result by showing that in fact
[[CG(Fy, R, A),E(F4, R, A)], [CG(Fy, R, A),E(Fy, R, A)]] < E(Fy, R, A).

We have already proved that the left-hand side is generated by the commutators [uv, [z, y]]
for u,y € E(Fy, R, A), v € G(Eg, R, A), and z € CG(Fy, R, A). But
[uva [Za yH = u[va [Zay]] : [uv [z,y}],
and here the second commutator belongs to E(F4, R, A), while the first belongs to
[G(Eﬁv R7 A)7 E(E67 R)] < E(Eﬁa Rv A)
Now we can finish the proof. Recall that it remains to show that E(F4, R, A) is
normalized by CG(Fy, R, A). Lemma 15 says that the group E(Fy4, R, A) is perfect.

Therefore, it suffices to show that [z, [z,y]] € E(F4, R, A) for every z,y € E(F4, R, A),
z € CG(Fy, R, A). The Hall-Witt identity yields

(2, [, ] = ** (™ a7 y] - Iy 2l 27,

and the above implies that the second commutator belongs to E(Fy4, R, A). Note that
Pl eyl =Pl a7 Yl = [l 2] [2 wly)

Thus, it remains to check that [[x71, 2], [2,y]y] € E(F4, R, A). But
=" 2] [z yly) = (27 2z ylyle, 2™y~ Hy, ]
= [l 2] [z yl] - [l 2yl a7y ™ [y, 2]
= [le™" 2, [z, 9] - B2, 2], ),

and both [[z71, 2], [2,¥]] and [[z71, 2],9] belong to E(F4, R, A), while the conjugating
element [z, y] of the second commutator belongs to E(F4, R, A)G(Eg, R, A), and therefore,
normalizes E(Fy, R, A). O

§10. LOCALIZATION FUNCTOR

The following lemmas provide the technical base for localization. Lemma 16 is a
particular case of [26, Theorem 5.3].

Lemma 16. For any finite set of elements gi,...,g, € E(F4, R) and any k > 0 there
exists m > 0 such that

[9i, Fs(G(F4, R,s™R))] < E(F4, Fs(s"R)).
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Lemma 17. Assume that H is a subgroup in G(Eg, R) that contains E(F4, R). Suppose
that X < G(Eg, —) is a group subscheme and that for some s € R we have

Fy(H)G(F4, Rs) N X(Rs) € G(F4, Ry).
Then there exists t € R such that

Fy(H)E(Fy, Ry) N X (Ry) € G(Fy, Ry).
Proof. Suppose that the element F,(g)z, where g € H, z € G(F4, R,), does not belong
to G(F4, Rs). By Lemma 9, there exists a maximal ideal M € Max(R) such that s ¢ M
and Fi(g) ¢ G(F4,RM)._Since Ry is a local ring, we have G(F4,Rpyr) = E(Fy, Ryp).
On the other hand, since E(F4, Ry) = h_m) E(Fy4, R:), where the limit is taken over all
t ¢ M, there exists t = sq ¢ M such that F,(z) € E(F4, R;). Therefore,

Fy(Fy(9)z) = Fi(9)Fy(x) € Fi(H)G (Fa, Be) N X (Ry)
and, by our choice of M, we have Fy(g) ¢ G(F4, R;). O

Lemma 18. Under the assumptions of Lemma 17, if y € Fs(H)E(Fy4, R), then there
exists n € Ng such that

[y, Xa(s"/1)] € F5(H)
for all o € Fy.

Proof. We write y = gz for some g € F,(H), z € E(F4, R,). For every n we have
[y, Xa(s"/1)] = [z, Xa(s"/1)]lg, Xa(s"/1)].
By Lemma 16, we can choose n such that
[z, Xo(s"/1)] € Fs(E(F4, R)) C F5(H)
for all @ € Fy. The other factors on the right-hand side belong to Fy(H). O

The next auxiliary result allows us to extract a root element from the group Fi(H)
by using not only elements of F,(E(F4, R)), but also elements of G(F4, R;). Thanks to
that, we can finish the proof almost without the use of localization.

Proposition 3. Assume that H is a subgroup in G(Eg, R) that contains E(Fy, R). Sup-
pose that there exists s € R such that Fs(H)G(F4, R,) contains a nontrivial elementary
root unipotent corresponding to a root in E¢\®;. Then H contains a nontrivial elemen-

tary root unipotent x4 () for some o € Eg\®;, € € R.

