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[NPEIRCJOBUE K IIATOMY HU3JAAHNIO.

Papx pycckux mareMaturoB — YeOnimes, Hoprun, 3omoTas
pés, Mapros, Boponoil m xpyruc —saspMancs Teopueil d9m-
cer. O3HAKOMHTECH € CONEPIKAHMEM KiacCHUecKHX paboT
OTUX 3aMEYaTC/bHHX yuéusix MoskuHo no rumske B. H. [le-
none «llerepbyprcras Imkona Teopuu 4iCeIn.

CoBetckue MareMarTurm, paloraiomme B obnacTm Teopmu
Yucell, LPOAOJKAs CJHAaBHEIC TPAABNUHM CBOEWX NpefmiecT-
BEHHUKOB, CO3JajH HOBEE MOIIHEIC METOXH, I[03BOJNBIINE
MONYYUTH psAX I[ePBOKIACCHHX pe3yJbpTraroB; B  pasgele
treopun umced wuurm «Maremarska B CCCP 3a 30 mer»
MOJKHO HAHTH CBEJeHHA O [OCTHMKOHHMAX COBETCKUX YUEHEBIX
B ofnacT: TeopuH 4HCel, a TAK/Ke COOTBETCTBYIOmme Ombmmo-
rpaqmqecmle JaHHbBIe.

B mMmoeli xunre paérea  cmcTeMaTHUYecKOe  MBNOReHHe
OCHOB TeOpHH 4HCeJI B oO0bBEMEe YHHBEPCHTETCKOTO Kypca.
SHauuTeNpHOe KOIWYECTBO 3a7a4 BBOJAUT 4YHTATeNd B KpPYyTr
HOKOTOPHIX HOBEIX mjeil B o0jactu reopmu umcel.

HacroAamee mAToe m3jamme KHMIA 3HAYITENBHO OTJIMYAET-
ca of uerBéproro. Pajg mamenmenwmit, cmoco0CTBYIOmMUX O0Ib-
IMedl TNpOCTOTe H3NO/KeHndA, BHECEH BO BCe TIJIABH KHHETH.
Oco00 3HAYNTENBLHEIMH W3MeHeHUAMU ABIAIOTCA o0bemuHe-
Hme npeskanx raae IV u V B omuy raasy IV (Gmaromapsa
4eMy WHCJIO IJIaB COKpPATHJIOCH [0 INEeCTH), & TakkKe HO-
Boe, 0olee WpPOCTOE NOKA3ATENBCTBO CYMECTBOBAHHA ICp-
BooOpasHEIX KopHeil.

CymecTBenHO mepepabOTaHEl  BOIPOCH, IHOMEINEHHEIE
B KOHNE Kaskmoil riuasel. Ilopsamor ciegoBaHmA BOLPOCOB
Teneps IpHBEAEH B IOJHOE COOTBETCTBHE € MOPAAKOM pac-
NOMOKeHAA TEOPETHYECKOr0 MaTepHasia. DBefleHEl HEKOTO-
PHe HOBHIE BOIDOCH; ONHAKO 4YHMCJIIO HOMEPOB BOHPOCOR



MIPERMCJIIOBUE

3HauurTe bHO cokpameno. llocmemmee mocrurmyro myTém
obbenuHeHuA IO HasBaHmAME a, b, ¢, ... pamee caMocros-
TEJILHHIX BONPOCOB, OJU3KHX IO METONY pelIeHHs WIH IO
comepxanmnio. lIlepecMoTpeHsl Bce perieHHA  BOHPOCOB; B
pAfe cllydaeB 9TH DPelIeHNA YOPOIMEHEL MJM 3aMeHEHBl IJIyd-
muma. OcofefHO CHIIBHHIC N3MEHCHMST BHCCEHBl B PCIIGHHs
BOIIPOCOB, KACAIOMHXCH PACOPENCHCHHA BHYOTOB ¥ HEBHI-
49eToB N-II cTeHeHHm H IepBoo0pas3HBIX KOpPHeH, a Tawmke
OMEHOK COOTBETCTBYIOUTHX TPHIOHOMETPUMCCKHX CYMM.

H. M. Burozpados



FJIABA TIEPBAS.
TEOPHUA JEJUMOCTH.

§ 1. OcHOBHBIE NOHATHA H TEOPEMEI.

a. Teopusa umcen samumaercs H3yYeHWeM CBOWCTB Ie-
ueix udcen. IlensiMm MBI OymeM Ha3HBAaTh HE TOJBKO 9HC~
Ja Hatypamesoro psma 1, 2, 3, ... (WONORETENbHEIE Ie-
ABC), HO TaWKe HYJb H OTPHIATeNlbHEE Ienble — 1, — 2,

2

Hax mpaBmio, Ipm H3NOJKEHHH TEOPeTHYECKOT0 MaTepH-
ama MBI OyneM o0o3HauaTh OYKBaMH TOJIBKO I€JIEe YHCIA.
Cayuyam, worma OykBH MoryT o0o03Ha4aTe H HE [eJlbie
4mcjla, ecitH IociegHee He Oymer AcHO caMo mo cebe, MBI
fyneM 0cob0 OroBapEBaTh. ‘

CymMa, pasHoCT, W WpOH3BeJeHHEe ABYX IenHx ¢ H b
OymyT TaisKe mEARIME, HO YacTHOe OT [edeHHd ¢ Ha b
(ecnm b me paBHO HYJI) MOKeT OHTH KaK IEJBLIM, TaK
He HeJIEIM.

b. B cnywae, Korga uacrHOe OT neleHmA & Ha b — me-
soe, o0osHauas ero OyKBOW0O ¢, uMeeM a=0bg, T. e. a pas-
Ho npoussedenulo b na yeace. Mm ropopmm Torma, 4ro @
deaumces Ha b mnm uto b desum a. Ilpm sroM @ HaszbIBaeMm
Epamusim wncia b uw b — deaumesem aucna a. To obero-
ATENLCTBO, 4TO b menmT @, 3ammchiBaercsi tak: b\a.

Nmecor Mecto ABe cienyomue TEOPEMEI.

1. Ecau a rpamno m, m kpamHo b, mo a rpamHo b.

HelicTBATeNbHO, W3 @ =@, M= mb cienyeTr a=a,m,b,
Tae a;m;— mexoe. A 5TO H JOKA3EIBAeT TeOpeMy. \

2. Ecau 6 pasencmeeeuda k+1L+ ... +n=p+g¢+...+s
OMHOCMEADHO 6CEL  4AEH08, KPOME KAroeo-wbo O00HD20;



8 I'J1. 1. TEOFPUA BEIHMOCTA

uaeecmuo, umo owu xkpamwbtt b, mo u amom odur waen
xpamen b.
HeficrBarensuo, mycrs TakuM uiaeHoM Gyner k. Vmeem

l:llb, ey n:nlb, p=plb: q:qlb, ooy S—:Slb,
k=p+g+...4+s—0l—...—n=
=(pm+qat .. tsi—L—...—n)b.

A 9T0 M [OKa3HIBAET TeOpeMY. ,

c. B ofmem cnyuae, Brnpouawpmem, KaKk 4YacTHHIA,
caydai, Korja a JenuTcsa Ha b, uMeeM TeopeMy:

Bceskoe yeace a npedcmasasemes  edurcmeeHHBM  CHO-
cofom uepes nononcumensroe yeaoe b ¢ giopue

a=bg+r;, 0<Lr<b.

JelicTBuTenkHO, OJHO mpencTaBNeHEEe & B Taxod ¢opme
HojyunM, B3gB bg paBHEIM HauOOnNBIIEMY KPATHOMY 4YHCHA
b, me mpeBocxonamemy «. Homycrus, uto Tarke a = bg; + ry,
0Lr, < b, momysum O= b(g—gq,)+r—r;, OTKyma ciepyer
(2, b), uro r —r; wparso b. Ho BBEpy |r —r;| < b mociuen-
HE¢ BO3MOMKHO QUL mpu r-—7,=0, T. e. Opu r=ry,
OTKYJla BEITEKAET TAKIKe ¢ == (.

Uncmo ¢ HasHBAETCA HENOAHBIM HACMHBIM, & UHCIO
r—ocmamkom OT jgeneHusa a Ha b.

Mpuamep. Hycers b::14. Vmeem

177 =14 .12 4-9; 0 <9< 14,
—64=14.(—95)+6; 0<6<14,
154 =14 - 11 4 0; 0=0 < 14.

§ 2. OGunit vanGonpmuii meanTedb.

a. B manppeiimem MBI OyneM paccMaTpHBaTh JIHINE IIONO-
JMUTCNIBHEIE [elmTeN: 49mcell. BeAxoe 1mesoe, mensmee
OJHOBPeMERHO meawe a, b, ..., I, HaswmBaeTca mx obwjunm
Pesumenesn. Hambonpmuil wz ofmumx pmenmrenedl HaskBaeTcA
pbwum Hauboavuwiusm Oesumesem W 00O3HAYAETCA CHMBOJIOM
(g, b, ..., !). Beuay woHeuHocTH uwmcia oOmEX menuTesel
cymiecTBOBaHWe oOmero HamGONBIIETO HEJINTENA OYEBHEHO.
Ecna (¢, &, ..., I)=1, 10 a, b, ..., ! HasuBawTCA 63aUMHO
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npocmumu. Ecnw rampoe m3 uwmcea a, b, ..., ! B3amMHO
OpOCTO C Ka/kOHM APYrEM M3 HMX, TO @, b, ..., [ Ha3m-
BalOTCA nonapuo npocmulsy. OueBHAHO, 4YHCjIa TOMAPHO
OpoCTHle Bcerja H B3AMMHO IIPOCTHIE; B Ciydae JKeé [BYX
qECeN MOHSATHS «TODAPHO IIPOCTHICY W (B3AHEMHO IIPOCTHIEH
COBIIAAIOT.

Mpumeps. Ymcaa 6, 10, 15 sBmpy (6, 10, 15)=1—
B3ammuo mpocreie. Ymena 8, 13, 21 BBany (8, 13) = (8, 21) =
= (13, 21) =1 — momapHo HpPOCTHIE.

b. Cuavana zaimémca obmuMm genuTensaME IBYX UHCeN.

1. Ecau a kpamuo b, mo cosorynrocms obwux Oeasume-
Jdell wucen a u b cosnadaem ¢ cosorynuocmyio Jeaumencil
odnozo b; ¢ wacmmocmu, (a, b)=b.

JlelcTBRTENBNO, BeARME oOmMA penmTens umcesl ¢ 4 b
ABnAercA JNenurteneM u opHoro b. OfGparHO, pas a KpaTHO b,
to (1, b, § 1) Bearuit menurens wmcaa b ABNAETCA TaKKe
HeJuTesleM dYucna a4, T. €. OH Oymer ofmuM JenuTeIeM
yucen b m a. Taxmm o6pasom cOBOKymuoCcTH OOMUX HeiiHd-
TeJel uHcell @ u b coBmagaeT € COBOKYLHOCTBIO JelIHTesIel
ogquoro b. A Tak Kak HamOoNBIIMI JenmTesib 4Hucla b ecTh
camo b, 10 (a, b)=b.

2. Ecau

a=>bq+tec,

mo cosorynHocms obupnx Odeaumenell wucea a u b cosnadaem
€ COBOKYNHOCMbIO 06wux deaumenell wuced b u ¢; 6 4acmwo-
cemu, (a, b)=(b, ¢). .

HleficTRUTENbHO, HANMCAHHOE BHINEe pPABEHCTBO IIOKABH-
Baer, 4TO BCAKWI OOMHEIA [enuTeNb wHCel a W b JgeiuT
tTarwke 4 ¢ (2, b, § 1) m, cnemoBaTenrHo, sABIAerTcs o0MAM
menureneM gmcel b m ¢. ObparHO, TO e paBEHCTBO IIOKA-
3HIBAET, YTO BCAKMI oOmuid JenuTeNlh WHCEN b M ¢ [enur a
¥, CIe[lOBATCNBHO, SIBJIETCA OOMHM JejnTe]IeM uucen a u b.
Takmm oOpasom obmme pennTenm umcea a u b cyrs Te IKe,
uyto M ofmme IOenuTenw d9mcell b w ¢; B YaCTHOCTH, JOIKHEL
coBOajaTe, ¥ HAuCOABMEC M3 HTHX JeluTeNed, T. e.
(a, b)=(b, o).

c. Jaa passickamua oO0mero HAmpOOABLIETO JETHTENA,
a TakKe INA BHBOJA €ro BAJKHEHINAX CBOHCTB MpEMeHAETCH
aazopumm Jekauda. IlocnenHEd COCTONT B HIDKeCIENyIOMOM.
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Ilycrs @ u b —nonoxmrensuse nemsie. Cormacro o, § 1 Ha-

XOUM DAL paBeHCTB:

a=b41+72s O<"2<b’
b=ryq,+r;, 0<ry<ry,
ro =739+ 74, O<ry<rg,

(1)

'n—1 =7nqn, J
3AKAHUMBAIOIMUACH, KOTHA MoJydaeM HEKOTOpoe 7rp.q==0.
Ilocnennee mems0eswkHO, TaK KAk pAx b, ry, rs, ... KAk

pAn yOmBalomux IellbIX He MOKeT cofep:kaTh Gomee uem b
MOJOKATE I BHBIX.

d. PaccmarpmBaa pasedcrBa (1), mas ceepxy Buus,
y6esxmaemea (b), aro obmme penmrenm umcen ¢ m b onmHa-
KOBHI ¢ OCIMHAMH [efuTelsAME dYdcel b M r,, jajlee ofmHa-
KOBHl ¢ OOIMAME [eHTeNAME UNCel F'g U 7'z, UHCEIL 7'y U 7'y, - . .,
umceNl 74 H 'y, HAKOHEI, ¢ JeJUTeNAME OIHOTO YHCIA 7p.
OnHOBpeMeHHO € BTHM HMeeM

(d, b):(b; "2)3(7‘2, 7'3):-”:(7'11—1; rn):rn.
Mpr npuxoguM K CIefyOmEM pesyJbTaTaM.

1. Cosorynnocms obwux Oesumeneii wuces a u b cosna-
daem ¢ cosokynmocmblo Oeaumenell ux 06ufeeo Haubosdvwieeo
Oeaumens.

2. Smom obwuii naubosvwinli Jesumend pasew rp, m. e.
nocaednemy He DAGHOMY HYALID OCMAMEY as2opumma Feksuda.

IMpamep. IlpuMenaM aaroparM OBKJIMAA K OTHICKAHUIO
(525, 231). Haxommm (BemoMorarespHEIE BHIYHCICHHA NpPH-
BefleHsl ClleBa)

525 231 925 =231.2+63,
462] 2 231 = 63 .3 442,
2311 63 63= 421421,
1893 2
. 63 ‘—42 42= 21.2.
2071
42721
af2

»»



§ 2. OBIIUN HANBOJIbIINA OEJIUTEIDL 11

3mech IMociCHHUI TOJIOKUTENBHEI OCTAaTOR ecTh rq=21,
Suaunt, (525, 231)=21.

e. 1. O6osnavas Gyksolo m awboe nosodcumessroe yeaoe,
umeen (am, bm)=(a, b)m.

Y

2. O6osuavas 6yreow & awboi obwuil Jesumess wucen

a b (a, b)
a u b, umeenm 3 5 )T 5 & uacmuocmu, umeem

i b )—1 m wacmmsle om Oeaenus 0 wucen
@ @n)=b . e. e syx

rna ux obwuli HauGoavuwwil Oeiumend CymMb HUCAG B3AUMHO

H})OC"’Z ble.

HelictBureibio, yMuomxaM pasencrsa (1) mowienvo Ha m.
Hoayuum nopele paBeHcTBa, IJC BMeCTo ¢, b, ry, ..., In
Synyr crosite am, bm, rom, ..., rpym. Ilostomy (am, bm)=

= rpm, W TakUM 00pasoM BepHO yTmepsKmcume 1.
IIpumenaa yreepmpuenne 1, Haxogum

o 0= (3% $0)= (5. §)

OTCIOfA CllegyeT yTBep:Rienme 2.

f. 1. Ecau (a, by=1, mo (ac, b)=(c, b).

Heiicrarensro, (ac, b) npenur ac u be, swaumr (1, d),
omo gmeamt u (ac, &c), sBuay 1,e pasuoe ¢; HO (ac, b)
menur u b, mosromy omo pmesmr m (¢, b). OGparno, (¢, b)
menmt ac u b, moaromy omno pesur u (ac, b). Taxum obpa-
3oM (ac, b) ¥ (¢, b) B3aMMHO QeJAT ApYT Jpyra H, ciemno-
BaTeJIbHO, PaBHBL MEKIY co0010.

2. Ecau (a, b)=1 u ac Odeaumcsa na b, mo ¢ deaumes
na b.

HeficrBurensro, seungy (@, b) =1 mmeem (ac, 6)=(c, b).
Ho pas ac wparso b, 1o (1, b) mmeem (ac, b)="b. 3maumr,
n (¢, b)=5, 1. e. ¢ Kparno b.

<

3. LEcau Ekamcdoe ay, as, ..., @p 63QUMHO RPOCMO
¢ Kaxcduim by, by, ..., by, mo u npousgedenue aas ... am
83aUMHO RPOCIMO ¢ npoussedenuem biby ... by. :

Heficreurensao (Teopema 1), mmeem
(318285 - .« @m, by) = (asa3 . .. am, by) =

= (A - Gy bg) =« v o = (Gms )= 1,
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A [ajiee, Iojarag Jif KPATKOCTH @,y ... G5 = 4, TOYHO
TAKAM jKe MyTéM Haladm,

(blbzb3 « e bn, A)I(b2b3 “ e bn, A)=
(b« buy A) = .. = (bay A)=1.

g. 3amaua oteckaEuA o0mero mHAMGONBLIETO JeNWTENd
fonee weM JBYX UMCeN CBOAWTICA K TAKOBOH /A [ABYX
amcesr. lmenno, urobm walitTm o0muit HamGoubmmil genm-
Tellb 9ACed @y, Oy, ..., dn, COCTABAAEM PSHL UHCEN:

(ay, az) =dy, (dy, as) =ds, (ds, a3) = dy, ..., (dn-y, ap) = dp.

Uncno d, m Oygmer of0ummM HauOOIBIIEM J[I@JIMTCIICM BCex
JARHEIX 9ECEI.

Heiicreurensro (1, d), oOmume pjeiiurenu umucesx a; U dg
COBHANAIOT C HenuTeaAMd d,; No3ToMy ofomme AelUTend
qlCceN @y, @y ¥ (3 COBNANAKT ¢ OOHIMMH HeJAHTENAME YHCEN
dy W a3, T. . coBmajawr ¢ peaurenavMu dg. J[lanee yGe-
auMcA, YTo ofmue [OeAATeHH dYHCeN dy, dg, 3, (5 COBIA-
JAloT ¢ geiuTensaMa d, W T. . M, HAKOHern, uTo o0mme
DequTenn 9ACed dy, Ay, ..., Gp COBHAJAIT ¢ MNEJUTC-
aamu dp. A TaKk Kak BamOONRMMiIl Je/UTENb dp €CTh
caMo dn, To OHO Oypmer o0mEM HauUGONBIIEM JeJHTENIEM
qucen a,, as, ..., Qn.