Proof. By Lemma 17, we may assume that
zo(a/s*) € F,(H)E(Fy, R,)

for some o € Eg\®;, a € R, k > 0, and a/s* # 0. Choose a root 3 € ®; such that
a + B € Eg and consider the commutator

[wa(a/s"), xp(s" /1)) = watp(Es"a/1).
Lemma 18 implies the existence of n such that zo45(£s"a/1) € Fo(H), which means
that there exists ¢ € H with Fy(g9) = zayp(£s"a/1). On the other hand, we have
Fs(xa+p(£s™a)) = zayp(E£s™a/l), whence g = xq4p5(Es"a)y for some y € Ker(Fy).
Therefore, there exists m € Ny such that y € GL(27, R, Ann(s™)). Consider the commu-
tator z = [g,z_g(s™)] € H. Since [y, z_g(s™)] = e, we have

2 = [Bars(£570), 2_p(s™)] = 2a(s"™a).

If s™*t"q = 0, then a € Ker(F,), which is impossible because we have assumed that
a/s* € Ry is nonzero. Therefore, z = x,(s™"a) € H is the required elementary root
unipotent. O
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§11. EXTRACTION OF A ROOT UNIPOTENT FROM UNIPOTENT RADICALS

In the following propositions we extract a root unipotent, which is similar to the ex-
traction of a transvection in the proofs of the standard descriptions of overgroups for
the classical groups in the general linear group. Recall that P;(R) and Ps(R) denote
the maximal parabolic subgroups in G(Eg, R) that correspond to the roots a; and ag,
respectively; Uy (R) and Ug(R) denote their (Abelian) unipotent radicals. Now we show
the existence of a root unipotent, first assuming the existence of a nontrivial element in
the intersection of the unipotent radicals Uy (Rs) and Us(Rs), then assuming the exis-
tence of a nontrivial element in their product, and finally, assuming the existence of a
nontrivial element in the product of Uy (R;s), Us(Rs) and the torus T'(Eg, Rs). Thus, we
relax our assumptions step-by-step.

Proposition 4. Assume that H is a subgroup in G(Eg, R) that contains E(Fy, R). Sup-
pose that for some s € R we have

Fy(H)-G(F4,R,)NU(Rs) NUs(Rs) € G(Fy4, Ry).
Then H contains a nontrivial root unipotent corresponding to a root in Eg\®;.

Proof. Every element of Uy (Rs) N Ug(Rs) is a product of elementary root unipotents

74(&4), where o has the form Lioex ]

for a = 12%11 and a = 11%21

. It is easily seen that all roots of this form, except

, belong to ®;. Multipliying by the inverses to these root
unipotents, we obtain

y= xoz(ga)fa(ga) S FS(H) : G(F4> Rs)v
where y ¢ G(F4, Rs). The roots a and @ project to the short root 1232 € Fy: Xj935(§) =
2o (€)zx(§). Consider the element
= yXlZSZ(_ga) = xa(é-a - ga) € FS(H) : é(F4, Rs)

It is obvious that z ¢ G(F4, R,), whence &5 — &, # 0 € Ry, and Proposition 3 shows that
H contains the nontrivial root unipotent that we need. (Il

Proposition 5. Assume that H is a subgroup in G(Eg, R) that contains E(F4, R). Sup-
pose that for some s € R we have

Fy(H)-G(F4,R,) N U (R,) - Us(R,) € G(F4, Ry).
Then H contains a nontrivial root unipotent corresponding to a root in Eg\®;.

Proof. Every element y of the product of unipotent radicals Uy (R;) - Us(Rs) and the
torus T can be expressed as follows:

y= H (&) H (&) H 2(&5)-

YEYs YEY, YEV16

On the other hand, if we write y as

Y= H Ty (Cy) H Ty (¢y) H Ty(¢4),

YEYL YEYs YEV16

then &, = ¢, for every v € ¥y U U (this follows immediately from the fact that for
v €Wy, § € ¥g we have [x,(£), 25(C)] = xy45(E£EQ) If v+ 0 € Uyg, and [z4(§), z5(¢)] =1
otherwise).