ITpocMarpusaa mpupegéHHOE OKA3aTCNBCTBO, YOerKnaeM-
cst, uTo TeopeMa 1, d BepHa m jgia Gojee 4eM ABYX umHCes.
Bepunt Tare u Teopemsl 1, e m 2, e, moToMy 9TO OT YMHO-
JKeHHs HA M WJid pasfesiendsi Ha & BCCX WHCEN dy, @G, - .., dn
TOWHO TAaK e # Bce dy, dy, ..., d, yMHOMKATCA HaA m
unu paspgenarca Ha &.

§ 3. Obmee manMeHbImee KpaTHOe,

a. Bearkoe uemoe, wparHoe BceX [AHHEIX YHCeX, HAasH-
Baercsi ux obwum rpamuum. HamMeHsliee ITOIOMKATENB-
Hoe ofmee KpaTHOe HABEIBACTCA O6WUM  HAUMEHB UM
Kpamuuly,

b. Cpavana sapMéMmca o0muM HamMEHBWIEM KDAaTHEIM
asyx qmeost. Ilyers M — xakoe-nuGo ofmee KpaTHOe HeJHX



§ 3. OBIIEE HAMMEHBIEE KPATHOE 13

a u b. Tak xax oHO KpaTHO a, To M =ak, roe k—menoe.
Ho M xpatHO m b, moaToMy HeNHIM NOMKHO GHTH H

ak
B
uro, monarad (e, b)=d, a=a,d, b=0b,d, moxno mpexcra-
k
BHUTH B BHUJE a—bl—, rie (a, b))=1 (2, e, § 2). Hosromy
1
(2, f, § 2) k& pommmo menuThcs Ha by, k:blt.:gt, rae
t — wenoe. Orcrona
ab

OGparuo, ouesugHO, 4TO BeAkoe M Takoidl (OPMBEL KpAaTHO
Kak @, Tak 4 b, w, Takam o6pasoM, sra ¢opMa paér obmmi
BEJ BCex OOmMEX KpaTHHX 4mcesl a u b.

HamMenpmee DON0RMTENBHOE U3 HTHX KpaTHWX, T. €.
ofmiee HamMeHbIIee KpaTHoe, modyumM npm ¢t = 1. Ono Oyper

me ab
=

Beega m, MokHO moayueHnyio pas M Qopmyay nepennm-

caTh TaK:
M = mzt.

Ilocnennee m mpenmocnemHee paBeHCTBa HNPUBOJAT K TEO-

peMaM:
1. O6wue kpamnuve Osyx wuces cosnadaiom ¢ EpamHslMi

ux obueeo HauMelbUE20 KPAMHO20.
2. O6wee naumenvwice Kpamuoe 08YX wuces pagHo ux
npoussedenuio, Oeaénromy na uxr obwulk Haubosvyuld Oe-

Aumend.
, c¢. Ilycre Tpebyerca HaiiTh ofmee HaWMMeHbINEe KpaTHOE

Gonee dWeM QBYX uYMced dy, @s, ..., Gnp. OGo3HA"Wasa BooOme
cuMBoOiIOM [a, b] oOmee naumMemnInee KpaTHOe dmced @ H b,
COCTAaBHM PSAX YHCEI:

[ali a2] = My, [m29 (13] =Mz, ..., [mn—-h an]=mn.

Monywennoe TakmM myTéM m, u OyneT oOMUM HamMEHb-
IIAM KpPaTHRIM BCeX NAHHBIX 9HCEN.
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Heiicrsarensao (1, b), oOmume xparuble d9mcesr ¢, w a
COBOANAIOT ¢ KPATHBIMH My, MO3TOMy ofmime KpaTHEIE 4mHCed
@y, Gy W a3 COBOANAIOT ¢ OOMIAMH KPATHHIMA My H @3, T. €.
COBIANAIOT ¢ KpaTHBIMu Mmg. [anee yGemmmca, wro obutme
KpaTHEe YHCeN @), da, 3, @, COBIANAIT C KPATHEIMH Mg
A T. 1. W, HAKOHeN, 4To o0mKe KPaTHLe YHCEN dy, dg, .. ., dn
COBAJAK0T € KPATHEIME M,, 4 TAK KAK HAaWMEHBHIee NOJIO-
JKATEJIBHOE KpaTHOe M, €ecTh caMo My, TO OHO M Oyjer
oM HAMMEHBLIINM KPATHEIM 9HCEN &y, @s, - .., Gn.

ITpocmarpuBasa nmpuec/iHHEOE NTOKA3ATCIBCTBO, BUJUM, YUTO
teopema 1, b Bepma m g Gomee wem pByx umcen. Ipome
toro, ybessgaeMcd B CHpaBeIJTHBOCTH CJICIYIOMEH TeopeMs!:

Obuee naumeHvuiee KPAMHOE NORAPHO NDOCINBIL  Wices
pasio ux npouzsedenuio.

§ 4. CBasp aaroprrMa IBRANAA ¢ HENPCPHIBHBIMU
ApoSamn,

a. Ilycrs a —mioboe BemecrBenHOe umceino. OGozHawHM
Oyxsolo ¢, mamonbiee 1eN0C, He HpeBocxofsmee o. Illpu
HEIEJOM o HMeeM

1
e=q1+_—; a>1
2
Touno rar ke NIPU HEUENBIX dp, ..., Us—y HMEEM
L. .
a=@get 5 % >1;
1. .
as—1=QS~1+a—v O£S>1,
8

BBHAY d4ero HOJIydaeM CJefyIolmee paafodcenie o 6 Henpe-
phieHy0 Gpobo:

a= gt —— W
- 92 +

gs -+ .

S S



§ 4. CBSI3H AJITOPMTMA SBHJIMIA C HELIPEPHIBH. IPOBAMM 15

Ecnn « mppanmoEansHOe, TO B pAfE &, dg, ..., OYEBAAHO,
HEe MOKET BCTPETHTECA I@NHX, H YKasaHHEH IIPOHECC MOKeT
GHTb HEOrPAHUYEHHO TPOXOIIKEH.

Ecnm a panmomameHoe, Kak ypmnmM gamnee (b), B pane
@, dg, ... HENPEMEHHO BCTPETHTCA MeJioe, M YKa3aHHBEIHA
mponecc OymeT KOHeueH. .

a
b. Ecin o — panuonansHas #ecoxparmmas apobe a=- ,

TC paslioKeHHe G B HEIPePHBHYI [polb TecHO CBA3aHO
¢ ajaropuTMoM IBKImAa. [leRCTBHTENHHO, NMeeM

a r
a=bq, +rs; ‘1)‘=Q1+72»
b r
b=ryq;-+71s; =gt
2 2
r r
Ty=T3q3 +74; ;g°—'93+r—4,
3 3
. - r
Pa—2=Tn—1@n—1+rn; =2 = qn-1+—-,
"n-y Tn-q
T
Fn—1="nqn; =t =qn,
n
OTKYJa
_ 1 1
7= q 1
gz +
2 9a+ - 1
e
c. Unmena ¢,, ¢a, ..., YIACTByIOINHE B Pa3iIO/KEHAN YHCHA

¢ B HEOPepHIBHYK ApOGH, HABHIBAIOTCA HENOAHBIMU 4ACTRHBLMU
(B cnyd9ae pammoHANBHOTO o 310 GyAyT cormacuo b wemon-
HEIC YACTHHIE IIOCTEOBATENLHHX [ejleHHH anropurma JIB-
KnmRa), Apobm e

91=¢1, =0 +—, G=q-+ T

92
g2 +—
93

Ha3HBAWTCA nodrodswumy Opobamu.
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~ d. Becsma mpocroit |'3axon oGpasoBaHmA IOAXOAAIAX
apobeil nerxo maligém, samewas, d9T0 &, (s > 1) momydwaerca
3 0,1 3aMeHOH B OyKBOHHOM BHAMKEHHH I 85—y THCIHA

1
gs—1 Ha @51+ .
95

JHefictBuTestbHo, monarag paA  eguaoobpasma Py =1,

Qy=0, mMbl MomeM mopxonsdmume ApobH IIOCIENOBATENIEHO

A P
HPefCTABUTH B CJIEAYIOMEM BU[e <3ne05 PaBeHCTBO 5 = QJ
8

nunieM, skenas ofosHauaTh A cmMmpoaom £, a B cmMBo-
AOM Qs> :

L1
O D7 g+l _aP PPy
1 v’ 1 g2- 1+ 07 ¢ +Q, Q7

2

— )P+ P

. <Q27q3 1+ O=43P2+P1=€§
\ 7:Q2 + Q Qs

K T. X. 1 BooOIe
3 __qaps-1+Ps—2_£§
s Qst_1 + Q3—2 QS

Takmv obpasoM vuciuTeaH X 3HAMEHATONW HOUXOMAIM(AX
Apobeii MEL MO’KEM HOCIEeN0BATENEHO BEMUCIATH 0 PopMyIamM

ps:'—QSPs-l‘{"Ps‘Z, } (2)
QS = Qst—1 + Qs_z-

JTH  BRIYACTCHHAS noJIesHO IPOHU3BOAMTE 0[O CJI())lyIOHIBﬁ
cxeMe:

9s 91 92 { --- q, q,

P 1) g1 | Po| oo [Py giPe_y| Py | oo [Pyy| @

8

Qs 0 17 Q2 Qs—Z Qs—i Q-’ Q"—i b




L 4

4, CBAI3b AJIMOPHTMA 3BKJINJA C HEIIPEPEIBH. IPOBAMU 17

105
38
3necn
105/38 105 1
7602 3™ 2+1+ 1
38 29 1
= 34+
29 1 4+i
29 9 2
273
9
8!—
a1
2"

7 2 1 3 | 4 2
P, 1 2 30 1 |47 | 105
Q, 0 t 1 4 |17 38

e. PaceMoTpuM PasHOCTE &g —0g_1 COCCAHHX HOAXOJANNTX
npobeit. 1Ipm s > 1 maxopmm

) \ P 3
Gg—0p | == —— =
Tt TR, T 0 0Q,

e hy=PQs_1—Q.Ps_,; moncrasiss ke Bmecto P, m (),
X Bmpameﬁnﬂ (2) m penas odeBHIHHE YIPOWPHAA, MONY-
unM hg= —h,_y. llocnegHee B coepumenuu ¢ oy =g, - 0—
—1. 1:- —1 paér hy=(—1)*. Urag,

R T T I
: et iimenxmbﬁmimmnn (4)
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ITpumep. B raGnune npumepa, mpuBeéuuOro B d, mMeeM
105 - 17—38 . 47=(—1)5= —1.

f. Uz (3) cmenyer, wuro (P, Q) nmemur (—1)= +1
(2, b, § 1). Loatomy (P, Q,)=1, 1. e. nodrodswue 0pobu

£ Hecokpamumul.

Q

’ g. llpm 3, Be paBHOM o (T. e. MCKIIO¥aeTca CJAydUai,
KOTJa, TpY PAUOHANBHOM &, 8, ABJIASTCA MOC/EHHEH MOIXO0-
nAmell apo0BI0), mCCIefyeM 3HAK pasHocTm &, — o. OQueBmaHo,
6, HoJIydaeTcd 3aMeHOH «, HA ¢, B BHpaskenuu (1) musa a. Ho,
KaK BHOHO W3 a, OT TAKOI 3aMeHH

ds YMEHBIUUTCS,
G5y YBEJIHUHTCH,
Us_p YMEHBIIUTCH,

TIpU He4éTHOM S YMeHBINHTCA,
opE 4€THOM § yBeJWdHhTCA.

.

Iloaromy & —a < O npm nHewérHOM s m 8,—a >0 mpm’

9éTHOM s, U cJefoBaTedbHO, BHAK &, —d COBHAZaeT ¢o

sHaroM (— 1)°. '
h. Hmeen

o 1
et <G

HeiicTBuresmpno, npm 8,=a 5TO YTBep/KAeHHe CJexyeT
(co sHarom paBeHcrsa) u3 (4). llpm &5, He paBBOM a, OHO
crenyer (co 3HaAKOM HepaBeHcTBa) M3 (4) u m3 TOro 06-
CTOATENIECTBA, UTO, BBUNY g, 6, — O M Og_j — 0 UMEIOT pasHble
3HaKM.

§ 5. Mpocreie uncaa.

a. Umeno 1 mMeer TONBKO ONUH MOJIOKUTENBHBIA Jemin-
Tens, umMendo 1. B srom ornomenwm uwmeno 1 B pApme =Ha-
TYPalBHHX 9YHCEeJ CTOHT 0c000. .

Beakoe nenoe, Gonemiee 1, mMeer He MeHee HABYX
Jenmrejied, mMeHHO 1 M caMoro cebsA; ecim BTUMA [OJH-



§ 5. IPOCTHE YHCIIA 19

TeNSIMI  MCYEPHEIBAIOTCH BCC  LIOJOMKUTCHBUBIE  [EIHUTENU
mesoro 4meja, To OHO Hasmsaercst npocmum. lemoe > 1,
nMetomee ®poMe 1 m camoro cefAa jpyrue HONOKHTEILHELE
MEITUTENE, HABBIRACTCHA COCRABHLLAM.

b, Haumenvuwd omanunwidi om eduruyst deaumets 4eaozo,
Goaviiezo eQUHUYBL, €CINL UNCAO 1 POCINOE.

HeftcTBATENBHO, 1IYCTL  q — HAMMCIBINIIL  OTJUYHBIE OT
eMMHUIBL ICCINTeNb Heanoro a > 1. lean 651 g OBt;o cocTan-
AHIM, TO OHO HMeT0 0Ll HEROTOPEI JCTHITe. b ¢y ¢ VCIOBHEM
1 < q < q; BO uncio a, gendch Ha ¢, OOKHO OBLIO Gl
pernmteea m ua ¢ (1, b, § 1), a osro wpornpopeynr Harmemy
MPEANOIOKEHI0 OTTOCHTEABHO WleIa §.

c. Haunernvwinii omanunwii om edunuyw Odeaumensv co-
cmagrozo wncia a (coesacro b on  6ydem npocmum) ne
npesocxodum ) a.

HeficrBuTensno, mycTb ¢ -— 9TOT NeAHTETb, TOTHA &= qa,,
a; > ¢, OTKyJa, HepeMHO;{asf @ COKpalas Ha a;, NOTyduM
a>q% q<Va.

d. Yucao npocmmx wucen Geckonediio eeAuko.

CopaBefiEBOCTL 3TOIl TEOpPEMEHl CjlefyeT U3 TOTO, 4TO,
KaKoBHl OBl HE OHIM PAa3JIM4HEIE IPOCTHE Py, Pgy - -+ 5 Do
MOKHO HOJYYHTh HOBOE HPOCTOE, CPERH HHX HC 3aRII-
gatomeecsi. TawopeiM Oymer I1pocTOW  fiedHTeNb  CYMMBEL
PiP2 - .- Pr+ 1, KOTOpBII, Henst BCIO CyMMy, He MOJRET
COBNANATH HH ¢ ONMUHMM H3 IIPOCTBIX Py, Pa, ..., Pi (2, by, § 1).

e. Jaa. coctasienna Tabaumsl NpPOCTHIX wHCeN, He Ipe-
BOCXOAAmAX JaHHoro N, cyljecTByeT NpocToil cmocod,
HA3BIBAeMEIl peutemon 3 pamocgferia. OH cocToUT B HITRC-
CJIey IomeM.

BummmucniBaem ancia

. 1,2,...,N. (1)

Ilepsoe Gombmiee egAHMTHI WiHCO HTOTO pAdA €CTh  2;
OHO JeJNHuTcs TOApKo Ha 1 WM na camoro cels, crejoBaTCIIb-
HO, OHO IIPOCTOE.

Buuepraem w3 pagza (1) (wak cocraBHBIC) Bee umcna,
KparHEe 2, kpome camoro 2. Ilepsoe cacmylomee 3za 2
HeBHIYeDKHYTO® umclo Gymer 3; omo me jendrcss Ha 2
(uHage OHO okazanoch OBl BEIePKHYTHIM),,cflel0BATEIBHO,
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3 memmrcsa ToMbKO HA 1 W na camoro celsA, a MOTOMY OHO
raxiKe OyJeT IpPOCTHIM.

BuaéprknBaem m3 paga (1) nce umena, wkparmsie 3, Kpome
camoro 3. llepBoe cregyiomee 3a 3 HeBHYEPHUYTOE UHCITO
fymer 5; OHO He menures Hu HAa 2, UH Ha 3 (HHa4e OHO
OKazaxoch OB BBEIYEDKNYTHM). (JefoBareibHo, 5 NeNUTCA
tompko Ha 1 m Ha camoro cefs, a MOTOMY OHO TAKIKC
OyIeT mpocCTEIM.

nr g

Korga yrasanusM cloco0OM yike BBIIEPKHYTH Bee wimca,
IpaTHEE IPOCTHX, MCHBITMX HpOCTOIO p, TO BCE HEBBIYEp-
KHyTHe, MeHbHme p°, OGyayr upocrsle. [elicrpurensiio,
3CSIKO@ COCTABHOE @, MeHpHiee p*, HaMH YiKe BBMEPKHYTO,
KaK KPaTHOe ero HAHMEHBLIOI'0 NMPOCTOTC JIeANTEs s, KOTOPHIT
<Va < p. Orcrona cuepyer:

1. Il pucmynas % 6vIMEPEUGANIIO K PAMHWL R pocmoz0 p,
amo ewluépkusanue caedyem HauuHamd ¢ pe.

2, Cocmagsernue madauysl npocmux wuces <N sarow-
YEHO, KAK MOALKO GBIMEDKIYMYBL 6CC COCHIACHBE KDAMHBIE R [0

emeix, He npesocxodauwuz 1/ N.

§ 6. ExnncTBeHHOCTh pasioenns Ha IPOCTHIC
COMHORHTCH,

a. Bcaxoe yeaoe a wau  63auMHO NPocO ¢ Jannvim
npocmuM p, uAw dce deaumes ia p.

Heticrnutenbuo, (a, p), Oymy4u geaumreneM p, MOKeT
Ovite paBo mum 1, wim p. B mepsom cayvae @ B3aMMHO
HpOCTO € p, BO BTOPOM @ JASAUTCA l1a p.

b. Ecau npousgedenue Heckoavkux comlodcumeneil de-
AUMCA HA P, MO, R0 EpaiHell Mepe, 00uM U3 COMHOMCUME-
aell Jeaumes Ha p.

HeiicTBrTenpHO (&), KAKOLI COMHOMKHTCIbL UM B3aHMHO
mpoct ¢ p, HIE Re Jenntcd Ha p. Eciam OH Bee COMHOMM-
Tean OBUIA B3aMMHO HpPOCTHL ¢ p, TO H HX LPOM3BEJEHIIC
(3, f, § 2) Oumo GH B3aMMHO HPOCTO C p; MOITOMY XOTb
OIlEIH COMHOKMTEeIHL NeJHTCS Ha p.

c. Beakoe yeaoe, Goavuwice edunuysl, pasiazaemcs  Ha
n pouseedenue N pocmMBLY COMHOMCuMednel U npumom  eOun-
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CIEEHHBIM CROCOOOM, eCAl O0meseubes om nopadka caedosa-
nus comHoMcumenell.

HeficTBETeNBHO, NYCTH @ — 1eiloe, OONbINee eRAHMII;
o0o3nauasa OyKBOHO p, €ro HAUMEHBIIMIl OPOCTOH [eIIATENb,
umeeM a= pa,. Ecmu a; > 1, to, obo3Hauasg OykBOWO p,
ero HAUMEHBINUI IPOCTON JENHUTEJIb, NMEEM @, = Dyly. Kcim
as > 1, 10 moao0HO BTOMY LAXOMUM dy = Pad; M T. J., LOKa
He NpuuéM K RakoMy-nn€o a,, paBromy epmaumme. Torma
@n—1 = prn. llepemuoskan Bee nalijewnble paBeHCTBA U IPOU3-
BOAS COKparieHue, IMOAYIMM CIeAyHIice pasiloense a
HA TPOCTHIE COMHOMKUTENH:

a =Dz« Pn.

Homyetnm, uro Jusg OO0 JKE CAMOIO @ CYLICCTBYET
W BTOPOE PA3JI0IKeRNC ¥a HPOCTHIC COMHOMMTENA ¢ == §,qy .. (.
Torpa

Pipz - Pn= 142 - -« Gs-

IMpaBaa gacte sroro pasencrBa renurea Ha ¢. Ciemo-
patensro (b), mo wkpalimell wmepe, ojwH 113 COMIIOFKHTENEH
JdenBoil YacTH goliken RCAWIbeA Ha ¢;. llyers, Haupmmep, p,
neaurcAa HA ¢ (HOPANOK RyMepanHu COMHORMTENeH B HallleM
pacUOpPMKERUN); Toraa py=¢; (p; wpoMe 1 gmenmres TONBKO
Ha p,). Cokpamasg ofe wactu PancueTna na p;= ¢y, HUMecM
PePs - -+ Pn=1_¢sqs ... q,. llosropas mDpeKmee paccy:xieHne
OpPUMEHHUTEJBHO K 9TOMY [aBEHCTBY, IOIAYYHM Pj ... fp=
=¢gg...¢; I T. 4., IOKA, HAKOWCI, I OXHOA YacTH paBel-
¢TBA, HAUPUMep B Jenoil, 116 COKPATATCH BCC COMHOMKNTENM.
Ho ogHOBpeMeHHO HOMIRLE COKPATHTRCA H BCE COMHOZKUTCIIH
IpaBOH dacTW, TaKk KaK paBeHcTBo l=qn;y ... ¢, IIpH
In41s «« s §s, TPEBOCXOAAMMX 1, HEBOBMOIRHO.

Taxmm oGpa3oM, BTOpoe PasyoKCHUE HA NPOCTHE COMHO-
HUTENH TOKIECTBEHHO IEePBOMY.

d. B pasmosenwm wumcia @ HA TPOCTRE COMHOMKUTENH
HEKOTOPBIe M3 HEX MOIYT IoBTOopAThcA. Ofosnauaa OyKBa-
MH Py, D3, -+ -, P PASIAYHBIC U3 HAX B OYKBAMU 0y, Op, - .+, &
KPAaTHOCTh MX BXOMIEHHA B @, HOIYYMM TaK Ia3plBaeMoe
EQHOHUYECKOE DA3AOMCEHNIE HUCAG @ HA COMHOMCUMEN:

a7 .. pEk.
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IIpumep. Kawomuwueckoe pasnoskenne umcaa 9588 000
Oymer: 588000=2%.3.5% . 72
i 3
e. ITyemv a= py'ps’ ... py° — Kanonuveckoe  pasaone-
nue wucaa a. To2da ece deaineait a cums  ece wucaa euda

B, B, 8.
d =pipat oo

1
Oi\/.Bl‘galy O<‘82<a27 sy O<\@l\‘<ak' ( )

Heiierpurensso, wvycrs d nemur a. Torma (b, § 1)
a-=dg U, caegoBaTeabHO, BCe NMPOCTHe penuTens d BXOJAT
B KAHOHUYECKOE PAa3JIOMCNNe @ ¢ IIOKA3aTesIsIMd, HEe MeHb-
INAMIL TCX, ¢ KOTOPBIMIL OHU BXOZAT B KAHOHUYUCCKOE pas-
aomenie d. Hoaromy d umecer sux (1).

OGparuo, Besroe d vupa (1), oueBmgHo, meunT a.

Hpumep. Bee gemurenu uucna 720=2%.3%.5 uony-
unM, ecill B Bepaxennu 23808 sacrasum By, B., B; Hesa-
BHCHMO JApYT OT ApyTa npoderars amavenus B; =0, 1, 2, 3, 4;
3,=0, 1, 2; B;=0, 1. llooroMy yrasaunsie menuTenn OyRyT:
1, 2, 4, 8, 16, 3, 6, 12, 24, 48, 9, 18, 36, 72, 144, 5,
10, 20, 40, 80, 15, 30, 60, 120, 240, 45, 90, 180, 360,
720.

Bonpocesr ® vaase 1.

1. Ilyers @ 1 b-—meXble, He DaBHBIC OALIOBPeMENIO NY/II0, T
d =ax, + by,—HaudeHbllee UOJOKKTCIBHOE YHCI0 BHAa ax + by
(¢t m y—rnemxwe). Nokazarn, uro d=—(a, b). Orcioga BBIBeCTH TeO-
pemy 1, d, § 2 u teopexm e, § 2. OGo0uuck 3T BHBOLLI, paccMma-
TPUBAsST Wncra BUAaA ax -+ by - ... 1 fu.
2. ;lorkasaTh, 4TO M3 BCeX PAUNONAJIBHLIX jipoleH cO BMaMeHare-
Py
namE < Q, MogXoxAman apods BS:Q-E IpejcTapiigeT YUCIO o Had-
8
Gojiee TO9HO.

3. TlycTe BemiecTBEHHOE UUCJIO « PasilodkeHO B HEIPEPHIBAYIO
npodn, N —rieaoe 1moJo/mNTe IbHOE, K—YUHCIO er0 NecsTHRHHX B3HA-
KoB, n—HanbonbInee nesioe ¢ yeaoBmeM Qn < N. [orasare, uTO
n < 5k 1. Hna poxasatesnbcrsa Breipaxkennd Hid Qa, Qg, Q4 ..., Qn
cjlejlyeT CPABHHTH C TeMy, KOTOPHe oHwm nMesH OH, ecim OB Bce g,
OBIAM paBrbl 1, 71 cpaBHATH paiee ¢ uvenamm 1, € 82, ..., €"7Y, rpe
£—TonaoRuTeI6Nb Kopenk ypasucHusg §2==¢ - 1.

4. Myers v > 1. Pag pacmonoskeHHBIX B HOPAAKC BOSpacTaHmsA
PALMOHAJILHEIX HECOKPATUMBIX APoOeH ¢ IOJOMHTEeJIbHBIME BHAMEHA-
TEJAMN, He NPeBOCXOSIUMI =, HaswBaerca padom Papes, omsge:
’%(HOLL{MVW T.
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a. JdoxasaTb, wro wacTh paApga (dapes, 0TBEUAKINETO T, COREp-
maman apo6u a, ¢ ycnopmem 0<a<(1 momer OmHTHL NHOmyYeHa

1
cIeXyIOIMAM cIoco00M: mAmeM Apo6m T T Ecna 2 <=, To Mexay

. o0+1 1 .
TAME JpoGAMHE BCTABAM emé ApolGhb 13" 34TEM B MOJIYYeHHOM
0 1

1 1
pﬂneT, T T MERAY HAKAEMK JABYMA COCEJHUMU  ApoOaMu

a, c) - ay+cy
— m == ¢ b;+d; <t BCTABEM 00b st
b, dy 1 15 ap pr

MOKA 9TO BOBMOKHO. [IpeaBapmTeIplo JOKAsaTh, 4YTO A 0GOH

o T. J. 0 Tex 1op,

. @ ¢
Mape  cOCERHHX Rpodelt 3 1 7 DA, TONYTaeMOTO YKABAHHBIM

cinocoboM, umeeM ad—bc= —1,
b. PaccmarpaBas paj ®apes, JoKasarb TeopeMy: HycTh <> 1,
KOrja BCAKOE BEIECTBEHHOE o MOMKHO HPeAcTaBuUThH B opMme

P 0
0~=6+@; 0<Q=, (P, Q)=1, 8]< 1.

¢. TeopeMy Bompoca b moxasarh, moassysack h, § 4.

5, a. /Jowasare OECKOHEYHOCTH “MCJI8 DOPOCTHIX WHCEN BHUJA
4m + 3,

b. [loxasarh GeCKOHEYHOCTH YHCTA NPOCTHX HYmcesd Buxd 6m -+ 5.

6. Joxasars 6eCKOHEYHOCTL dYHC/JA NPOCTHIX YIceN, NOICIATH-
Bafg YUCIIO WHCEJ, He UpeBOCXopAuuX IV, B KaHOHH4eCKOe pasiote-
HHEe KOTOPHIX HE BXOJAT MPOCTHIE YHC/A, OTJIHYHBIE OT Pi, P2, --++ Pk-

7. Ilycry K -—menoe nosomxnredpHoe. [loKasaTb, 9T0 B pAfle
HATYPAJTBHEIX YHCed HMeeTcA OecdmnceHHOE MHOMKECTBO INOCIeloBa-

renvHOcTed M, M+1, ..., M + K—1, He cojepRalqux IPOCTHX
qucedl.

8. JlokasaTh, 94TO cpejl dUncej, NPeACTABIAAEMBIX MHOTOUYJICHOM
agz® L az® 14 .. +a,, tae n >0, ay, ay, ..., ap—DNease Lay > 0,

nMeeTcA GecdauclieHHOe MHOMKECTBO COCTABHBIX.
9, a. [oxasaTth, 9TO HeONpeJeJIEéHHOMY ypaBHEHUIO

2tyt=sz% £>0,y>0, z2>0, (% y, 2)=1 1

YAOBIETBOPAIT T€ W TONBKO Te CHCTeMHl Z, ¥, 3, Ie OgBO M3 YHCel
z M y #AMeer BHE 2uv, ppyroe—Bua u®—v?, HAKOHEN, z HAMEET BHJ
u? + v2; Opm atoM u > v > 0, (u, v)=1, uv-—dgérHoe.

b. IoapsyAacs TeppeModl BONMpoca &, JAOKA3ATh HEPABPENIAMOCTDH
B IENBIX NOJIOMKHUTEJIBHHX Z, Y, 2 ypapHeHHA zt + yt=32

10. JloxasaTe TeopeMy: ecil ypaBHEHHE e aat e
+ap=0, tae n>0 & ay, ..., a,—ueNsle, HMeeT PAUNOHANBLHEI
KOpeHb, TO 3TOT KOPEeHB —mejI0e 9YHCJIO. ’
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11, a. Iycre S:%+—é—+ ...+—’1?; n > 1. Hoxkasath, 910 S
He 1eJioe.
1 1 1
b. IycTs ‘9:§+?+ ...—{-m? n > 0. Jlokasath, 4TO S—
HE 118J10€,

12. 1lycts n—uenoe, n > 0. Jlokasars, 4yT0 Bce KO3QPUUINIEHTH

pasiomernst Gmnova Herotona (a4 b)) Gynyr Heu8THRIME TOFAA
il TOABKO TOrJA, KOTJAA n HMeeT BHJ 2k—

Uncnennnie nupamepsr K raase I

[, a. IIpunensda anropury Dpranpa, Aafitu (6188, 4709).
b. Haittu (31 719, 52003, 33 649, 30107). )
125

2, a. Pasnosxns B HenmpephlBUYI RpPo0b a=go

rabanny mopxomsmnx apoGeit (d, § 4), HamTu: @) §,, B) upemcra-
BlleAne a B opMe, yraszaumoi B Bonpoce 4, b, cauram t=20.

5391
b. Pasnou B wuenpepPsBHY® ApoGb a=gzesc W COCTABUD

Talimny moaxogAmux apobeif, mafitm: o) &, §) npexpcrapienne a
B popme, yrasaHHOI B Bompoce 4, b, canrtaa ==1000.

3. CocraBuTh pan npobest ®apes (Bompoc 4) or 0 o 4, meKmwoo-
qasg 1, co BHAMEHATEJIAMM, HE IPEBOCXOXAMNMY 8.

4. CoctaBnTh TalNUNy MPocTHX wmcesr, MeHbmBX 100.

5, a. Haiitn ranoHNuYecKoe pasiomenne gmciia 82 798 848,

b. Haifiru xanonnuecroe pasiomenme uncaa 81 057 226 635 000,

u cocTapnp



['JIABA BTOPA{L.

BAKHEUIINE OVYHKIUN, BCTPEYAICIHIRECHA
B TEOPIIH YUCEJIL

§ 1. Oynwumu [x], {o].

a. Bamuyo pons B Teopum urcen umrpaer ¢yuwnus [z];
OHa ofIpefenscrIcA JUIA LeeX BellleCTBEHHBIX & M IHpeAcTaB-
nsger cobow mambosblnee mejoe, He NpeBocXojAmec . Ira
(YBEIMA HasBIBAETCH yeaoll wacmblo om I.

IIpumeps.

[71=T7; [2,6]1=2; [—4,75]= —5.

MNuorga pacemaTpusaerca rtawke QyHeuua {z) =z —[x].
I1a QyHRUIHA HasplBacTcsA 0 pobnoil wacmuvio om .
IIpumeps.
{7}=0; {2,6)=0,6; {—4,75}=0,25.

b. Yro0m nokasaTh nosib3y BBeASHHBIX HaMyt QyHKIWIA,
HOKasKeM TeopeMy: '

Ilorasamenn, ¢ romopwa damioe npocmoe p 6xodum ¢
npougeedenue nl, paeer '

n n n
[p}+[p2]+[p3]+”'
4
HefcTBUTEeNBHO, 9UCHO COMHOMRUTENICH NPOU3BONCHUA nl,
n
KpatHEX p, Oyper [%J, U3 HAX KpaTHeX p? Oynmer [?] ;
H3 3THX HOCHENHMX KpaTHHX p° Oyger [%] a1 g Cywm-

3

Ma YKA3aHHBIX 4uceJl M J4CT MCKOMEII IOKa3aTelbh, TaK
KaK - KaIBIM  COMHOMKUTENb IPOM3BefeHWA nl, KpaTHBH
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p", Ho He p™i1 cumraercd yKazaHHEIM nyTeM m pas, Kak
KpaTamii p, p%, p%, ..., Hawomem, p™.

IMpumep. Ilokasatems, ¢ KOTOPHM uHCI0 3 BXOAHT
B npomsBenerue 40!, Gymer ciemyromumi:

4]+ 8]+ [8] - svos 1o

§ 2. Cymybpl, pacnpocTpaHEHHbIE HA AEJAHTETH dYHCJA.

a. Ocolenio BaKilylo poilb B TEOPHH 4YUCEJT HI'PAIOT MYJib-
TunaraTusasie pynrnun. Qynkuna 6 (a) HasbiBaeTeT  MYAb-
MUAAIKAMUGHOHE, eclil BHIIOIHEHB CJIeRYIOUlIe yCIOBMI:

1. Qynrgua 0 (a) onpedesena 0an -6cex yeablx NOLOIHCU-
MeALHBEL @ U He ofpawjaemes ¢ wyab xoms 6bl Rpu 00HOM
INAKoM .

2. Jaa awfiux ROAOHCWINLALIME  CRUUMNO  RPOCIMBLL Q)
0 Gy uMeeM .
8 (a1a5) =0 (a,) 0 (a,).

lpumep. Herpymmo Bugers, 9ro MyIbTHIIHKATHB-
Hoit Oyper Qyukunua 0 (a)=a®, rme s—mwboe BelecTBeH-
HOe, UM KOMIJIEKCHOE, HHCIo.

b. s yrasammmix cpofictB ¢yHEnuu 0(a), B wacTHOCTH,
cnenyer, uro A (1)=1. I_[eﬁ(,TBIITO‘ILHO uycrs 8(a,) =me
pasao Hymo, Torga O(a,)=0(1- a))=0(1)0(a,), 1. e.
8(1)=1. HKpome Toro, mnomyuwaercs ciejyiolce Ba)KHOE
coicrso: ecnu 6, (a) m 9,(a) — PyHKENUE MyIBTHINIKATHB
HHe, TO H f, (a)_e (a )62 (a) — rarske (QyHKEA MyIBTH-
ONKaTHBHAA. ,L[eMCTBuTeJILHo HAXO[IM

B, (1)="06;(1)0, (1) =1.
Hpome roro, mpu (a;, a,) =1 Haxoamm
B, (a182) = 01 (a105) 9, (010,) = B, (a,) 0, (as) B2 (a1) B5 (as) =
= 01 (ay) 02 (a1) 91 (a2) B, (a2) = 0, (a1) 0, (22).

c. Ilycmv 6 (a) — myasvmunauramusnas Pyrkyus u a =

- 79

=pips’ ... Pk — kanoruveckoe pasaodcenue wucaa a. Tozoa,

0b03Havan CUMEOAOM Z CYMMY,  pacn poCmpPAHEHHYI0 Ha
' d\a : '
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gce Oeaumenans d wucaa a, uUMeeM

N6 =(L+0(p) +0(p2)+ ... +b6(pm)...
dN\a
c (L0 () F 0 (D) + - 0 (p5))

(¢ caynae a=1 npasyrw wacmv cuumaem pagnoii 1).
Yrobel [goKa’aTh B5TO TOMIECTBO, PACKPOEM CROOKM
B mpasoil uwactm. Torma mosyunM cyMMy cjlaraeMelx Buia

8 (pP)0(pk) ... 0 (pkr) =0(pPpbe ... pl);

()<?’1<ah O<Bz<“z; ey Uép;;\é%’

LIPpUYEM HII ONHO TaKoe cJaraeMoe ue OyJer NPOLUYLIEHO i
He mnopropuTes Oolee ofgHOoro pasa, a 9ro (¢, § 6, ra. 1)
Kak pa3 Oyaer To, 9TO CTOHT B JIeBOIl YacT.

d. IIpu 8(a) =@ TompgecTBO ¢ mpuMeT BUJ

Sde=(L+pi+p2 4 ).
d\a
e (U pr+p2t o ). (D)

B uacrwocrm, upm s=1 nesasa wgacts (1) upeacrasBur
cymmy Oeaumeneti S (a) umena a. YUpPoOmas LpaByl dYacTs,
TMOTYy9uM

pil-§1_1 p;211_1 p;k+i—1

S@=—p=r st T

Mpuwmep.
S(720):S(24 .32, 5): 94+¥1__ | 32¢1__ | S1H1__ 4

2—1 " T31 T T 5—1

= 2418.
" Ilpm s=0 xeBaa wacrs (1) upeperanur wucto OJeanme-
Jeli ©(a) umeila @, M ML HOJIY MM
t(a)=(a;+1){ay+1) ... (a;+1).
IHpuwmep.
T(720)=(4+1) 2+ 1) (1 +1)=30.
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§ 3. O®ynrnua Mébuyca.

a. Qyuryus Mébuyca p(a) onpegmenserca RJA BCCX
uensix nojokurenbbeix a. Ona 2apaéres  paBencTBamu:
u{a)=0, ecn:u a pmenWTCA BA KBaJApaT, OTAWYHHIE OT eJu-
aansl; p(e)=(—1)% ecnm o He pmenmrIcA Ha KBAXpaT, OT-
AWYHLEEA OT efu#unbl, npu 3T0M & 00o3HAuUAET YHCII0 DPOCTHIX
genuTeNiell umciia @) B vactHocrw, npm @ = 1 cauraem & =0,

nosromy mpumummaem p (1) =1.