For every root v € Uy we can form the element z,(—§5)z5(££) € E(F;) and multiply
y on the left by the product of all such elements. Hence, we may assume that &, = (, =0
for all v € .
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Choose a short root o € Fy such that a@ = sxx1. The corresponding roots 3,3 € Eg
have the following form: g = 1*:*0 €V, f= 0*:*1 € Ug. Commuting y with the root
unipotent X, (§) = z5(§)25(£E), we obtain

[Xa(€),y] = " Olag(+£), 9] - [25(£€), y].
Denote

Ys = H xw(f'y)v Y1 = H xv(&’y)a Y16 = H xv(&’y)-

YETg YEW, vEWV16
Then y = yey1y16. Note that z5(£) commutes with every x. (&) for v € W1 U Wyg; hence,
it commutes with y; and y16. Therefore,
[25(£8), y] = [z5(££), Y6y1y16]
= [w5(££), yo] - **[wp(£E), ya] - V¥ [w(£E), 6]
= [xﬁ(i€)7y6]'

Similarly, denote
2] = H x’y(C’y); 26 = H x'y((’y), 216 = H x’Y(C’Y)’
yeEW, yEWVg YEWV 16

so that y = 2126216, whence

Moreover, ys can be expressed as a product of pairwise commuting root unipotents
z4(&y), where v = O*:*l.
either e or a root unipotent corresponding to a root in Wig; in either case, the result
commutes with every root unipotent = (&), v € U3 U ¥ U ¥y4. Therefore,

w5 (£€), yo] = [ws(£€), [] 21D = ] lwa(=€), 2, (&)

YEY6 YEYs

If we commute zg(£€) with one such element, we obtain

Acting similarly, we show that
[xg(:lzf),zﬂ = [fﬁ(i@» H Ty (Cy)] = H [fﬁ(ig)axv(gw)]v
YEY, yEY,

and since the element [25(£E), y] = [25(EE), 21] is now a product of the root unipotent
corresponding to roots in Wqg, it commutes with zg(¢). Therefore,

z = [wa(8)y] = [2(£E), ye] - [z5(£E), 21]
H [25(£E), 24(&)] H [xﬁ(if)ax’y(<'y)]-

vEVe yEY,

Each of these commutators is a root unipotent of the form z-(x), v € ¥4, so that
the entire product belongs to Ui(Rs) N Ug(Rs). If we choose « in such a way that
2 ¢ G(F4, Ry), then Proposition 4 applies, thus finishing the proof. We show that this is
always possible. Recall that &, = 0 for all v € ¥¢, and &, = ¢, for all v € ¥; U ¥s. We
have

z = H [xﬁ(if)’x'v(ffy)]-

YEY,
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But Lemma 7 implies that the element 2z = [] .y, #4(n,) belongs to G(F4, R,) if and
only if 12211 = M11221. We list all possible a’s:
1 1

a=0001, B= 00801, 7712?1 = :|:§§12§10, 7711i21 = 0;
a=0011, A= 00811, 7712?1 =0, 7711321 = thfll?lo;
a=0111, A= 00(1)11, 7712%11 =0, 7711§21 = :|:§§11110;
a=1111, B= 00%11, 7712§11 =0, 7711321 = i€§11(1)10;
a=0121, A= 01(1)11, 7712%11 = ﬂ:fﬁnioo, 7711§21 =0
a=1121, f= 01%11, 7712?11 = iﬁfnéoo, 7711321 =0;
a=1122, B= 01%11, 7712%11 = :|:§€11800, 7711§21 =0
a=1132, B= 01%21, 7712?11 =0, 7711521 = ﬂ:§§10800-

By our assumption, every such z belongs to G(Fy4, R,). Therefore, & =0forallye ¥,
and all y € U1 (Rs) NUs(Rs). Now we can apply Proposition 4. O

Proposition 6. Assume that H is a subgroup in G(Eg, R) that contains E(F4, R). Sup-
pose that for some s € R we have
Fy(H) - G(Fy4, R,) NUL(Rs) - Us(Rs) - T(Eg, Rs) € G(F4, Ry).
Then H contains a nontrivial root unipotent corresponding to a root in Eg\®;.
Proof. Suppose y € F,(H) - G(F4, Rs) NUy(Rs) - Us(Rs) - T(Eg, R,) and y ¢ G(F4, R,).

After multiplying y by a suitable element of T'(Fy, R;), we may assume that y = zd €
F.(H)-G(F4, Rs) \ G(F4, Rs), where

z € Ui(Ry) - Us(Rs), d = hioooo(g)ho1o00(7)
0 0

for some €,n € RE.
Consider the roots 8 = 10800, B = 00801, a = 0001 € F4 and put

9= 1[Xa(§),y] = Xa(f)zdxﬁ(—g)xﬁ(_g)dflzﬂ
= Xa(f)zb’”ﬁ(*gﬂf)xﬁ(*f)z*l.