IlpumepEL
e (h)=1, p(0)=—1, p(9)=0,
p(=—1, w®)=1, p(10)-1,
b =—1, w(D=—1 p(ll)=—1,

p()=0,  w(®=0, »(12)=0.

b. ITycmy 0 (a) — myavmunaukanusras @yrnryus u

oy 0.9

a=p Py - ]’Z"'

— KAQHOHUYECKOE pPasnodcerue ucta a. Tozda

2 (@)0(d)=1=0(p)(1-0(po)) ... (1=0(p).
d\a

(B cayvae a =1 npasyio wacmv cuumaem pasrot 1.)
leifictBurensno, ¢yHruus p(a), OYEBHANO, MYyIbTHIIH-
warnpuasg. llosromy Mynsrunauratupnoil Oyper m (QyHEKINA
0(a)=p(a)8(a). Ilpumensaa K mocuemHed TONJECTBO ¢,
7 uMess B Bupy, u4ro O,(p)= —0(p); 0,(p*)=0 mpu
$>1, Ml m ybesuMca B CHPaBeQJIMBOCTH HANCH TEOPEMHI.
c. B uactHOCTH, mosiaras 0 (a)=1, m3 b moayumm

4 { =0, ecni;t a > 1,
ZP( ) =1, ecnit a=1.

d\a
1
Ilonaras e e(d):}f’ HOJYyYUM

grta [ ==Ly (=), e >

d\a =1, ecim a=1.
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d. Iycmv geavim noaodrcurnessuim .

N " & o™
G==10y3, Gg; «.+, Gp

omseenaiom A00ve  Geujecmeerible WAL EOMRAEKCHBE [=f;,
for - -+, fn. To20a, obosnavas cumgonom S’ cymmy snavenuit f,
omeevalowux 3Havenusm &, pognwim 1, u  cumsosom Sy
CYMMY SHAUEHU [, omeeuaOwWux JHAYENUAM S, KpPAMHBLM

d, O0ydem umend
8" = D p(d) Sas

ede d npobeeacm cce yeavle noaodxcumenvivie wicaa, Oeas-
we romv o0HO slauenue O.
JleficrporesibHO, BBUAY € HMeeM

S'=fi Qpd+ e Qo)+ o+ D).
AN AN a\’n
Cobwpas ke BMecTe WIeHH ¢ OJHEM H TeM K¢ 3HAYCHUEM
d u Bemoca mpn sroM p(d) 2a croOxm, B croOKax momy-
WM CyMMY TeX H TONBKO TeX f, y KOTOPBIX COOTBeT-
CTByIOIfHe UM & KPaTHB d, a 3TO0 H CCTh .

§ 4. Oyurnua Jitaepa.

a. Qynryua Siaepa ¢(a) oupegensieTcA I BeeX Ie-
JBIX 1IOJIOMKITENBHBIX @ ¥ HpefcraBisger cofoi0 dMCJIO du-

ceq pana

0, 1,..., a—1 (1y
B3aRMHO IPOCTBHIX C a.
Ilpumepm.
e(1)=1, ¢(4)=2,
?(2)=1, ¢(5)=4,
P@)=2 ¢(6)=2.
b. IHTyemu

a=prapi... pk (2)

— KaNnoHueckoe pazaoncenne wucaa a. Toz0a

¢(a) = (1—%)(“% (1—5—1) (3)
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uauw maroce

¢(@)=(pp— P (P —ph) (B —pixTY); ()

& Hacmuocmu,
¢(p*)=p*—p*1, e(p)=p—1. 6)

HeiterBurensro, npuvennm Tteopemy d, § 3. llpm srom
uneaa & W 9YHCIA [ ompemendM TaK: HycTs z mpoberaer
gpesa pajga (1), KampoMy 3HA4YeHMI0O X TpPHBEAEM B COOT-
BeTcTBAE UNC10 6 = (T, @) ¥ gueao f=1.

Torpa §’ ofparnres B wmesno 3uavennii & = (z, a),
pasubpix 1, T. e. B ¢(a). A §4 ofparurcas B dmCaIO 3HAUE-
mui 6= (z, a), KpatHHx d. Ho (z, a) moser GHTH Kpar-
neM d JaMnp OpH yenoBH#, 4GTo d — JeidTeNb YACTd 4.
lpr wanmuum e sToro yeaopmsa S, obpaTurcA B 4HCIO

. a
3HaYeHUI %, KpaTHHIX d, T. €. B i W wmur momyumnm

p@)= @5,
a\a
oTRyma BBEAY ¢, § 3 cneayer ¢opmyma (3), a w3 no-

cneguell BBumy (2) caenyer gopmyna (4).
IpumepH.

1 1 1 .
¢ (60) = 60 (1_?) (1 ) (1 _3) = 16;
¢ (81) = 81 —27 = 54;
c. Oynryus ¢ (a) ecmv GYHKYUs MYLbMUNAUKAMUSHAR.
[eiictsutensro, npu (a;, @) =1 m3 b, odesnguo, cregyer
¢ (a1, @2) = ¢ (@) 9 ().
Mprmep. ¢(405) =4 (81)9(5) =054 4=216.
d. M ¢(d)=a.

d\a
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B copasepmmsoctn aroit gopmynsl ybemumes, npumenss
TO3KIECTBO ¢, § 2, KoTopoe mpu 6 (a) = ¢{g) maér

Ded=+e(p)+e(ED+ .. +e(p) ...
d\a
e (U9 (pr) 4 ¢ (PH+ - F9 (pix):
Beuny (5) mpabasi wacTh TEPETIRLICTCS TAK:
B+ =D+ @2 —p)+ =)

e (U (=D (P2 =) + (U= ),
4T0 TIOCJIe HpHBEEeHHA B Kaxugoll Goapnioll c¢robre momol-
HBIX YJIEHOB OK&)KETCA DPABHEIM ’p(;'lp;f'ﬁ .. Pk =a.

IIpumep. lonaras a =12, naxonmm
¢(D+e@+eB)+e(@)+9(6)+¢(12)=
=11 +2 42424 4=12.

Bonpocsr & raane I1.

1, a. Hycte B nurepBane Q < x < R Pyuxmma f(x) menpeprBHa
¥ HeorpunaresbHa. [JoKasarh, 4TO CyMMa

D U@l

Q<x<R

BLIPA)KAET WACIO0 NENBX TOYeK (TOUeK ¢ ICABIMH KOOPHHATAMHU)
nnockoll obnacta: Q <« e L R, 0 <y < f{x).

b. Ilycts P n Q—TMOJOMKHTEIBHBIC 1EUETHEIE BRANMAO IIPOCTHE.
JlokasaTh, 41O

3 [5]0 3 [$]-55 5

O<x<% 0(y<§

c. Ilycte r > 0 1 T —4neno MedHX ToueK 007acTH 2% + y?<Ir2,
Jlorasats, 4T0

T=144[r]+8 2 [V rEZe]—4 [V’—Q-T .

V2
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d. yers n >0 u T—uncno nedawx touex obmactm z > 0,
y > 0, 2y << n. Jlokasarts, uro

— Nl _1vae
r—2 3 [4]-var.
o<a<Vn
2. llyere n > 0, m—mneaoe, m > 1 11 x ppoberaer nessle §ON0-

JRUTeJbHEIE d9HC/IA, HE AeTAldecAd HA M-I CTeleHb IEJOI'0, HpeBo-
cxonsamero 1. [[orasars, uro

S|V 3]0

x
3. Hyers momoxurTesbibe o 11 3 TAKOBEI, YTO
[ax]; =1, 2, ...; [3y]; v=1, 2,

06pa3yioT, BMecTe B3ATHe, Bce UHCJA HaTypajeHOro paga 0Oes
nosropenuit, Jowasarh, 9T0 DTO HMeer MECTO TOrjia M TOJIBKO TOIAA,
ROTAa a WPPanmAOHANLHOe, HPIU&M

1 1
—+—=1.
« i
4, a. NDyers v 2> 1, t=[t] m 2, a, ..., xp—urcaa 1, 2, ..., t,
PacIONOKenIble B TAKOM HOpsIKe, 4To0Bl 4Hcia
0: {axl}i {ale-: vee {lei-}, 1

mnn He yGmBad. [lorasars Teopemy gonpoca 4, b, rai. I, paccmarpu-
Basg PasHOCTH COCEAHIX HIICeN IOcJeHero pama.

b. Iyers X, Y, ..., Z—BemecTBenHEIe YMcTa, Kamgoe U3 KOTO-
pux He MeHbme 1; o, B, ..., {—pemecTBeHHEE. [[0Ka3aTh, 4TO cyIle-
CIBYIOT HeJdse z, ¥, ..., 3, HE PABHBIE OJHOBPEMEHHO HYJIIO, H IeJI0e i,
YRORJIETBOPAION{NE YCIIOBHAM:

el X, |9|<7Y, ..., |2]<Z,
1
(Z‘, Y, "-:Z):iy |a$+@y*i—+"{z—-u]<ﬁ

5. llycte o —BemecTBeHHOe, c—1enoe, ¢ > 0. Jloxkasath, 410

1£1-(2]

6, a. IIycrs «, B, ..., A—pBemectBenHke. J[OKasaTh, 9T0
fet+B+ .o+ > (o] [3]+ ... + ]
b. HyeTs a, b, ..., | —gesane nogoKuTeAbHbE, @ +b+ ... +l=n,
hp](IMeHHH b, § 1, morazars, uTo
n!
albl ... 11

CCTH OeJioe THCTIO.
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7. Ilyers h—nmnenoe, h > 0, p—mpocroe u
. Pnl—i
" us=T_—1—

Mpeacrasnas k B dopMe A= pmlt; + Pm-1¥m-1+ ... + p1¥; + po. The
um— Hauboiibliee Uy, HEe IpeBocxonAmee h, pplm— BANOOILOICC
KpaTHOE Up,, He npepocxogamee h, pp_iUm_;— Haubolbmiee KpaTHOC
Um-1, HE MPEBOCXOAAMEe A — pPmlm, Pm-2Um-2— HAHCOIbOIEE KPATHOC
Um_z, HE TPEBOCXOAANIEe A — PmUm— Pm-i¥m-1 H T. 1., HOKasaTh,
9T0 WHCAA @ ¢ YCNOBIEM, 9TO B KAHOHHYECKO® Pa3jIoKeHHe a! ameiio p
BXOJUT ¢ MOKazatesneM h, CymMeEcTBYIOT TOTJAA M TOJABKO TOTMA, KOTIA
BC€ Pm, Pm-1s ---» P1» Po MEHBOIE p, NPAYEM B BTOM CJIydYae yKa3aH-
HEIE ¢ CyTh BCE YUCJA BHAA

a=pmp"™*t+ pmap™+ ... + PP+ pPop+ 0,

rge p’ mMmeer spawenma: O, 1, ..., p—1.
8, a. Ilycte B wunrepane Q<Cz=<{R O¢ynxona f(z) umeer
BTOPYI0 HeOpePEIBHYIO NPOM3BOAHYIO. ITomaras
- : »
1 .
p@=g—(z}, c@=)r()ds
]
noKasaTh, 9ro (Popmyna Cormna)

R
D t@=\ f@d+e B FR)—r QI Q—3 R () +
Q<xZR Q
R
+3(QF @ + g o (@) /" (2) dx.
Q
b. HyCTL ycnome Bonpoca a BRIOIHAETCA l'IpH CKONb yPO,’lH()

Gonemmx R, npmuém S } 77 (x) | dz cxopurea. [Torasats, 4ro
Q

D @)=

1Q<z<R
R V o
=C+ S f(z)dz +o(R) f(R)—3(R) f' (R)— S o(z) 17 () d=,
R
rue C me sasmcur ot R.
¢. Ecin B npurmMaer nams HDOTOMHTENbHEE BHAUCHUA M OTHO.

WeHne —p- OCTaéTCsA OTpPaHHYEHHBIM CBeDPXY, To nHmeM  A=O0 (B
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IIycre n—nenoe, n > 1. JlokasaTh, 4TO

In(nl)=nlnn—n+0(nn).

9, a. Iycren > 2, B (2, z5)= Z In p, rme p mpoGeraer mpo-
p<lpL2
ctrie umcaa, Iycrs, gamee, O (z2)=6(z, 0) u opa =z > 0

(@=0@)+0 (V) +0(V2)+...
Jlorasarb, 410

@ M () =4 )+ (3 )+ (F )+

B) ¢ (n) < 2n;

n n
1)®<n.—2—)+®<§ 4>+ )+
—n]n2+0(l/n).
b. IIpm n > 2 goxasats, 910
> 1—‘1p£=1nn+0(1),

p=n

rae p rpoGeraeT DpOGTHE HHCHA.

IycTh s—nponsBoMpEOE MONOMKHUTENBHOE MOCTORHHOE. [IcKa-
BaTh, 910 B PAJe HATYPAJILHBIX 9HCE] CYMECTBYeT GecumcienHOe MHO-
JHECTBO WAD Pp, Pns1 DPOCTHX YHCEd ¢ YCIOBHEM

Pas1 < pn(l+s)
d. IOycte n > 2. JJorasatk, 410

1 1
2 ;-C%—]nlnnr} 0 <m> ,
psn

rge p vpoberaer mpocrele uicaa m C He BaBHCHAT OT n.
e. IIycte n > 2. [Joxasath, 4To

pgnO‘%) s (140 (5m)-

. rae p mpoGeraer mpocTele umciaa # C, He 3aBACAT OF n.
10, a. IIyctb 6 (¢) — pyurnusa mynpranaaxkataBaas. [Joxasats, uro

0, (a)= z 0 (d)—raxke QYHENUA MyNbTANIAKATHBHASA,
d\e
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b. Myers Pynrnma 0 (a) onpemeseHa ANA BCoX NETHX MOJOMKH-

TeAsHHX 4 B QYHKRIUS zy(a)=2 0 (a) mynbTADNEKAaTHBEAA. [[OKa-

d\a
3aTh, 4T0 GYHKOEA 0 (¢) TAK:Ke MYJIbTANIUKATHBHAA.

11. Mycts npa m > 0 <y (a) o6o3HauaeT WMcTO pelIendit Heompe-
Nen8HHOTO YPABHERHA Xy Ty - . . £m =@ (&}, T3, - - ., Ty HEBABHCHMO IPYT
OT sApyra npoferaiy menle NONOKATENLHHE YHCHIA); B YaCTHOCTH,
OYEeBHAHO, 5, () =1, 73(a)==x(a). Jlokasarp, uTO

a. vy (¢)— QyHKOHA MYJILTAIUIAKATABHAA.

b. Ecim xamoHMuecKoe pasnomeHHe 4mcia a AMeeT BHJ

a=pips ... Pk, TO Tp{a)=mk,
¢. Ecam s ﬂpOHSBO.TILHOG OOJIOKATEIbHOE TIOCTOAHHOE, TO

lim
avo a°

m(®) o

d. 2 Tm(a) BHpa)KaeT UHCJO peleHHH HepABEHCTBA

0<Lagn
Zy &y ... Ty KN B OeIHX NONOKATENALHRX Zy, g, ..., Tm-
12. ITycte R (s) oGosHanaeT BeleCTBEHHYIO YACTh 9HCIA S.

[+ -]
ITpm R (s) > 1 nonaraem & (s) =2 %, . IIyets m > 0, m—nenoe.
n=1
oxasares, 910

S m ()
G m= D) 2.
n=q

13,a. Ipn R(s) > 1 mowasars, uto

=T

=
?
rie p npoberaer BCe HPOCTHI® WHCHA.
b. JlokasaTh GeCKOHEUHOCTH 4YMCJIAa OPOCTHIX 4YACE]I, HMCXONSA U3
TOro, 9T0 rapMOHHYECKMH pAJ—pacXOXANIHHACA.
¢. Joxasath GeCKOHEUHOCTH UHMCNIA NPOCTHX WHCENI, MCXOAR

7,:2
H3 TOro, 4T0 & (2)=—6——1mc110 HppanHoOHaILHOS,

14. TIycts A(a)=1np mna a==p!, rue p—mnpocroe m I—mnemoe
onokuTeNbA00; A (a)=0 AMA APYrAX nenkX MONOMUTENBHHX 4.



36 1. 11, BAKHENMMJE ®VHKIZN B TEOPEH YHCEN

Tipz R (s) > 1 poxasars, 910
§{s) _ A(n)
() 21 n*
n=

15. ITycts R (s) > 1. Ilokasats, ut0

H (1___\ 2 P(n)

rae p npoeraer MPOCTHE THCIA.
16, a. Iyct n > 1. Ilpunenas d, § 3, JoKasaTh, UTO

1= p(d)[%—] .

0<d<n

b. Myors M (z, 20)= D\ #(a); M (2)=M (z, 0).

<casz
Hoxaszatb, 4ro

o) M (n)+M <l>+M<1>+...=1, n> 1.

8) M( . 2>+M<3, 4>+M< , g>+...=—-1, n> 2.

¢. Ilycts n>> 1, I—mnenoe, I > 1, T; ,, —4HACJIO mENHX Z C YCIIO-
sueM 0 < z<In, me genamuxcsa Ha [-10 CTeNeHbL KEJOr0, OPEBOCXO-
maigero 1. Hpumensa d, § 3, poxasarp, 4TO

n=§p@[%]
d=1

17, a. Ilycte a—menoe, a >0, W AnA OEARX &, %3, ..., In
OJIHO3HAYHO onpejeseHa (PYHROUA f(x) Jorasath, uro
—Zp@&,
d\a

rpe §' obosmawaer cymMy sHauemmi f (Z), pacnpocTPAHEHHYIO
* Ha SHAYEHHA ¥, BBAHMHO OPOCTHE C @, U Sy—CYyMMy sHaucHBH f(z).
pacnpoc'rpaHeHHy[o HA 3HAneHHA r, KPATHHE d.

b. Hycts k> 1 m sajganbl CHCTEME

; 4 7. ” L4 ”, . n
L A R TR T I :c(lﬂ)_, xg") y ey :c;c ),
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Kakgad W3 KOTODHIX COCTOMT M3 NEJKX YACeJT, He pAaBHHX ORHO-
Bpemennao myao. Ilycts fgamee fy1d 8THX CHCTEM OFHO3HAYHO OINpe-
aenena ¢ynxnua f(z;, zg, ..., ). JOKazarh, 910

8'= D\ u(d) Sa,

rge S’ obosHavaer cymMmy B3HaueHm# f(z,, *j, ..., Zx), pacnpo-
CTPaHEHHYIO HA CHCTEME B3aMMHO MPOCTHX dmcent, m Sy oGo3Hauaer
cyMMmy sHauenuit f(z;, 3, ..., 1), PACUPOCTPAHEHHYI HA CHCTEMEI
uuced, OJHOBPeMeHHO KpatHHX d. IIph arom d mpoberaeT mnenane
LOJIOKUATENBHEIE YMCaa.