Consider the commutator of z and the root unipotent xz(x). We know that z is a
product of the root unipotents - (x) for v € ¥; U ¥s U ¥q. Since § € ¥y, the element
x(%) commutes with x. (%) for every v such that 8 + v ¢ Eg. On the other hand, if
B+ € Eg, then v € Ug, B+ v € Uyg, and [z5(x), 2, (*)] = x4~ (*). Thus,

[z, 25(%)] € Ur(Rs) N Us(Rs).
Arguing similarly, we obtain
[z, xg(*)} € U1(Rs) NUs(Rs).
Hence,
9= Xa(Quwg(—e*n)ag(—€)227" = urs((1 - *n)€)
for some u € Uy (Rs) N Us(Rs).
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If g ¢ G(F4, R,), we can apply Proposition 5. It is easily seen that g1o = (1 — &2n)¢
and g_o _1 = 0. But if g € G(Fy4, R;), then
0=DB*v ") =B(g’,gv ") =g12—g-21.

Substituting ¢ = 1 yields €29 = 1.
Now we repeat this argument for § = 11800, B = 00811, a = 0011 € Fy4. In this case,

9= [Xa(g)ay] = on(g)Zdﬁﬁ(_g)ﬁE(g)d_lz_l
= Xa(§)zzp(—enb)zs(€)=""
Commuting z with 2z5(*) and x7(), again we obtain elements in Ui(Rs) N Us(R;).
Therefore,
9= Xa(Quwg(—en€)zg(€)zz™" = uws((1 - en)é)

for some u € Uy (Rs) N Us(Ry).

If g ¢ G(F4, Rs), we can apply Proposition 4. As above, it is easily seen that ¢15 =
(1 - 577)§a 9-3,-1 = 9g-2,—1 = 0. But if g€ G(F47 Rs)a then

0= B(UB, ’U_l) = B(g’US,g’U_l) = g13 + g—2,-1-
Substituting &€ = 1 yields en = 1. From the equations en = ¢2n = 1 we obtain ¢ = n = 1.

Therefore, d = 1, y € Uy (Rs) - Us(Rs), and we could apply Proposition 5 from the very
beginning. O

§12. EXTRACTION OF A ROOT UNIPOTENT FROM THE PARABOLIC SUBGROUPS

‘We continue to relax the assumptions: in this section we extract a root element from
parabolic subgroups (first from the intersection of P; (R) and Ps(Rs), then from P; (Ry)),
reducing the problem to extraction from unipotent radicals, which was performed in the
preceding section. Loosely speaking, here we destroy the Levi factors.

Proposition 7. Assume that H is a subgroup in G(Eg, R) that contains E(F4, R). Sup-
pose that for some s € R we have

F,(H)-G(F4,R,) N P (R,) N Ps(R,) £ G(Fy, Ry).
Then H contains a nontrivial root unipotent corresponding to a root in Eg\®;.

Proof. Suppose y € Fy(H) - G(F4, R;) N P (R,) N Ps(R,) and y ¢ G(F4, Rs). Choose a
root a € X1 N @, that is, a long root of Fy such that w —a € A. Let z = y~1 X, (1)y.
Note that w — o € B. It is easily seen that z € U;(R,) NUs(R,). If 2 ¢ G(F4, R,), we
can apply Proposition 4. Now we can assume that 2 € G(F4, Rs), whence z € G(Fy, Ry).
For every j € I we have

215 = Z C)\,ayll)\-i-ay)\,j = Cw—a,ay/llyw—oz,j,
MAtaEn
because for each of the other five summands, the factor y, ; equals 0: indeed, for four of
them, A € A, while ya r = 0; and the fifth has A = —w, and y_; r = 0. Furthermore,

21,13 = Z C)\,ayll,)\-{-ay)\,li% = Cw—oz,ozylllyw—a,l?) =0,
AA+acA
because ya,13 =0, y_1,13 = 0, and yp 13 = 0. By our assumption, z € G(F4, R;); hence
zu = u, which yields z1 13 — 21,14 + 21,15 = 0. Thus, cw—a,a&¥11(—VYw—a,14 + Yw—a,15) = 0.
Since ¢y—qa,o = £1 and yj; € R*, we have —Y—q,14 + Yw—a,15 = 0. At the same time,
Yw—a,13 = 0 because w — o € B. Substituting all possible a’s shows that for every
Ael \ {14, 15}, we have Y13 — Yr14 T Yr15 = 0.
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Now let a = 1232 € &, 8 = 12%11 € Eg, B = 11%21 € Eg, and

z = y_lXa(l)y = y_lxg(l)xg(l)y.

The same argument as above shows that z € Uy (Rs) NUs(Rs), and we may assume that
z € G(Fy, Rs). For every j € I" we have

215 = Z Ck,ﬁyi,,\wy/\,j + Z CA,Byi,HBy/\J
A A+HBEA A A+BEA
= Cop,8Y11Yw—B.§ T Co_BEY11Y_ B = —Y11(W14,5 + Y155),

because c,,—p,s = ¢,_gz = —1. Furthermore,

/ /
c1,13 = Z CxBY1A+8YN 18 T Z Cx,8Y1 248YN13
AA+BEA A A+HBEA

= Co—p,pY11Yu—p.13 F CyF Y11 Ye—F,13 = 0-
By assumption, z € G(F4, Rs); hence 2113 — 21,14 + 21,15 = 0 and 417 (Y1414 + Y1514 —
Y14,15 —Y15,15) = 0. We denote —yi15 14 +y15,15 = &, y13.13 = ¢; then —yi4 14 +y14.15 = —&.
Moreover, y14,13 = ¥15,13 = 0.

Now, consider the block-diagonal matrix g with the blocks y11, ¥ B, yrr, 913,13, Yaa,
Y_1,—1. oince g is a Levi factor of y with respect to the Levi decomposition for the
parabolic subgroup P;(Rs) N Ps(Rs), we have g € G(Eg, Rs).

Now we are going to multiply g by a certain diagonal matrix in G(Eg, Rs) and the
result will belong to G(F4, Rs). Consider the vector gu. The definition of g yields

(gu)x = gx,13 — gaaa +gx15 = 0 for A € BUAU {1, ~1}.
Furthermore,

(gu)x = ga13 — 9xn14 + 9r15 = Ya13 — Y14 + Yr15 = 0 = 1uy
for A € T'\ {14, 15}. Finally,

(9”)13 = 013,13 — 913,14 T 913,15 = Y13,13 = ¢,
(9“)14 = 014,13 — 914,14 T 914,15 = Y14,13 — Y14,14 + Y14,15 = £,
(QU)15 = 015,13 — 915,14 T 915,15 = ¥Y15,13 — Y15,14 + Y15,15 = f~
Note that ¢ € RZ. We look closely at the invertible matrix grr = yrr. If we subtract
the column yr 14 from the column yr ;5, then the matrix will remain invertible, while all
of the entries in its column with index 15 will be 0, except for —€ in the row 14 and £ in

the row 15. Therefore, £ € R}.
Thus, we have proved that

gu = (v — v + v, where £,¢ € RY.
Now it is easy to change g slightly via a diagonal matrix in G(Eg, Rs) to obtain a matrix
in G(F4, Rs). Note that
—1=Q(u) = Q(gu) = —¢¢&>,

whence ¢ = £72. Consider the product of weight elements

h = h56 (52)}%’5 (5)

Since hgu = u, we have hg € G(F4, Rs). Moreover, the product y(hg)~! belongs to
T -Uy(R,) - Us(Rs), and at the same time y(hg)~! € F,(H) - G(F4, R,) and y(hg)~! ¢

G(F4, Rs). Therefore, we can apply Proposition 6, and the proof is finished. O
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Proposition 8. Assume that H is a subgroup in G(Eg, R) that contains E(F4, R). Sup-
pose that for some s € R we have

Fy(H)-G(F4,Rs) N Pi(Rs) £ G(F4, Ry).
Then H contains a nontrivial root unipotent corresponding to a root in Eg\®;.

Proof. Suppose y € Fy(H) - G(F4, Rs) N Pi(Rs) and y ¢ G(F4, R,). As in the proof
of the preceding proposition, we choose a root a € ¥; N ®;, that is, a long root in
F4 such that w — a € A. Let 2 = y '1X,(1)y. It is easily seen that z € U;. If
2 ¢ G(F4, Rs), we can apply Proposition 5 immediately and finish the proof. Otherwise,
if z € G(Fy, Rs), then in fact z € G(Fy4, R,). In this case, B(zv', z2v7) = B(v?,v7) for all
i,7 € A. In particular, taking i € B and j = —w, we obtain B(z,;, z4,—1) = 0. This yields
21i%—1,-1 + %Zii%s—i—1 = 0. But 211 = 1 and 2_; _1 = 0 because —i € A. Therefore,
Z1i = 0. But
21 = Z Y1 A ralri-
XA +aEA

It is easily seen that every root o € ¥1 N®; makes one addition from the weight w—a € T’
to the weight w, four additions from some weights in A, and one addition from —w.
Since y belongs to P;, the five additions mentioned change nothing: we have y; = 0
and 2z1; = £¥11Yw—a,;- Moreover, the element yi; is invertible. Thus, y,_qa; = 0.