¢. IIycrs a—nenoce, a >0, n paa pennrened ¢ 4mcia ¢ OFHO-
sHauHO oupepeniena ¢ymrausa F (§). Ilonaraa

G @)= F(d),
d\3
AoKaszaTth, YT0 (3aKOH O0pameHHA 9HCIOBEIX (yHKIHNI)

F@=Y n@ G(%).

d\a
d. IIycTh OmEenBIM HONIOMKHTENbHBIM

61! 621 R R 6ll
OTBEYAIOT m066Ie BelneCcTBEeHHRBIE, HIAN KOMIJICKCHEe, He paBHHe
HYJII0:

fli f27 ey fn-
Jorasatp, 410

pr=[lp;@®,

rge P’ ofosmagaeT npomsBefieHMe 3HAYEHWH f, OTBEHAONIMX 3HAYE-
HHAM O, " paBEBIM 1, P, o06osHauaeT NpOMBBENeHHEe BHAHUEHHH f,
OTBETAIOIIMX BHAYEHMAM O, KpaTEwM d, npuuéMm d mpoGeraer Bce
NeNse MOJOMHTENbHbE THCA, Aeldnie X0Ta Ol OgHO o.

18.. Iyecrs a—penoe, a > 1, opm)=1"4+2"+ ... 4+n",
vm (@) —cyMMa m-x creneHeil umces pama 1, 2, ..., a, B3aUMHO HpPO-
¢THX € @} Py, P2, .-+, Pr—BCe MPOCTHE NEJINTENN IHCIA a.

a. lIlpnMenas teopemy Bompoca 17, a, nokasarh, 4TO

im@=Np@amean(5).
d\e ’ "

b. ITorasaTs, uT0

b (a)=%<9§a)‘ .
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c. Jloxasars, aro

t@=(5+ S5 mn o m) v@.

19. Iyers z > 4, a—mnedoe, a-> 0, T, —uucio uAacea £ ¢ yciao-
paaMe 0<x<{z, (x, a)=1, s—TpOU3BOIBHOE MOJIOKHUTEIbHOE

HOCTOAHHOE
a. [lokasarTe, 4ro
¥4
=@ | 5].
d\a

b. [loxasarp, uro
T.=29(2)+0(@").

¢. ITycTh z > 1, n (2)—9ECI0 DPOCTHIX MHCEN, He NIPeBOCXOIANAX 2,

a —TpOW3BefleHNe TPOCTHX 4dnces, He npepocxoxamux V z. Jloka-
3aTb, 4TO

n(z)=1:(]/z—)—1+ z w(d) [%] .
d\a
20. TIycre R(s) > 1, a—mnenoe, a > 0. JJokasaTh, 470

Y w=so (%), |

Ifle B 7€BOA uYacTH n TpoGeraeT Nesne NOJIOMKHTENLHEE YHCIA,
B3aMMHO NPOCTHE ¢ @, & B IPaBO dacTH p mpoGeraer BCe IPOCTHE
AeNATENH Yncia a.

21, a. Bepoarmocth P Toro, uro Kk NEAHX OM0KATEILHEIX
4mcesn *;, Xy, ..., L OYAYT B3AWMHO UPOCTHIMH, ONPENEInM KaK
npepex npm [N — co BepoaTHOCTH Py TOoro, uro GyayT B3amMHO
TPOCTHIME Kk 9uceN Zy, %3, ... , Lk, KAKEOMY M3 KOTOPHX HE3ABHCHAMO
OT OCTAJILHEIX DPWCBOGHO OfHO H3 3uawenud 1, 2, ..., N, npums-
MaeMHIX 3a paBHOBoaMOKHEIe. Ilpumensia rteopemy Bompoca 17, b,
Joxasare, uro P =(§ (k).

X
b. Onpepenas BepoATHOCTH P HeCOKpATEMOCTH Jpobm v aHayIo-
THAYHO TOMY, KaK B BOnpoce a mpu k=¢2, JOKasaThb, YTO

p=2-

=2’

-

22, a. Ilyerb 7> 2 B T'—uMCAO HEAHX TOYEK (Z, ¥) ¢ B3ANMHO
TOPOCTHIMH KOOpDAHHATAMH, JieiKammx B oGunactm 2+ y*<Cr?. [loka-
3aTb, 9TO

T=% r*+0(rlnr).
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& b Uycts r > 2 @ T—unesio menHX touek (x, y, z) ¢ B3AMMHO
OPOCTHIME KOOPAMHATAMH, JeRamnx B obmacte z%+ y? 22 L rt

Iokasats, 910

4w
T=§—;—(3—)+O(l‘2).

23, a. Ilepsyo TeopeMy ¢, § 3 HOKasaTh, cUHTAA JAeIATENN
ghcna a, He JAelaAmmpecd HA KBaJpar INenoro, NpeBocxoxamero i,
| umelowime 1, 2, ... mpocTHX penmnTenei.

b. IIycte a—mnence, a > 1, d npoGeraer AeanTenad YHCAA @,
uMeomue He Gojiee 9eM m TNPOCTHX penuTencii- MOKA3aTh, 9TO IpU
m 48THOM Z p(d) >0, a npr m HEWETHOM 2 p(d) 0.

¢. Ilpn ycaoBmsax TeopeMul d, § 3, camrad Bce f HEOTPHOATENL-
HEIMIT @ 3acTaBaAs d upoferars JAdmbL 49uc;a, aAMelomue me Gojee
yeM m HNPOCTHIX HAeHTelel, HOKAs3aTh, YTO

ST A @Sy, >N u(d)Sq

B 3aBHCHMOCTH OT TOTO, OyldeT nm m uwéTHOE WJIH HEYETHOE.

d. Takue ke, Kaxk B BOpoce ¢, HEPaBeHCTBA JAOKa3aTh NIpd
yenoBusax Bonpoca 17, a, cumras Bce 3HaueHus f(x) HEOTPHIATENH-
HBIMH, a TakKe npm ycaoBusix 17, b, cumras Bce 3HaueHHsA
f(zy, zg, ..., Ty) HEOTPUNATENLHHMH.

1
24. Tycts s—moGoe mocroamHoe ¢ ycnopuamu 0 <3 < 5

N>2,r=0N 0<q<N'™% 0<i<q (g, h=1, n(N, ¢, )—
9HCII0 TPOCTHIX umcesn ¢ yenoBaaMu: p < N, p=qt+ I, rie ¢ — nemoe.
Hokrasars, 9To

L ]
", g, n=0(1; A=,

Ilna pokasatenmsctsa, mosmaras h=r!"®, MPOCTEIE HHCNIA C yKa-

BaHHEIMH YCJOBHAMZ CJEAYET paccMaTpUBAThL KAK “AacTHRIA cayuai
BCexX °Mces ¢ 3TUMH YCHOBHAMM B3aHUMHO IPOCTHIX ¢ a, Tle a— Ipo-
MaBefienne BceX MPOCTHX, He NPeBOCXONAmMAX e' W He mensamwx gq.
Grexyer npmMenuTh TeopeMy Bompoca 23, d (ycmoBmsa sompoca 17, a)
¢ YKAa3aHHBEM a # m=2{21nr +1].

25. Ilycte k—wuérmoe, k > 0, KAaHOHWYECKOe PA3TIOMKeHHe YHCHIA a
mMeeT BUJ @==p Py ... pr W d mpoferaer [geJuTesNn YECIA a4 € YCIO-

smeM O < d < } a. Jlokasats, 7TO

Z % (d)=0,
d
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26. Mycrs k—mednoe, k > 0, d mpoberaet gmcita ¢ yeaosme d > 0,
v (d)=k. JlorasaTh, 9TO
2 s (d)=0.

d
27. Tlonbsysch BHpamenneM mia 9 (¢), JOKA3aTh 6ecKOHEIHOCTDL
TACITA OPOCTHIX 4HCe. }
28, a. Teopemy d, § 4 nokasaTh, YCTAHOBMB, UYTO UHCJIO HHCEN
paga 4, 2, ..., a, EMEIOIUX ¢ @ ONHWH @ TOT ke o0muH HauOOILINKI

a
iieqaTens ¢, pasHO ‘¢ (-6—> -

b. BriBecTs srIpakenme s ¢ (a):
a) monp3yAch Teopemod Bompoca 10, by
8) momeaysack TeopeMoit Bompoca 17, c.
29. Ilycrs R (s) > 2. Jlokasars, uT0

i o(n) _ &(s—1)
~, nt T G(s)

30. IIycte n—nenoe, n>> 2. JlokasaTs, 4TO

2 ? (m)=% n?+ 0 (nlnn).

m=1

Yucnenarie npaveps! K raase II.

1, a. Hajitu morasaTess, ¢ KOTOPHIM 5 BXOXAT B KaHOHHYECKOe
pasioenre 5258! (eM. Bompoc 5).

b. Haiitn Kamommueckoe paziomenme amena 125!

2, a. Haittm < (5600) n S (5600).

b. Haiite < (116 424) m § (116 424). )

3. CocraBarh, Tabnuny sHadeHEud QyERmEm p(a) ANA  Beex
a=1,2,..., 100.

4. Haiitm a) ¢ (5040), B) ¢ (1294 700).

5. CorraBuTp Tabaunmy sHawemnd ¢yEKOWA ¢ (@) AJda  Beex
a=1, 2,..., 50, moasaysce Ttoabko (opmynoit (5), § 4 m Teo-
peMoit ¢, § 4.



TJIABA TPETbLHA.
CPABHEHN A.

§ 1. OcunoBuble noHATHA.

a. Ms1 Gymem paccMaTpuUBATL —Ienble YACAA B CBA3H
¢ OCTATRAMH OT JelleHHA WX HA [JAHHOE IeJI0e IIOJOKUTENb-
HOe M, KOTOpOe HasoBEM mody.aem.

Hasgomy mesnoMy 9uCIy OTBedaeT ONpeJeséHHBIA OcTa-
Tok oT genenuss ero Ha m (¢, § 1, rn. I); ecnum mBYM
HensiM ¢ 1 b oTBedaeT ONMH H TOT JKe OCTATOK r, TO OHHU
HABHIBAIOTCH PAGHOOCTMAMOYHEIMY TIO MOLYJIO M WIH CpAsHU-
MBLMIL TIO MOZYJHIO M.

b. CpaBuumocTs wmceX a4 W b mO MOAYNI0 M 3aNUCH-
BaeTCA TaK!

a==b (mod m),

YTO UHTAeTCA: @ CpaBHEMO ¢ b mo Momyno m.

c. Cpasnumocms wucea a u b no modyaw m pagHocusbHa:

1. Bosmoxucrocmu npedcmasumv a & gopme a =b+ mt,
2de t—uya2noe.

2. Heaumocmu a—b na m.

Heiicrearensao, u3 a==b (modm) cnexmyer

a=mq+r, b=mg,+r; 0<r <m,
OTHyRA
a—b=m(g—q)), a=b+mi, t=q—gq,."
O6parno, m3 a = b+ mt, npencrasnaa b B opme
b=mg,+r, 0K<r <m,

- BHBOIAM
a a=mq+r. G=q. 1, .
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T. e.
a=b (mod m).
Ilosromy BepHO yTBeprcpmenme 1.
W3 1 memocpemcrsenHO crexyer yTBepkaeHHe 2,

§ 2. CpoiicTBa cpaBHennii, nogo0HbIe cBOHcTBaM
PaBEHCTB.

a. fea wucaa, cpasnumbie ¢ mpemuvuM, CPASHUMB MeHcOY
cobon.

Crnenyer us a, § 1.

b. Cpagnenusa moxncro nousenno ckaadvieams.

HelicTBUTeIbHO, TYCTH

a,=b, (modm), ay=b,(modm), ..., a,==b, (modm). (1)
Torma (1, ¢, § 1)

a,=by+miy, ay=>by+miy, ..., a=>b,+miy, (2)
OTKyJa
Gtast oo F@G=bF by ... +btm 2l ),
m (1, ¢, § 1)

atay+ ... fa= bl—}—b2 .o+ + b, (mod m).

Caaeaemoe, cmoaujee ¢ nanou—ﬂu6o 4acmu  CpasHeHus,
MOMCHO nepenocumd @ Jpyeyio 4acmbv, nepeMenus 3HAK HA

06 pamuulii.
HeiicrBuTensHO, cRIagsBag cpaBHenume a + b==c(modm)
¢ OYeBMAHEIM CpaBHeHWeM — b=:—b(modm), mnonyunm

a==c— b(modm).
K rascloli wacmu cpasuenus Moxmcno npubagumd (uan
omuams om Heé) aoboe wWCA0, Epamuoe modyas.
[lefitTBUTENIFHO, cKAafpiBad cpaBaemme a= b (mod m)
¢ oueBAHBIM  cpaBHeHumeM mk=:0(modm), - mojyumm
a + mk==b (mod m).
¢. CpPAasHEHUs MONCHO TNOYAEHHO NEPeMHONCAMD.
[eiicTBuTeibEO, paccMOTpPEM CHOBA cpaBHenma (1) -m -BH-
TeKalomue u3 Hux pasenctBa (2). IlepemMHOKad NOWIEHHO
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paBeHCTBa (2), mOIydmM
a3 ..., =bby...0+mN,
rpe N — nenoe. Cuemonaremsro (1, ¢, § 1),
ayay . .. a=bb, ... b, (mod m).

O6e wacmu CPaGHEHUL MOMCHO 6036bLICUMD ¢ O0HY U mY dsce
cmenens.
drto cllefyer ©3 HpPeOHAYmMEro yTBEP:KIGHH.
O6e wacmu CPASHEHUSL MOMCHO YMHOMCIMSL HA 00HO
u Mo e yeage. ‘
HeficTBuTenbHO, TepeMHOMKHB cpaBHeEHe a=b (modm)
¢ oucBpAHKIM  cpaBHeHmeM k=k(modm), monyumm
ak = bk (mod m).
d. Cpoitctea b u ¢ (cnoskemMe W YMHOMKeHEE CpaBHe-
HEil) o0600manTca cregylomell TeopeMoi.
. Ecau 6 ewpascenun yesoli paynonarvHol @ynkyuu ¢ ye-

asmi kodpbuyuermami S =3 Aoy, 6, Tt ... xRk 3amerum
1y k

A“p eragr Tty o oe, Ty HUCIQMU B“l» g Y oo Yo CPAG-
HUMBIMUIL € TLDENCHUMU RO MOOYALI0 M, MO HOG0E 6bpaMcerue
S 6ydem cpasnumo ¢ npexcrhum no mo0yswd m. .
HefictBuTenbuo, us
Aul, ,akEBal, O (mOd m)»
2 =y, (modm), ..., x =y, (modm)
HaxonmMm (c)
rit=yr(modm), ..., apk=yz* (modm),
g o= o
Ao, .0 @1 Tk _B“p ceray Y31 oo Ypx (mod m).

OTKyAa, CYMMHDYS, IONyIAM

Do, .0, B Tk =3B, .0, Y01 - - . Yok (mod m).
Ecau

a=b(modm), a;=b,(modm), ..., ap==b,(mod m),

z =z, (mod m),
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mo
ar +a; "+ ..+ ap=bat + byt~ 4 ... 4 by (mod m).

OTO yTBep:KAeHMe ABIACTCA YACTHHM Cly49aeM Ipems-
AYIOero.

e. Obe wacmu cpasHenus MOMCHO pa3deaumd HA - UX
obupuli Oeaumend, ecal nNOCACOHUD 63GUMHO RpOC ¢ MOOY-
AEM.

Hefictutensro, m3 a=b(modm), a=a;d, b=bd,
(d, m)=1 caenyer, uro pasmocts a—b, pasnas (a,—b,)d,
nenmicsa ua m. Llostomy (2, f, § 2, rn. I) a;—-b; menmrca
Ha m, T. e. a;==b; (mod m).

§ 3. Janbueiimmue cpoiicTBa cpapHeHmii,

a. O6e wacmu CpasSHEHUR U MOOYAb MOMCHO YMHONCUMD
Ha 00HO U mo Jice yeaoe.
Heiicteutesbao, w3 a==b(mod m) ciexyer

a=>b+mt, ak=>0bk--mkt

H, ciexoBaTenbHo, ak==bk (modmk).

b. O6e wacmu cpasnenua u modyav Momcno paszdeaumsd
Ha 0600 ur obwul desumens.

HeficTBHTEIIEHO, TyCTH

=b(modm), a=a,d, b="0bd, m=m,d.
Nmeem
a=b+mt, a1d=b1d+m1dt, a1=b1+m1t

®, CheloBaTeNbHO, a;== b, (mod m;).

c. Ecau cpagnenue a=0b umeem mecmo no HecKOABKUM
MODYsAM, MO OHO UMeem Mecmo U no Mo0YAw0, DAGHOMY
06ugemMy HAUMEHbBUEMY KEDAMHOMY IMUL MOOy.el.

B camoM pene, m3 a=b(modm,), a=b(modm,), ...
..., a=b (mod m;) cnegyer, uro pasHocTh a— b menuTcs
Ha BCE MOAYJH My, Mg, ..., M. Ilostomy (¢, § 3, ra. I)
0oHA MOJIKHA NEedMUTLCS W Ha o0mee HamMesbIliee KpaTHoe m
oTHX Mojyned, T. e. a==b(modm).
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" d. Ecau cpasnenue umeem mecmo no modyaio m, mo OHo
umeem mecmo u no modyaw d, pasHomy awbomy Odesumenio
ucaa m.

B camom gpene, m3 a==b(modm) caexyer, uro pas-
HOCTb @ — b momxma penuthess Ba m; mostomy (1, b, § 1,
ra. I) oma pmomkea jenuteca W HA NI000H genurens d
qgcna m, T. e. a==b(modd).

e. Ecau o0na wacmv cpagnenus u - modyav Odeasmes Ha
Kakoe-aubo wucto, mo u Opysas wacmdv cpaguenns O0oaxncHa
deaumuea HA MO e HUCAO.

IefictBurensno, u3 a= b(modm) cuemyer a= b+ m¢,
eciu ¢ 1 m kparae d, to(2, b, § 1, ra. I) m b pomxuo
GHTH KPATHEIM d, 9TO B YTBEPIKAIOCH.

f. Ecau a==b(modm), mo (a, m)=(b, m).

Heificreutensuo, BBuny 2, b, § 2, ra. I sro pasenmcrso
HEIIOCPeACTBEHHO ciefyer w3 a = b -+ mt.

§ 4. Tlonnaa cucreMa BBIYETOB.

a. Ymena paBHOOCTATOYHLIE, MJIH, 9TO TO je CAMOE, cpas-
HUMBIE 110 MORYNIo m, o0pasyloT kAacc wuces no Modyawo m.