Now we take a short root @ = 1232. The root unipotent X, (1) is a product of two
root unipotents of Eg, namely, X, (1) = x11221(1)z12211(1), and both of them belong to

1 1

U,. Thus, we can apply the same argument, obtaining y14,; + y15,; = 0 for all ¢ € B.

Therefore, if v = y,; is the column y with index ¢ € B, then Lemma 5 yields vy =
vi5 = 0. Thus, y;; =0foralli € I', j € B.

Let i € I', j € A. Consider the equations on the rows z;, and z_; , of the matrix z.
These equations are B(z;x, z_j,*) = 0. Since all entries of the row z_; , with indices in
BUI' U {3} are equal to 0, except for z_; _; = 1, this equation reduces to z;; = 0. But
Zij = 2 FYixia¥ri = TYi _wia¥-w.j, because we know that y; \,, = 0 for all i € T,
A+ a € {w} UB. Now note that —w +a € I', and the row y; , ., (where i ranges over
I') is a row of an invertible matrix yf.r, so that y_q ; = 0.

Consider the column z, 3. For ¢ € {6,11,12, —12, —11, —6} we have B(zs 13, 24,—;) =
0, whence z; 13 = 0. At the same time, B(z. 13, 2+,14) = 1, whence 21313 + 21513 = 1.
Therefore, 71513 = 0. Similarly, since B(zx 13, 2+,15) = —1, we have —z13 13+ 214,13 = —1
and 214,13 = 0. We have proved that z; 13 = 0 for every ¢ € B. Now we can repeat
the argument of the preceding paragraph with 13 in place of j, obtaining y_;,13 = 0.
It follows that the last row of y is proportional to the last row of the identity matrix,
whence y € P N Pg, and we can apply Proposition 7. ]

§13. EXTRACTION OF A ROOT UNIPOTENT: THE FINAL PART

It remains to get into the parabolic subgroup. Over a local ring the orbits of actions
of G(F4, R) and G(Eg, R) do not coincide (since our representation of Fy is reducible),
and we must relax the assumptions yet again: now we need a nontrivial element in the
product of the parabolic subgroup and a certain root unipotent of Eg.

Proposition 9. Assume that H is a subgroup in G(Eg, R) that contains E(Fy, R). Sup-
pose that for some s € R there exists g € Fs(H) - G(F4, Ry) such that g ¢ G(Fy, Rs)
and the first column of g coincides with that of the identity matriz in all entries except

possibly for N\15. Then H contains a nontrivial root unipotent corresponding to a root in
Eg \®;.
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Proof. We denote a = ¢151 and consider h = =_11221(a)g. It is easily seen that h belongs
1
to the parabolic subgroup P;(Rs). Choose o € F4 and £ € R, and consider the element
2 =Xo()! =g ' Xa(&)g=h""2_11221(0) Xo(§)x_11221(—0)h.
1 1

Suppose that o = *xx1 € ®,; we have Xo(§) = zor (§)2ar (£E), where o = 1*I*O and

o = 0*:*1 are roots of Eg. We want to have o/ — 11%21 € Eg and o — 11%21 ¢ Eg (in
fact, these two conditions are equivalent). Now

z_11221(a) Xo(§)z 11221(—a) = z_11221(a)ze (§) o (£E)x 11221(—0)
1 1 1 1

=2z 11221(a)Zo (§) 11221(—) T (£E)
1 1

= Zor (€)[Tar (=), x_llle(a)]l“a”(if)
=Ty (§)$a,_11§21(iaf)ma"(i§)~

Since o' — 11%21 has the form —0*:**, the entire product belongs to P;(Rs). Thus,

z € Pi(Ry), so that if z ¢ G(F4, Rs), we can apply Proposition 8.