N3 Takoro onpegeleHmg criefyeT, 9YTO BCeM HUHCIAM
KJIacca OTBEYaeT ONPWH H TOT K€ OCTATOK 7, U MH IOJY-
9iM Bce 4¥cIa Kiuacca, ecor B gopMe mg + 7 3acTaBOM ¢
npoberaTh Bce Ieable 9HCAA.

COOTBOTCTBEHHO M PA3NUYHHIM 3HAUGHHAM F HMEeM m
KJQCCOB WHCEJI 0 MOAYII0 m.

b. JlioGoe umeno knacca HA3HIBAGTCH gblueMoM 1O MO-
Jy4l0 m TO OTHOHEHWIO KO BCEeM WHCIAM TOTO JKe KJiacca.
Briuer, monyuaemsni mpu g =0, paBuHid caMOMy OCTaTKy 7,
HABHIBACTCA HOUMEHBUIUM HEOM PUYAMMEALHBLM  EbIYEMOM.

Boiuer p, camutid Maneiil mo a6coioTHOH BeaHMYMHE, Ha3H-
BACTCS AGCOMIOMHO HOUMEHDUUM GbLUEMOM.

m m
OueBpgEo mpr 7 < o HMeeM p=r; Opur > 5 HMeeM
o m
p=r—m; HAKOHEN, €CIH M 9ETHO® H F=-5, TO 3a p
m m m
MO’KHO HPHHATH JI000e M3 ABYX 9YHCel TRy —m=— 5.

B3saB oT RaMmoro kjacca m0 OJNHOMY BHYETY, MOIY4nAM
noAHYI0 cucmemy gviuemos no #xodyaw m. Yame Bcero B
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KAYeCTBE IOJIHOH CHCTEMH BHYETOB YHOTPeONAIT HamMEHL-
mae meoTpuumarteabusle BuaeTH 0, 1, ..., m — 1 mum Tarxe
abCcoNIOTHO HAMMEHBUINEe BHYETH; MOCIEHHE, KAK 3TO Clle-
AyeT H3 BHINEH3IO’KEHHOTO, B CllyIae HeI6THOTO m Hpel-
CTABIAIOTCA DPAROM

-1

m
S =1, 01, .,

m—1
2 i

a B cjiyuae 4ETHOTO M KakOM-1m60 W3 IBYX pANOB

m m
- +4 ..., =101, e T

m m
-5 EERY —1,0,1, ...,7——1.

c. /lwbre m wucen, nORAPHO HecpagHUMBIE NO MOOYLID M,
006 pasyiom noAHYI CUCMEMY GBIYCINOE NO IMOMY MOOYAIW.

HeiictBuTensno, Gymydus HecpPaBHMME, BTH UHCIA TeM
caMBIM OPHHANNEIKAT K pA3NHUYHBEIM KJjaccaM, a TaK Kak
AX M, T. @. CTOIABKO jKe, CKOJBKO M KIACCOB, TO B Ka;KNLIH
Kjacc HABepHO NOMANET DO ONBOMY dYHCAY.

d. Ecau (a,m)=1 u x npobeeaem noanywo cucmeny
ewivenoe no wmodysw m, mo ar-+b, 20e b— awdoe yesoe,
moxce npobezaem NOAHYI CUCMEMY 6BIYEMO6 No MoOYsw m.

Heiicreutensno, uncen ax + b 6ymer CTOIBKO jKe, CKOIBKO
7 uacen z, T. e. m. CoraacHo ¢ ocragrcsd, CaemOBATENLHO,
TOIBKO NOKA3aTh, YTO JOOHE gBa uWcla ax,+ b | az, + b,
0TBeYanmue HecpaBHI(IMLIM %y ¥ Ty, OYyIYT caMm HeCpPABHAME
0o MOmyso m.

Ho ponyctus, uto ax,+ b=ax,+ b(mod m), Mu mpm-
O6M K CDaBHEHHIO aF,==az,(mod m), OTKyja, BCIemCTBOE
(a, m) =1, poayuumm z,=uz,(modm), dUTO HPOTHBOPEUNT
OpeHOI0KeHHI0 0 HEeCPABHAMOCTH UYHCEI %) H Z.

§ 5. IIpnBenénHana cacreMa BBIYETOB,

. a, Cornacmo f, § 3 uncna omgmoro m Toro e Kuacca
OO0 MOAydIC M HMEIT C MOIYJeM OfdH M TOT ;Ke oGmuit
panbonpmuit  genutensb. coOCHHO BAKAK  KAACCH, [JIA
KOTOPHX 9TOT [elHMTel]h paBeH eJIMHMLIG, T. €. KJaacCHL.
cofigpiKame 9HECia, B3a@MHO IPOCTHIE ¢ MOJYJIEM.



§ 6, TEOPEMEI DAJIEPA U ®EPMA Y]

BsaB oT KajKAOr0 TAKOrO Kiacca 0O OZHOMY BHYETY,
HONYIAM NPUGEdEéHHYlo cucmemy @vluemos no modyaio m.
IlpuBenéHnyl0 CHCTEMY BHYeTOB, CJ1€I0BATEIBbHO, MOMKHO
COCTaBUTh M3 4MCe] NOJHOH CHCTeMB, B3aHMHO IPOCTHIX
¢ monyneM. OGHKHOBeHHO HpPHBCASHHYK CHCTEMY BHIYETOR
BHJENSIOT W3 CHCTEMBl HAMMEHBININX HEOTPHINATENLHHX
puuetoB: 0, 1, ..., m—1. Tak waw cpepm aTUX uHCes uHCHO
B3aMMHO HPOCTHX € M ecTb (M), TO YHCJIO Umced IpUBe-
JIEHHOI CHCTeMB!, PaBHO KaK ¥ GHCJIO KJAcCCOB, COMepallmx
4qucia, B3aHMHO HOPOCTHe ¢ MOAVJIIEM, eCTh ¢ (m).

Mpawmep. HpI/IBe)IeHHafI CHCTeMa BHYETOB IO MOAY-
a0 42 Oyner

1, % 11, 13, 17, 19, 23, 25, 29, 31, 37, 41.

b. Jwbue ¢(m) uucer, nonapro HecpagHumblie no Mo-
Oyao m u esaumHo npocmdle ¢ Modyaem, obpasywm npu-
BeDEHHYIO CucmeMy 6bluemos no Modyaw m.

Heticteuressno, Oyjyud HeCpaBHUMBIMH W B3aHMHO IIPO-
CTHMH ¢ MOAyJieM, STH 4dYHCIA TeM CAMEIM OPRHAIEKAT
K PasiIHYHBIM KJIAaccaM, COAep:KamuM 4Yhcia, B3aMMHO HpO-
CTHIe ¢ MOAyJeM, a TaK Kak BX §(m), T. 8. CTOJNBKO jKe,
CKOJIBKO W KJIACCOB YKa3aHHOIO BHfla, TO B KajKARE Kiacc
HABePHO HOHANET IO OJHOMY YHCIY.

c. Ecau (a, m)=1 u x npobezaem npueedénryio cucmeny -
66l4emos no mModysio m, mo axr modxce npobezaem npueOEH-
HYIO cucmemy 6vl4emos no Modysio m.

HeticTBaTenbHO, unces az GyZeT CTONBKO jKe, CKOJBKO
m umcea z, T. e. ¢{(m). Coramacmo b ocraéres, caemoBa-
TeJBHO, TOABKO DOKA3arb, 9YTO YHCIA G HO MOAYIID m
HeCcpaBHEMB H B3auMHO HpocTel ¢ Moxyiaem. Ho mepsoe
morazano B d, § 4 mua ugwmcen Gomee ofmero Bmpa ar + b,
BTOpOE e caepyer m3 (¢, m)=1, (z, m)=1.

K § 6. Teopemm Diinepa m Mepma.
a. IIpu m>1 u (a, m)=1 umeen (meopema Iirepa):
a? (M==1 (mod m).

HeitcrBurensro, ecam = mpoberaeT NpUBEAEHHYIO CH-
cTeMy BBI9€TOB
T=T1, Ty .., T C=9(m),
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COCTABIIGHHYI0 M3 HAWMEHBINMX HEOTPHIATENHHHX BHYETOB,

TO HAUMEHBINHE HEOTPHNOATENHHBe BBIYETHL Py, Pgy -+ 5 o

gncen axr Oynyr mpoberath Ty jKe CHCTeMy, HO pacioiio-

’KeHHylo, BooOme rosops, B MHOM mopsapke (¢, § 9)
IlepeMuoxas mOYNEHHO CpaBHOHHSA

ary=:p,(modm), arg=zpy(modm), ..., ar,=p,(modm);
Oy 9aM

ariry ... Ta==p1)g - - - Po (mod M),
OTKYHAa, Jeig o0e 4WacTH Ha HOpOW3BeleHHE 77y ... F¢=
= Pipg - o - Pes HOJ’ly‘IEM

~a*=1(mod m).

b. Ilpu p npocmom u a, une deaswemca Ha p, UMeem
(meopema Depnma):
aP1==1 (mod p). (1)

dta TeopeMa ABIAETCA CJEACTBHEM TeOpeMBl a IpU M = p.
Iocnenueit Teopeme Mo;kHO HpHpaTh Golee yaob6myio ¢opmy.
Nmenno, ywmnomaa obe wactm cpaseenua (1) mHa a, moay-
9UM CpaBHEHOE

a? =a(mod p),

cOpaBefINBOG Yyike OpH BCeX NelbX @, TaK KaK OHO BEPHO
O IpH @, KPaTHOM p.

Bonpocu k raase III.

i, a. IpepcraBasga pesroe wAciao B OGHYHOH ReCATHYHOH CHCTEMeE
HcYWCJIeHNnA, BHBeCFH NPU3HAKH AeammoctH Ha 3, 9, 11.

b. Ilpeacrasisia menoe 9mWCJIoO B cHcTeMe WCYMENeHHA ¢ OCHOBa-
gmeM 100, BHBecTm mpussak pemmmoct Ha 101, )

c. llpeacrapiag hejoe unWeo B CHCTeMe HMCYHUCIEHHA ¢ OCHOBA-
gnem 1000, BHIBecTM NpwsHaxd fgenmmoctn ma 37, 7, 11, 13.

2, a. Ilycrs m > 0, (a, m)=1, b—nenoe, = npoGeraer NOJHYIO,
a §—INpHBeISHHYI0 CHCTeMY BRIYETOB II0 MOAYII m. JOKasaTs, 4TO

o B {E ) =g m—,

x

B) 2 {‘;—S—}=-§-?(m). .
£
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b. Tyere m>0, (a, m)=1; b, N, t—npenwe, t>0,
f(x):ax:;b s F(N)>0, f(N+mt)>0. Jlokasats, wro JiaA Tpa-
NenuH, orparnuennoid upamenm z=N, x=N 4 mt, y=0, y=Ff(z),
AaMeeM

S= Z 38, )
rge S —mowane Tpafiequd, a cyMMa, CTOAMAA COpaBa, pacHpo-
CTPaHEeHA HA BCE MeJIkle TOUYKHA Tpanenmu, npmiéM &=1 IJaA BHYT-
PEHHHX TOYEK, 6‘:—4— IJ1  BepmudH, 6=?—1Um OCTAJILHEIX TO9ew
KOHTYpa.

1
¢. Cunrag, B ornmame or Bompoca b, 6=€ A7 Bepmus,

¢opmyay (1) gokasaTs AJIA TPEYroJApHHKA ¢ HEJIKMHU BeDIIHHAMH.
3, a. Ilyerb m > 0, (a,m)=1, k> 0, ¢c—BemecTBenHoe,

m~1 '
- az + § (z) )
5= 3 {2},
x=0
rae ¢ (z) ana paccmannBéeme 3Ha4YeHNl 2z DPHHAMAET BHANECHNA
¢ yenopueM ¢ <Y (z) < ¢+ h. Jlorasars, uro

1 1

h. IIycrs M —nemnce, m > 0, (a, m)=1, A u B —nemecTBeHrNc,

M+ m—1
p _% —i 8= D) {4zt B
. x=M
Ilorkasars, 4TO
, |s—gm|<IM+g
c. Iycts M:—uenoe, m >'0, (a, m)=1,

M+ me=1

S = Z F(z)
. xmM
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rae B uarepBaile M Lz < M +m—1 Qyuruusa f(z) mMeer HeNpe-
pHButle mpomaBogube f’ (x) U /7 (x), DPHYEM BHIIOJHAIOTCA YCIOBHA

f ' 1 v k
FOD=md e am)=1; |0 <1, 7 <| /" @<

rje

Hoxasarp, 9TO

4. TlyeTh B pasnoeHMM MPPANWOHANLEOTO d9uCja A B Hempe-
peiBHYI0 npofh Bce HemonHHEE 4YacTHHE OrpaHuveHH, M — menoe,
m—muenoe, m > 0, B—pemecrBennoe. [lorasath, 9To

M+m-1 (
E {42+ B} =—-m+0(Inm).
x=M
5, a. Ilyecte A > 2, k> 1 nBurrepBane Q < z << R ¢pynrnna f (z)

mveeT BTOPYH HENpPepHBHYID NPOHSBOAHYIO. YAOBIETBOPAIOINYIO
yeaoBuAM

1 o k
Z“<li(£”<§2”

Hoxasatb, 41O

3 Ep=g (R—Q+01, 0] < 1.
Q<xsR
1

A= (202 (R—Q) In A+ 8kA) A *,

b. Iyere 0 < o<1, Qu R—mnenwe. Ilpu ycaoBmAX Bompoca a
HOKasaTh, 410 9ucao ¢ (c) Apobed f(x)}; x=Q+1, ..., R ¢ yecno-
paeM 0 < {/(z)} < ¢ Bepa:kaerca (opmyioh

$(a)=c(R—Q) 1 6"+ 2A; [0"] < 1.

6. a. Ilyctb T—umeio neamx Towex (z, y) obnactam
2y L r? (r> 2), Horasats, atp -

2

T=7r=+0(r'ln e
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b. IIyers n—nemce, n > 2, E—nocroannas Jisepa. [lorkasats,
q9T0

1
T+ +... +5(=n(lnn+2E—1)+0(n3 (Innp).

7. CucreMy n pedeix nonommenmuxﬁqncen, KayKmoe B3 KOTO-
PHX UpefcTaBiieHO B CHCTEMe HCYHCIeHHA ¢ OCHOBAHHeM 2, HAB0BEM
HPAaBAJIBHOM, eciu OpA BCAKOM ILeA0M HeQTPHNATENILHOM § 9HCJI0
aucell, B IpefcTaBjieHNe KOTOpPHX BxopuT 2°, 6ydeT 9éTHHIM, W He-
UpaBWJIBHOM, ecny XOTA GH IPH OZHOM § DTO 9MCA0 GyHeT HEudTHHIM.

JoKasaTh, YTO HENPABHILHYI0 CHCTEMY NYTEM YMeHBIIEHWs WU
TIOJIHOTO M3BATHA HEKOTOPOTO OAHOTO e€ WIeHA MOMKHO chesarh Ipa-
BWIbHONH, a DNpaBUAbHAA CHCTeMa OT YMeHBLIIEHWA WM NOJAHOTO
WBBLATHA JIOGOTO €8 dneHa mejlaeTcA HelpaBWIILHOM.

8, a. /[orasatp, uro ¢opua

Mz + 3"z g+ ...+ 32+ 2o,

e Zn, n_q, .-..s &1, Lo HESABHCHMO JPYT OT APYra npoberamT
sgavenus —1, 0, 1, npejcrapiger Bee gucaa

Pr—1
-H,..., —1,0, 1, ..., HH H=—f——,
3—1
IPHIEM KasK10e YHCJIO0 — e[[HHCTBEHHBIM CLOCOGOM.
b. Ilycre m;, my, ..., M —TOJOKHATETbHEE TONAPHO IIPOCTHE.

onbsyace ¢, § 4, powasars, 9YTO TOJHYI0 CHCTEMY BEIYETOR
0 MOLYJIO M My ... My IOJYIAM, 3acTABIAA B opme

T+ myxs -+ mumaxg ...t myme .. ME_ 1 Tp

9ncaa ;, 3, ..., £y Opoferars MOJHHEeE CHCTeMH BHYETOB IO MOXY-
aAM my, Mg, ..., M. :
9. llyets my, mq, ..., My —IONAPHO NPOCTHIE U

mymg ... mp=Mm;=Mm;=...=Mpmy.
a. lNpumenas ¢, § 4, gorasatp, 4TO INOJHYK CHCTeMYy BHYETOB
00 MOAYTIO mym, ... mj IOJYIHM, 8acTaBIAsA B (opme
Mz + Moxg+ ... + Mo

9mcna Zy, Za, ..., £ NpoGeraTs MOJHEE CHCTEMEL BRIYETOB IO MOAY-
JAM My, Mg, ..., Mp.

b. llpnvenssa ¢, § 4, roi. 11 m b, § 5, gokasarp, 4UTO NpHBEREH-
Hyg cHCTEMY BHYETOB [0 MOAYJI0 MMy ... my TOJYdHM, SaCTABIIAH
B dopme

M1x1+M2xg+ ‘e +kak

queia  x,, 3, ..., £ OpoGerars UpHBEJSHENE CUCTEMH BHYETOR
00 MOZYJIAM My, Mg, ..., My.
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¢. JoxasaTeascTBO TeopeMm Bompoca b mpoBecTH HegaBACHMO
OT TeopeMu ¢, § 4, ra. II & Torga yie BEIBECTH MOCJIEAHION TeOpeMy,
KaK cjeAcTBHe DepBOii.

d. Haittm smeMeHTapHRIM myTéM BHpaKeHEe A ¢ (p%) #, MOIH-
8yACh DaBeHCTBOM ¢, § 4 ri. II, BuBecTH Wu3BecTHOE BHpaKeHNE
Aas 9 (a).

10. Ilycre m,, mg, ..., mj —TONAPHO IpOCTHE, mpeBocxogAmue 1,
m=mms..., My, m=Mm,.

a. [Iyerp =z,;, 3y ..., g, « npoGeraldT uOJHHE, a &,
€s, ..., Ek, &—TpHBEeIEHARE CHCTEMB BEIYETOB 110  MOJYJIsAM
m,, my, ..., Mg, m. Joxkasars, 4ro ApoGa

o, T k3
A AR
z €1 £2 €k }
0. — B
COBNAZAT ¢ ApobamMn { m} , a npobm { — + P + + -
COBNAMAOT ¢ ApobGamn { 7:;} .

b. Ilycrp sajansl k mesEIX pPanMOHANBHHX (QYHKOMHA ¢ HEJIEMH
KoapunueHTaMn OT 7 NePeMeHHKX Z, ..., W (r > 1):

fo(@ ooy w= D) ) a0k s=1, ..., K,

[ |
" OyeTh
k
— * 8. — (s) .
Py w)= D) oy g w0 e, g= D) M)
.00, 8=1
Zg, ..., W, mpoberaroT MONHHe, a &, ..., ®,— OPUBeJEHHBE CHCTEMH
BRIYETOB IO MONYMIO M,; Z, ..., W DpoGeraoT mojaHwe, a £, ..., ©—

IpuBe/IEHHEE cHCTEMH BRIYETOB NO MOAY!:10 m. J\OKasaTb, 4ro ApoGH
fl(xl""rwl)_*_ +fk(xk,---,wk)
Ty T R T

{f(x’ mrw)} , a xpobu {/l(glc---;"’l)_l'._‘_'_/k(gkv ---r“’k)}

my mpg

} COBIAAOT ¢ Apo0aMH

COBHAAAT € ZpobaME { f__(E,___m,m) } (oGoCmenne TeopeM BOIIPOCa a).

11, a. ITycTs m— meqoe, m > 0, e —nenoe, = nmpoferaeT HONHYIO
CHCTeMYy BHIYETOB HO MOAYJO m. JlOKasaTb, 9TO

.ar
2ni— m, ecnu a KPaTHO m,
Qe "=
0 B uporEBHOM cayuae.
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b. Ilycte a— BemecTBeHHOE, M — menoe, P —mnemoe, P > 0. Obo-
8HAUAA CHMBOJIOM (a) uHCneHHOe B3HAUeHWE DABHOCTH MeRIy a @ GiH-
JRAHMAM K a HeJIKM YUCIoM (paccTogHue a 10 OumKadmero ne.uoro)ﬁ
IOKa3aTh, 4TO

MiP-1

l 2 e2hiz | pin (P, T%E)’ h> 2 Bcerpaa .
zM 3, mpm (a)<—6—.
c. lIyets m—mnenoe, m > 4 u pyavunn M (a) u P (a) pzua sma-
9eHnl a==1, 2,..., m—1 NPAHEMAIOT UeJIHEe 3HAYEHAA € YCAOBHEM
P (a) > 0. [Jorazsars, 4ro
m m
m—1 M@+P@-1 m Inm——5-1In (2 ['6_] + 1) )
Z Z: eZni;- x < m
mlnm——, opa m > 12,
a=1 z=M (a) 2

mInm—m, npr m > 60.

12, a. Ilycrs m—memce, m > 0, £ wupoberaeT NpPHBeREHHYIO
CHCTEMY BHIYETOB DO Momyalo m. [OKaszath, 94T0

; §
2ni—
Mm)=2 e M.
13
b. Tlomesysch TeopeMOH BOmMpoca a, AOKAsaTh NEPBYI H3 TEO-
peMm ¢, § 3, ra. II (em. pemennme Bompoca 28, a, ru. II).
¢. Teopemy Bonmpoca a BuBeCTH, OAL3YACH TEOPeMOH Bompoca 17, a,
ra. II.
d. Mycrs

} (=, ...,'w)=2 Cup 8T e wt ‘

%,...,0

—nmejiad panuoHaNbHAA (GYHKOEA € medeMM KoaduuumeHTaMu OT
nepeMenHHX Z, ..., w(r > 1), a— neaoe, m—nuenoe, m > 0; z, ..., w
npoferaloT TMOJHEIE, & %, ..., w—IPUBeéHHHE CHCTEME BHYETOB
mo MoAymio m. BeogmMm ofosnauvennsa

. af (%h...,w) af (Byeen0)
o= AT L3 R
x w & w

Iycts manee m=m, ... my, rne my, ..., Mg~ NONAPHO MPOCTHE,
upesocxogamue 1, m nyers m=M,m,. florasars, 410

S .S

ai,my **

ak,mk=‘$M1a1+---+Mkak,m ’
Ay =

4 ’
ay.m ""S'a‘k,mk M;a!+---+M,{ak.m'
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e. Ipn obosHaTeAMAX Bonpoca d monaraem
A(m)y=m"" Z .S'a, m A (my=m"" 2 Sa;- -

rge a mpoGeraer npnaenennylo CHCTEMY BHIIETOB HO MOQZYII0 m.
Horasars, 9TO

A@my) ... A(mp)=A(m), A (m)... A (mp)=A4’(m).

13, a. [lokasaTts, 4TO

-1

v@=3 11(1——p &%),

n=0 p

rae p mpoGeraeT NPOCTHE JIeANTENN YWCHA 4.

b. s rompecTBa BONIPOCA & BHBECTH HBBECTHOE BHPAKEHHE
ana ¢ (a).

14. [Jorasath, 4910

R 2nilzc-
x
7 (a)=1im 2s \ e
( e—0 Z 2 ki‘fs +B'
0<x<Va k=1

rae §=1 mun §=0, B saBACHMOCTH OT TOTO, ABIACTCA JIH ¢ KBajpa-
TOM HEJIOrO 9ueda HJId HeT.

15, a. Mycrs p—mpoeroe u hy, hy, ..., hy—nenne. J{okasars,
910

(hy+ha+ ... +h)F =R +h2+ ... +hE(mod p).

b. Us Teopemn Bonpoca a BreiBecTH TeopeMy (epma.
c. 13 Teopemun (DepMa BHIBeCTH TeOpeMy Ouiepa.

Yucnennnie npoMepbr K riase III.

1, a. HaiiTn ocrarox or mesenmsa
(12 37156 4 34)* ma 111.

b. Jennrca am ma 10932 umemo 21098 — 22

2, a. TlpmMeHss upHSHAKM fAenwMocTH Bompoca 1, HaMTH Kamo-
HU4ecKoe pasjioiKeAme umcia 244 943 325.

b. Ha#Tu wanoHmwecKoe pasjioenme gmeaa 282 321 246 671 737.



I'JIABA YETBEPTAA.
CPABHEHUA C OJHIM HEUN3BECTHbLIM.

§ 1. OcHoBHBIE MOBATHA.

Hameit Onmmaiiine#t sapaveii Oymer mayuenme cpaBHe-
Hui Taxkoro o0mero Buga:

f(@)==0(modm); f(z)=az"+a@™+ ... +an (1)

Ecnon ¢ me pmenurca wa m, TO 1 HA3EIBAETCH CMeREHbI)
CPaGHEHUS .

Pewums cpaguenue — 3madnt HaliTH Bce 3HAYEGHHA £, eMy
ymoBneTBopsiiomue. /[{Ba cpaBHeBWA, KOTOPHIM YIOBJETBO-
PAIGT ORHH M Te jKe 3HAYEHHA ¥, HAIEIBAIOTCH pAGHOCUAL-
HOLMU. '

Ecnnm cpasmenuto (1) ynosmernopser rakoe-nmbo z =z,
to (d, § 2, vra. III) Tomy e cpasHemmw OyayT ymOBile-
TBOPATH W BCe UHCIA, CPABHEMEE € &, [0 MOAYNIO /A:

==z,(modm). Becb aroT ®nacc umcen cumraercst 3a 00HO
pewenue. llpm taxkom cornamesun cpasienue (1) 6ydem
UMEMDB CIMOABKO DeUleHUll, CKOALEO GBIYEMO8 NOAHOUL CUCMeMbl
eMy yodosremsopaem.

., Ipamep. Cpauenuto

28+ 2 +1==0(mod 7)

cpenu umcen: 0, 1, 2, 3, 4, 5, 6 monnOH cHUCTeMH BHYETOL
0O MOAyNl 7 YHOBIETBOPSIT [BA GHCNA: =2 H T =4,
IloaroMy yxaszamnoe cpapuenme HMeeT ABA peHICHWA:

z=2(mod7), xz=4(mod7).
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§ 2. Cpaenenna nepBoil crenenw.

a. Cpasuenite mepBoil cremeHH HepeHECEHWEM CBOGOTHOTO
wieHa (¢ 0GpaTHHM 3HAKOM) B NPaBYI0 9acTh MOKHO HpH-
BECTH K BHRY

az=:b(mod m). (D

b. Ilpmerynas K mcclefoBaHMIO BOIpOCA O YHCJIE pemie-
HA, MH CHAYAJa OTPAHHYAM CPaBHEHHe yCIOBHEM (a, m) =
Cornaceo § 1 Hame cpapHeHHe HMeeT CTONBKO peLICHUI,
(KOJIBKO BHIYETOB MHOJHON CHCTeMH eMy ynoBiersopser. Ho
sorja x mpoberaeT HOJHYIO CHCTEMY BHYETOB DO MOy M,
T0 ax mpoberaer moumylo cucreMy BudetoB (d, § 4, ra. IIT).
CnepmosaTenpHO, B YaCTHOCTH, OpH ORHOM H TOJABKO OJHOM
3HaYeHMA &, B3ATOM N3 NONHOH cHcTeMH, ax Oyfner
cpasaumo ¢ b. Hraxk, mpm (a, m)=1 cpaBmenne (1) mmeer
ORHO pelleHwe.

c. Ilycrs temeps (a, m)=d > 1. Torpma, uro6n cpapue-
gze (1) mmeno pemenms, Heob6xommmo (e, § 3, ra. III),
aroful b mesrmiock Ha d, mHade cpaBHenme (1) Hemo3MOKHO
gE mpnm KakoM neiaoM x. Ilpenmonaras mostoMy b kpaT-
HEIM d, monomuM a =a,d, b= bd, m = m;d. Torga cpasme-
Hue (1) Oyner paBHOoCRABHO TakoMy (10 cOKpameHHR Ha d):
a,x = b, (mod m,), B KoTOpoM y:ke (a;, m,)=1, @ moromy
0oHO OyneT HMeTh OJHO. pemlerwe mo Mopxyaw m,. Ilycts
J) — HAUMEHBIINH HEOTPHNATEJLHBI1 BHYET 3TOTO PELICHUS
110 MORYJII0 m,, TOrfa Bce dHmcia Z, o0pasylolue 5TO pelle-
nme, HaiigyTca B dopme

z =z, (mod m,). (2)

Ilo mopynio ske m umena (2) o0pasyloT He OQHO peime-
HAe, a OoJsblle, WMEHHO CTONBLKO DeINeHHNH, CKOJBKO
gmcen (2) nHainérea B pame 0, 1, 2,..., m—1 nanMens-
IIAX HEOTPHOATENHHHKX BHYCTOB [0 MOAYJAID M. Ho ciofia
HOmamyT caefyomue Udcia (2):

Zy, Ty+my, Ti+2my, ..., 214+ (d—1)m,,

T. e. Bcero d umcen (2), caenosarensHo, cpaBrenue (1)
uMeer d pemenni,
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d. Co6mpaa Bcé nokazaHHOe, HONYdaeM TeopeMy:

IIyemv (a, m)=d. Cpasnenue axr==b(modm) resos-
Mooucho, ecauw b he Beaumca wa d. Ilpu b, xpamuom d,
cpasHenue umeem d peuteHuil.

e. O6pamasck K pasHCKaHLIO pemweruii cpasnenus (1),
MH YKa/KeM TONbKO cmocol, OCHOBAHHKIA Ha TeopuH Hempe-
PHBHEX Apo6eil, UPHYEM [AOCTATOYHO OTPAHMYATHLCA IHIND
cayuaem (a, m)=1.

Pasznaras B mempepmBHyI0 Apo0b OTHOIIEHHE M : a,

m
=0+ — T
q: + Py

e
qn

# paccMaTpuBas JBe HOCTeJBHe HOAXOfAmue Apobu:

Pny Pp _m

Q- Qe
COTJIACHO CBOHCTBAM HeIDepHBHEIX papoGeit (e, § 4, ra. I)
AMeeM

mQn 1 —aPy_y=(—1)",
aP,_y=(—1)*! (mod m),
a-(—1)r=1P, _1b==b(mod m).
Urax, Bame cpaBHeHHe HMeeT peLleHHe
r=(—1)""1P,_4b(mod m),
BN pasHICKAHAS KOTOPOTO JOCTATOYHO BHUKCIHTEL Py,_

cornacuo cmocoly, ykasanHoMmy B d, § 4, ra. I.
¢ IIpumep. Pemum cpaBHenme

114z =75 (mod 321). (3)
3mecs (111, 321)=3, upmuém 75 wparso 3. Iloatomy
cpaBHEHHE WMeeT TDH pPeIleHHd.

Jdens ofe wacTw cpaBHEBRHA H MOAYJh Ha 3, NOIy9IHM
cpaBHeHye ’

37z = 25 (mod 107), (4)
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KOTOpOe HAM ClefyeT CHavalJla pelidATh. Hmeem

107} 37
742
37] 33
33 1
33 4 .
328
41
4’_4
>
q 2 ‘ 1 ’ 8 4
P, 1 2 ] 3 ’26 107

3Haunr, B JaHHOM ciuyvac n=4, P,y =26, b=2),
¥ MBH HMeeM pelicHLe cpaBHeHus (4) B dopme

z= -26 - 25=99 (mod 107).
Orciona pemenns cpaBﬁeHnﬂ (3) mpemcraBiAOTCA TaK:
z=99; 994107; 994 2. 107 (mod 321),

=99; 206; 313 (mod 321).

§ 3. Cucrema cpaBuennii neproii crenend.

a. Mm paccMoTpHM NHINb OPOCTEMINYI0 CHCTeMY CDaBHE-
HI

z=b, (modm,), z=0b,(modmy,), ..., = b, (modmy) (1)

¢ OJHHM HGH3BECTHHIM, HO C PA3HBIME M OPHTOM IIOHOa&PHO

NPOCTEIME MOJLYJIAMH. .

“  b. Pemurs cucremy (1), T. e. HaiiTm Bce 3HadeHHA X, el

YAOBICTBOPAIONNE, MOKHO IPAMEHAA CISYIOMYI0 TeopeMy:
ITycmo wucna My u Mg onpedesens us ycaosutl

mmy ... me=Mm, MM;=1(modm,)
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u nycmov
x0=M1M£bl+M2M;b2+ “ e +MAMII‘bk

Toz0a cosorynrocmd suauenuil z, Y008AEMEO PAIOWUL CUCTREME
(1), onpedessemca cpasnenuem

r=1xy(mod mym, ... my;). (2)

JeiictBuTensro, BBUAY meanMOcTH HA m, Beex M;, oTaMY-
Heix ot M, mpum mwbom s=1, 2, ..., k mmeem

xo=M M!b,=: b, (mod m,),

u, TakuM oOpasoM, cucreme (1) ynoBierBopAeT I = .
Orciona HemocpeAcTBeHHO cJjexyeT, uro cmecreMa (1) pasmo-
CHIIBHA CHCTeMe

r =1z, (mod m,), x=2x,(modmy), ..., x=:1xy(mod m;) (3)

(r. e. uro cucremaM (1) u (3) yHOBNETBOPAIT OJHH H TE e
smauenua ). Cmcreme jxe (3), BBEAY Teopem ¢, § 3,
ro. III » d, § 3, ran. III, ygoBneTBOpAIOT TE M TONBKO
Te 3HAYEHHMA %, KOTOPHIE YIOBIETBOPAIOT cpaBHeHHIO (2).
c. Ecau by, by, ...,b, neszaeucumo dpye om 9dpyza n po-
Geealom ROAMBIE CUCIREMBL BBIUETNOE O MOOYAAM My, My, « . . , My,
mo x, npobezaem nNOLHYIO CUCMEM] GHHMEMOE N0 MOOYAID
mymgy ... m,.
" [leficTBurentuo, x, mpoGeraer mym,...m; 3HAYCHMI,
ey d, § 3, rm. III, HecpaBHHMEHIX 0O MOAYJIO
mymg . . . My.
d. Ipamep. Pemrum cmcremy

z=:b, (mod 4), x=:b,(modd), == by(mod7).
3mech 4.5-7=35.-4=28.5=20-7, opuuém
35-3=1(mod4), 28-.2=1(mod5), 20 -6=1(mod?7).
IToaTomy
To=35 - 3b; 4 28 - 2b, + 20 - 6b3 = 1055, + 56b; + 120b,

M, CJIel0BAaTeIbHO, COBOKYHOHOCTH B3HAYGHHH X, YHAOBJIETEO-
pAmMEX CHCTeMe, MOKeT OBITH OpefcTaBleHa B opme

2 = 105b, -+ 56, -+ 120, (mod 140).
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Tak, HampmMep, COBOKYOHOCTh 3HAYGHAH Z, Y[OBII6-
TBOPAIOIUX CHACTeM®
z=1(mod 4), z=:3(mod5), z=2(mod?7),
oyner
z=105-1+56 - 3 + 120 - 2==93 (mod 140),
a COBOKYHOHOCTh 3Ha4YeHHH %, YJOBIETBOPAIOIAX CHCTEME
rz=3(mod4), z==2(modd), =06 (mod?7),

6yner :
z=105-3 + 56 . 24 120 . 6 =27 (mod 140).

§ 4. CpaBnenua m@060ii CTemeHE NO MPOCTOMY MOMYJIIO.

a. Ilycte p—mpocroe. [lokasem o6Gmme TeopeMsl,
OTHOCAIMUECH K CPABHEHMIO BHIA

f(x)=0(mod p); f(x)=azx"+az" 1+ ... +a, (1)
b. Cpasuenue euda (1) pasnocusvro cpasnenur cmenenu

ne evtwe p— 1.
Hefictearensno, mens f(r) Ha zP —xz, uMeeM

f (@) =(a? —2)Q(2) + R (2),
rge cremesb H(x) He Beme p—1. A Tak Kak
x? —x =0 (mod p), To f ()= R () (mod p), oTiyna u cirexyer
yKasaHHasg TeopeMa.
c. Ecau cpasnenue (1) umeem Gosce wem n pewenui,
mo sce rodgfuyuenmer f(x) rpamust p.
. HeiicrBureabno, mycth cpaBHenue (1) mMeer, mo Kpaitreit
Mepe, 1 + 1 pemenne. OGosnavaa GyKBaMu Z;, Zs, . . . , Tn, T 1t
BHYETH 9THX pelleHHH, MB MokeM f(r) OpefcTABUTD
B (opme
f@)=a(xz—z)(x—23) ... (T —=2Zpn_2) (T — Zn—1) (x —0) +
+b(x—z) (X —2) .. (T~ Tpp) (T —Zp—q)+
Fe(x—z) (T —25) ... (& — 2p_2) + )

- + 0. s e e e A
+hk(x—z) (x—x5) +
+l(x—x,) +

+m, (2)
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Hast sroii menm, npeoGpasosaB (packpurmeM CKOGOK)
¢iaraeMHe IpaBoil 4YacTm B MHOrOWIeHH, BhbepeM b Tax,
yro0sl cymMMa KosdummenroB mpm z™ ! p[BYX mepBHX
MHOTOWIGHOB cOBOAJA C a,; 3Had b, BeGepeM ¢ Tak, 4TOOHI
cyMMa KospdunuentoB mpm z" 2 TpEX MmepBHX MHOTOUIIe-
HOB cOBOaNa ¢ dy, M T. A,

Ionaras B (2) nociIegoBaTENBHO L = Ty, L3, - - . , Tns Tnti,
ybOesxaemca B ToM, uto BCe m, I, k, ..., ¢, b, a KpaTHH p.
duaunut, u BCE @, G, ..., G KPATHH p (KaK CyMMH vmced,

KpaTHHX p).
d. IIpu npocmom p cnpasedaugo cpaswenue (meopema
Buavcona)

1-2...(p—1)+1=0(mod p). 3)

HefictBurensHo, ecnm p=2, TO TeopeMa OUeBHAHA.
Ecam e p > 2, To paccMoTpuM cpaBHeHHe

z—D@E—-2)...(x—(p—1))—(zr~1 — 1) = 0 (mod p);

OHO CTeHNeHH He BHme p—2 H uMeer p—1 pemenwme,
nMenHo pemennsa c¢ Bugeramdm 1, 2, ..., p—1. Caegosa-
TeNbHO, N0 TeopeMe ¢ Bce ero KosdPUmEeHTH! KpaTHH p;
B 9aCTHOCTH, HA p JHenaTcsl M CBOGOAHHIA WieH, pAaBHHI
KaKk pa3 JeBoi gacTH cpaBHeHumA (3).