Otherwise, if z € G(Fy4, R,), then z € G(F4, R,) and Lemma 8 yields z € P;(Rs) N
Ps(Rs). Next, z11 = z_1,-1 = 1. Thus, the last row of z coincides with that of the
identity matrix. Let w = h’;, € ?"R denote the last row of h='. We have zh™! =
h=l2y Oz, 11221(xa)zar (£E). The last row of the matrix on the left in this identity

1

coincides with w. The matrix on the right-hand side is A~ (e+ ey +age , 11221 +eqnr).
1
Therefore, the last row of the matrix h=!(¢en + afea_uzm =+ Eeyrr) is zero, whence
1
w(€eq + afe , 11221 % Eeqr) = 0. Now we can use explicit formulas: (wey )y = £wriq

1

if A+ v e A; (wey)r =0if A+~ ¢ A. Substituting £ = 1, o = 0001, 0121, 1121, 1221

and considering w(€e,s + afea,_ngm + eqr ) for A = A_1 and A = A_1g, we obtain
1

w_1 =w_5 =w_g =w_g = wiz = 0. Moreover, taking £ =1, a = 1221, A = A\_3, we
obtain aw_; =0
Now we choose @ = * x %0 € ®; and argue as above: here X, (§) = 2,(§) for a =

O*I*O € E¢. Thus, a — 11%21 ¢ Eg. Hence, z_11221(a)Xo(§)x_11221(—a) = 24(§) and
1 1

again z belongs to Pi(R,). If z ¢ G(F4, R,), we can apply Proposition 8. Otherwise,
if z € G(F4, Ry), then z € G(F4, R,), and Lemma 8 yields z € P;(R,) N Ps(Rs), while
z11 = 2—1,—1 = 1. Therefore, the last row of z coincides with that of the identity matrix.
Since zh™! = h™lz,(¢), we have w = wx,(§), whence we, = 0 (we can plug & = 1).
Thus, wyte = 0 whenever \, A\ + o € A. Substituting o = £1000, +0100, 0120, we
obtain w_3 =w_4 = w_7 = w_19 = 0.

Thus, all the entries in the last row w of the matrix h~! equal 0, except for h’_ 1,—1»
and moreover, ah’ | | = 0. Since the matrix h~! is invertible, we have b’ ; ; € R*,
a = 0, which means that we could apply Proposition 8 from the very beginning. O

If R is a local ring, the singular vectors in R?” form one orbit under the action of
E(Eg, R). The next proposition describes the orbits into which it splits when we restrict
the group action to E(F4, R).

Proclaim 10. Assume that R is a local ring and g € G(Eg, R). There exists © €
E(F4, R) such that the first column of xg coincides with the first column of the identity
matriz in all entries, except possibly for Ais.
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Proof. Let M denote the maximal ideal of R. First we show that there exists z; €
E(F4,R) with ($1g)11 =1.

Since R is local, we can choose A € A such that gy; is invertible. We consider several
cases separately.

(1) A€ B. Let a =w — X € ,. Consider the element
h=Xa((1 - g11)95, ).

We have X, (&) = zo(§)zar(£E), where o/ = L0 o O*I*l. Hence,

*
hi1 = g1 £ (1 — gll)ggllgﬂ. By changing the sign of the argument of X, if
needed, we can arrange that hy; = 1.

(2) A €T\ {A14, A15}. Similarly, let @« = w — A (now « € ®;). Consider the element
h = Xu((1—g11)g57)g- As in case (1), by changing the sign of the argument of
X, if needed, we obtain hy; = 1.

(3) A= \;. First, we get 1 in the entry 10 of the first column: put o = Ajg — Ay =
1231 € &, and h = X, ((1 — g10.1)95;")g- By changing the sign of the argument,
we may assume that hip1 = 1, and then invoke case (1).

(4) A= A_1. We can easily obtain 1 in the entry —6: put « = A_g—A_; = 0122 € P,
h=X,((1- g_671)g:i1)g, and, by changing the sign of the argument if needed,
we have h_g1 = 1, which brings us to case (2) already discussed.

(5) A € A. Similarly, it is easy to choose o € ®; such that A + a € B: for ex-
ample, put a = 0122 for A € {A_10,A_9,A_g,A_7} and o = 2342 for \ €
{5, A4, A\_3,A_o}. Then, consider h = X,((1 — g)\Jra,l)g;})g. By changing
the sign of the argument if needed, we obtain hxjq,1 =1, and now we can use
case (1).

(6) Now we may assume that gy1 € M for any A € A\ {A13, A4, A15}. Note that
the elements gi3,1, g14,1, g15,1 cannot be invertible simultaneously: otherwise
Q(g+1) is congruent to +g13.1914,1915,1 modulo M, and hence, invertible. On the
other hand, since the column g, is singular, we have Q(g.1) = 0. Assume that
g14,1 € R*. We know that at least one of the elements g13.1, g15,1 belongs to M.
Suppose g131 € M. Consider a = 0001 € @, & = (1 — g10,1)914' 1, b = Xa(§).
Since X,(§) = $10000(£)2600801(if)7 we have hio1 = G101 £ 9141 £ Eq131 =

g101 £ (1 — g10,1) SI: €g13,1- By changing the sign of £, we may assume that
hioqg =1+ &g13,1 € R*, because g13,1 € M. This means that we can apply case
(1). Similarly, if g151 € M, we take o = 0010 € &, and £ = (1 — g12)1)9f4171;
hence, h121 € R*, where h = X, (£)g, and we can apply case (2). The same
argument applies to the last case where gi141 € M, because at least one of the
elements g131, g15.1 is invertible.

Now we have 1 € E(F4, R) and y = x1g such that y;3; = 1. First, we shall show
that we can use downwards additions from the first element of the first column to put
0 into every entry except possibly A15. To start with, we obtain 0 in the entries from
B: put w3 = [[,cp Xa—w(Fya1) and z = xzoy. The signs here must be chosen so that
the element X_,(dyx1) executes subtraction of the first row from the row A with the
coefficient yy; (with respect to the left action on matrices). Equivalently, the matrix
entry (X _w(£yx1))a1 must be equal to —yx1, not to yx1. It is clear that z); = 0 for all
AeB.

Now we can put 0 in all entries in I'" except A4 and Ay5: it suffices to consider
73 = [[yer Xa—w(£2x1) and u = 23z, again with a clever choice of the signs.

If uia1 # 0, we consider x4 = Xq232(Fu14,1) and v = z4u. We can choose the signs
so as to obtain vy4,; = 0.
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This proves that there exists a matrix z with (zg);; = 1 and (xg)x; = 0 for all
A€ (BUD)\ {\5}. By Lemma 6, this implies that the other entries in the first column
are also equal to 0. (]

§14. PROOF OF THEOREM 1
The next lemma summarizes the extraction of a root element.

Main lemma. Assume that H is a subgroup in G(Eg, R) that contains E(F4, R). Then
either H < G(Fy4, R), or H contains a nontrivial root unipotent x,(€), where a € Eg \®;
and ¢ € R.

Proof. Suppose that ¢ € H and g ¢ G(F4, R). Lemma 9 shows that there exists a
maximal ideal M € Max(R) such that Fi(g) ¢ G(F4, Ryr). Since Ry is a local ring,
Proposition 10 implies the existence of x € E(F4, Rys) such that the first column of
xFy(g) coincides with that of the identity matrix in all entries except for Aj5. Since
E(F4,Ry) = h_m) E(Fy4, Rs), where the limit is taken over all s ¢ M, there exists s € M

and z € E(F4, R;) such that the first column of y = 2F;(g) coincides with that of the
identity matrix in all entries except for A\j5. Obviously, y ¢ G(F4, Rs). Now we can
invoke Proposition 9 and finish the proof. (]

Proof of Theorem 1. Suppose, as in Proposition 1, that A is the greatest ideal such that
E(F4,R,A) < H. Let H = p°(H) be the image of H under the reduction homomor-
phism p5° : G(Es, R) — G(Es, R/A). Tt is clear that H contains F(F4, R/A), and the
main lemma implies that either H < E(F 4, R, A), or H contains a nontrivial elementary
root unipotent x,(§ + A), where o € Eg\ Fy4, £ € R. We shall show that the latter is
impossible. Indeed, express z,(§) € H G(F4, R, A) as a product z,(£) = ab for some
a€ H,be G(Fy, R, A). There exists a root § € Eg \ F4 such that 8 — « € Fy. Consider
the commutator
[za(£), 5-a(1)] = z5(£E).
Substituting x,(£) = ab, we obtain
z3(£€) = lab, xp—a(1)] = “[b,z5-a(1)][a, z5-a(1)].

The standard commutator formulas show that the first of the commutators on the right-
hand side belongs to E(Eg, R, A), while the second belongs to H. Therefore, z5(£§) €

H, and § ¢ A. This contradicts the maximality of A. Hence, we always have H <
G(F4,R/A), and Theorem 3 yields

H < (p59)"(G(F4, R/A)) = CG(F4, R, A) = Ng(E(F4, R, A)).
This finishes the proof. (|
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