IIpamep. UMeem1 - 2-3-4-5-6+1=721=0(mod7).

§ 5. Cpasnenusa mo0oli cTemeHdn HO COCTABHOMY MO YJIIO,

a. Ecau my, my, ..., m; nonapHo npocmee, mo cpagre-
Hue
f(z)=0(modm;m, ... m) (1)
DABHOCUABHO CUCTEME
f () =0 (mod m,),
f()=0(modm,), ..., f(z)=0(modm,).
IIpu amos, obosnauan wepes Ty, Ty, ..., T} uucaa pewe-
Huii omOeAbHBIL CPAGHEHUD 9MOIl CUcmembl 1O COOMEEm.-
cmeennblM  MoOysam U deped T—wucao pewenuii ¢pagHeHUS
(1), 6ydem umemo
TleTz o TL"
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HelictBATeNIEHO, IepBasg dYacTh TEOPEMH CIIEyeT W3 ¢
m d, §3, ra IIl. Bropaas wacic cmegyer wu3 TOoro, uro
Kajpoe cpaBHeHue

' 1(#)=0(modm,) o
BHIDOJIHACTCA TOTAA M TOJBKO TOrJlA, KOrfga BHIOOJHAETCH
opxso u3 T cpaBHeHml BHJA
= b, (mod m),
rae b, mpoferaer BEIUCTH pemeHud cpaBHeHua (2), mpm-

yém Bo3MoyxuHO Beero I\T, ... 7 pasnmupnlx KomGuma-
uud BRJAa

z = by (mod m,), z==0b,(modm,), ..., xz="b,(modm,),
npuBofamux (¢, § 3) K pasuHYHLIM KiaccaM U0 MOJYI0
mmy ... My

IIpumep. Cpabuenue
f(x)=0(mod 35), f(a)=2*+2x3+8z+9 3)
PaBHOCHJILHO CHCTEMe
f(z)=0(mod 5), f(r)=:0(mod7).

Jerko yGemmmcs (§ 1), uro mepBoe cpaBHeHHme 9TOH
cucTeMH mMeer 2 pemlenmsa: x==1; 4 (mod5), Bropoe e
‘cpaBHeHme HWMeeT J3 pemenma: x=3; 5; 6 (mod 7).
Ilostomy cpaBHenme (3) umeer 2.3=06 pemennii. Yro-
66 maidTm 9tm 6 pemennit, Bago pemurs 6 cEcTeM
BAgA

x == b; (mod 5), x=:b,(mod7), (4)
KOTODHE  MOJyYHM,  3aCTABIAA b, 1npoberars ~ 3Haue-

uita by=1; 4, a b, HpoGeI arp smauenus by=3; 9; 6. Ho,
BBHARY

35=7-5=5.7, 7.3z=1(mod5), 5-3=1(mod?7),
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COBOKYIHOCTh 3HAYCHMH %, YIOBIETBOPAIMHAX cHcTeMe (4),
ppencraatca B gopme (b, § 3)

x=21b, + 15 b, (mod 35).
IlosTomy pemenmsi cpaBHenus (3) GyayT
==31; 26; 6; 24; 19; 34 (mod 35).

b. Bemgy TeopeMn a mcciefoRaHWe U pellleHHWe Cpas-
HEeHASA

o a, oy o
f(x):O(mOdp11p2 oo Dk )
CBOOATC K HCCHICJOBaHHUIC ©W PCINCHHIO CpaBHeHI/Ii;I BHA

f (x) =: 0 (mod p*); 6)]

3TO IKe WoclegHCe CpaBHeHHe cBoguTcAd BooOmEe, Kak ME
ceifdac. BEIACHEM, K CPaBHCHHIO

F(x)==0 (mod p). (6)

JelicTBuTeNIbHO, BCAKOe &, YAOBIETBOPAKINEE CpaBHE-
HEIO (D), HeoOXOAMMO JOKHO YHOB/AETBOPATL H CpaBWe-
uuo (6). Ilycrs

=1, (mod p)

~—~kaxoe-1mbo pemennme cpasreHus (6). Torma "z =z, 4+ pt,,
rge !,—mnenoe. BeraBuga 5To 3Hauemme x B CpaBHEHHE

}(2) =0 (mod p?)

H pasnaraa JesByw 4uacte mo (opmymne Teiuiopa, maiigém

1 s
(opmHYMadA BO BHHEMAaHHE, UTO T /® (x,) —nemoe, ' m  or-

GpachiBag wieHH, KpaTHHE p?)

/

fex) + ot () =0(mod 7, L& 44,7 (2) =0 (mod p).

Orpamnumpasce 3mece "ciiydaeM, KOTHa /' (z,) me penmrcsa
HA p, UMEEM OfHO pelueHMe:

- tl'?:t{ (mod p); tl = t]’, + ptz.
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Buipamenrme gnA z upwHEMaeT Bup
=12+ pli+ pPla=123 + pP1y;
BCTAaBJAA €r0 B CpPaBHEHHE
f(z)=0(mod p°),
HOJIy 9AM
<[ (®2) + pPta [ (22) =0 (mod p?),
B2 o (22)=20 (mod p).
3nmecs f’(z,) He memuTca HA P, TR Kak

23 =2, (mod p),

I (z)=f" (21) (mod p),

1 HOTOMY IIGCJICHCC CpDaBHEHHMC HMEeT OJHO pemenue:

t =13 (mod p);
ty =14+ pls.
Bfipasenme #nA & OPAHAMAET BHT

% =2+ pPiyt pPPls=23+ pPls;

a 1. 1. TakuM myTéM mo namsoMy pemenwio cpaBHenua (6)
NOCTENCHHO HAHIEM CpaBHEMOe C HUM pellieHHe CcpaBHe-
aus (D). Urax, ecakroe pewenue = z, (mod p) cpasnenus (6)
npu ycaosuu, wmo f'(x,) e Odeaumcs Ha p, Oacm o0dHO

pewienue cpashenus (9):
T =%+ p*ia;
T == %4 (mod p*).
Ipamep. Pemmm cpaBHenume -
f(2)=0(mod 27); )
- f(@)=zt+Tz+ 4. |

CpaBHeHne f(x)=0(mod 3) wmeer oOfHO

(7

peIIEcHN®

=1 (mod 3); mpu ®romM f’ (1)==2(mod 3) u, cnenosa-
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tenbuo, He menmred Ha 3. Haxommwm:
z=14 3¢,

(1) +3tf(1)=0(mod 9), 34 3¢ - 2=0(mod 9),
2t;+1=0(mod 3), ¢,=1(mod 3), ¢;=1+31,
=4 4 9t,,

F(4)+ 9% (4)=0(mod 27), 18+ 9¢t, - 2==0(mod 27),
2ty +2=0(mod 3), t,==2(mod3), t,=24 3¢,

x =22+ 271,.

Takum obpasoM cpaBHeHue (7) HMeeT OJHO pemeHHe:

x == 22 (mod 27).

Bompocu k raape IV.

1, a. ITycre m —nenoe, m >0, f(z, ..., w)—nenad pamuoHAJb-
HaA (I)yHKlJ;HH ¢ IEJRIMH KOS(I)(I)ﬂnHeﬂTaMH OT T TepeMeHHHX
z, ..., w (r >1). Eciu cpaBrennio

f(z, ..., w)=0(modm) )

VIOBIIeTBOPAET CHCTEMA z =1y, ..., W==W,y, T0 (oGofmenme omnpe-
nejieHus § 1) cmeTeMy KIaccOB 9mcesl IO MORYIO m:
z = zy (Mmod m), ..., w = w, (mod m)

OymeM cunTarhk 832 ONHO pemeHHe cpaBHeHHA (1).
Oyeres T —vumesao pemenuii cpapeenua (1). Jowasarh, uro

m-1m—t af(x,..,w)
Tm=23) X - 2 "
a=0) =0 we=0

b. Ilpn obozmauenmax Bompoca a # Bompoca 12, e, ra. IIl gora-
saTth, 4TO

' Tm=m" 2 A (my).
mo\m

c. PaBEHCTBO Bomnpoca a HPHMBHETB K JOKa3aTeldbCTBY TEOPEMH
0 qHucle pememm CpaBHeHH T nepnon CTeIlleHH.

d. Ilycre m-—neioe, m>0; a, ..., f, g—oenste, HX 4H-
cio papHo r+1 (r>0): d=(a, ..., f,m); T —uucno penreHHH
cpPaBHEHHA ‘

ax+ ...+ fw + g = 0 (mod m).
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[Monssysacs, paBeHCTBOM BOUPOCAa a, JOKasaTh, 4TO

e m™1d, eciim g xpaTHO d,
0 B NPOTHBHOM clIydae.

e. Teopemy Bompoca d Joxazarh, MCXOQS M3 TEOpPeMBl O dHHcIe
peiennii cpapmerua ax = b (mod m).

2, a. Ilyets m>1, (a, m)=1. JlowasaTb, 4uTO cpaBmEenMde
ax = b(mod m) uMeeT pemieHHE % = ba® (Mm)—1 (mod m).

b. IIycrs p—mnpoctoe, 0 <a < p. [oxkasars, uYTO cpaBHeHHe
ez = b(mod p) wMeer pemenne

_ ey P—D(@—2) ... (p—a+1)
z=b(—1" 9. . a

¢, o) YkasaTh BOBMOMKHEO Goitee TmpocToli crnocol penteHms c¢pas-
HeHHsA BHAA

(mod p).

sx = b(mod m); 2, my=1.
B) Vrasats BOBMOKHO Goee IpoCcTOll €Nocol pemeHHs cPpaBHeHAA
BHAQ
¥z =p(modm), (3, m)=1.
1) Iyere (a, m)=1, 1 < a <m. Paspupas cnocoGn, yrasaHHHE
B Bompocax o) u B), MOKasaTh, UTO PasHICKAHNE PEMEHUA CPABHEHMS
ax =b(modm) Moxer OHT, NpUBEEHO K DA3HCKAHWIO pemenui
cpaBReRMil BHAa b +mt = 0(mod p), rae p—NpocTOH AenuTeND
wHcaa a.
3. llycrs m —uenoe, m > 1, 1 v <m, (a, m)=1. llonsaysacs

Teopnen cpaBHeHPIH, AOKAa3aTh CYIHecTBOBAHHEe LEJIBIX ¥ M ¥y ¢ YCJO-
BUAMH

ar=y(modm), 0<zr, 0<[y|<¥?.

4, a. IIpu (e, m)=1 GyAeM paccMaTPHBATEL CUMBOJIHUECKYI0 APO0bH
~ 1o Moxyo m, oGo3HayalIylo ni0G0H BHTYET pemeHHsa CcpaBHe-
udA az = b (mod m), [lorasaTs, aTo (cpaBHEHUA 6epPyTCA N0 MOLYIIO m):

a) Ilpn @ = a,, bEblﬂMeeM-;E—l

a;

B)Y Yucaurenr b cHMBOIHYECKOH ApolH - MOWHO 3aMeHuTE cpas-

b
~HOMEM b,, KpaTHEM a. Torfma cmmBonmueckas [ApoOe 5 CpaBHEMa

C.OeJIKIM YHUCJIOM, NpPEecTaBAAeMEIM OOHTHOH ZPOOBIO %".
b  d  bctad
1) —a~+?= ac
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PO
)a'c—ac

b, @) ITIycts p—mpocroe, p > 2, a—mnenoe, 0.< a < p—1. Joxa-

BaTh, UTO .
(”: ) = (—1)% (mod p).

8) TMycre p mpocroe, p > 2. Hoxasarts, 910

1

5, a. Ilycte d—pemnTens 4ucia @, He JelAlluifcd HA DPOCTHE,
MeHbUINE N, # *%—9HCI0 PA3ITUIHBIX npoc'rmx Aenureyed umena d.
jloxasars, 770 B pane

1.2...n, 2.3...(n4+1), ..., a(a+1)...(a+n-—-1) 1)

*

n'a

qmnces, KpaTHHX d, Oyager -

b. Ilyers py, pe, ..., P — PasAHYHEE TPOCTHE JleJHTeNH TUCIHA @,

OpuuéM HY OffMH W3 HNX He MeHbme ueM n. [JOKasaTh, 4TO YHCIIO
uncen paga (1), BsamMBO HpecTHX ¢ a4, Oymer

e(1=5) (1=7) - (=7 j

6. IIycte my, o, ..., p—oOGiee HamMeHLIIee KPATHOE 4HCel
my, Mg, ..., M

k-
a. Ilyete d=(m;, my). [lorasars, wro cucTeMa
z = b; (mod m,), x = by (mod my)

paspemmnMa TOT[Ia M TOJBKO TOrja, Korma ba—b, KpatHO d, npuUyéM
B Cciydae PaspemluMOCTH COBOKYNHOCTH 3HAYEHHH 2z, YAOBIETBOPA-
JOIBX STOH CHCTeMe, ONpeieisneTcs CPABHEHHEM BHAA

T = 2y, o (Mod my, 5).
b. JoxasaTe, 4T0 B ¢Jaydae PaspemumMOcTH CHCTEME!
z = by (mod my), = = by (mod ms), ...,z = by (mod my)

COBOKYTHOCTh 3HAYEHUH z, efi yZOBIeTBOPAIOMIUX, ONPefiesIAeTcs cPaB-
HeHWeM BHJA

.x F=Z g, ok (mod Mg e, Ic)'
7. Ilyets m—nmenoe, m > 1, a u b— nenwe,

a.x-+ bax’

COR: R
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rie z upoberaeT HPHBeIEHAYI0 CHCTEMY BHIYETOB IO MOAYIIO m, HpH-
uém z’ Ef?f(mod m) (B cMuicie Bompoca 4, a). [lorasars cireyromue

a,b
CBOjicTBA CHMBOJIA e :

a,b
a) ( —— ) BemecTBeHHOE.
m

a,b\ _ (ba
2 (7)*(7)-
a,bh _ /ah,b

y) Iipu (k, m)=1 nveem (T)'_( -

¢) Hpu my, Mg, ..., M TIOTIaPHO NPOCTHIX, dojaras
mymgy ... mp=m, m=253 m,, uMeeM

(alv )(az, ) <ak, > <M1a1+M2a2+ —i—]Vlkak,l)
m

8. Ilycrs cpabneHme

agx®+a ™14 ... +ap=0(mod p)

nMeeT n peuleHHil
T = xy, Xg, ..., &p(mod p).
loraszats, 91O
a; = —aeSy (mod p),
as = aySs(mod p),
ay = —ayS; (mod p),
an = (—1)"apSp (mod p),

rae §; ecTh cymMMa BceX &, Sp—cyMMa IpoMBBeJeHHMI IO 1Ba,
Sg—cyMMa mpousBefeHuii 10 TPU W T.
9, a. ﬂorcaaau TeopeMy Bumkcona, paccma'rpmaaﬂ napa xz, z’
qucen psfa 2, 3, » P—2, yJIOBJ]eTBOpHIO]I(He yenosuo xz’ = 1 (mod P).
b. Ilycte P menoe, P>1, 1.2 (P—1)+1—0(m0dP)
JHoxasars, 910 P —1npocToe.
< 10, a. Ilycte (a,, m)==1. YKasare cpaBHeHHe n-ii cremenu (n > 0)
co crapmuM xosddunuentom 1; PaBHOCHABHOE CPABHEHUIO

a4+ a1z 14 ... +a, = 0(mod m).

b. Jlokasatb, uT0 HeoOXOHMOE K NOCTATOYHOE ycnonne TOro, 4TO
cpaBHeHne f(x)=0(mod p); f(z)=a"+az" 1+ ... +an; nLp
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EMeeT n pemeHumil, ecTh AeMUMOCTH HA p BeeX KooPUIUEHTOB OCTATHA
oT gejenunsa z¥—zx Ha f(2).

c. Nyets n—penwrens p—1; n > 1; (4, p)}=1. [oxasarn, d9T0

HeoOXomMuMoe H JOCTATOYHOEe YCJIOBHE paspemuMOcTd  CPaBHEHHA
p—1

2" = A(mod p) ectb A ™ = 1 (mod p), npnuéM B cIydae paspeuIEMO-

CTH YKA3aHHOE CP3BHEHHE MMeeT 71 PelIeHuii.

11. Iycrs n—neioe, n > 0, (4, m)=1, N U3BECTHO ORHO pelue-
HHe z = %, (mod m) cpaBHenuA z" = A4 (mod m). Jlokasark, uYT0 Bce
pemienna dTOTO CpPAaBHEHIT NPEACTABATCH { IPON3BEJCHUEM T, HA BH-
4eTH pelmennii cpaBaernd ¥ = 1 (mod m).

Yucaenuble npumepsl k raase 1V.

1, a. Pemuts cpaBrenue 256x = 179 (mod 337).

b. Pemurs cpaBrenme 1215z = 560 (mod 2755).

2, a. Cpasgenma upuMepos 1, a m 1, b pemwurh 1o cnocody
Bompoca 2, c.

b. Cpasmenme 1296z = 1105 (mod 2413) pemure Ho cnocoly
BOmpoca 2, c.

3. Haittm Bce napw z, y, VAOBAETBOPAIOmHE HeOUpeeIeHHOMY
ypaBreruIo 47x— {11y ==89.

4, a. Yrasarp o0lnee pemeHme JJIA CHCTEMEl

z = b; (mod 13), = by (mod 17).

Honesysack 91EM o0muM pemenmeM, jAajiee HATH TPH dYHCTA
KOTOpHe npu feneunn HA 13 m 17 gasamu GBI COOTBETCTBEHHO OCTATKU
1mi2, 6u8, 11u4,

b. Vkasars ofmiee permenue A CHCTEMB

z = by (mod 25), = by(mod 27), =z = by(mod 59).
5, a. Pemmare cmeteMy cpaBHeHmit (Bompoc 6, a)
z=3(mod 8), z=11(mod 20}, =z =1 (mod 15).
b. Pemmnrs cucreMy cpapHeHmit
z=1(mod3), z=4(mod5), z=2(mod7),
z = 9(mod 11), =z = 3(mod 13)
6. PemmTrR cHCTEMYy cpaBHeHMt
3z 44y ~29 = 0(mod 143), 22—9y + 84 = 0(mod 143).
7, a. Haxomy cpaBHeHMIO CTemeHN HEke 5 PABHOCHIILHO CPABHCHN®
31t | 4al® | 312 4 2211 o 20 - 228+ 4z” 4 28 - 3xd 4 28 + 4a? - 22 =
= (0 (mod 5)?
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b. Kaxomy cpasnenmo CTeHOHE HEHe 7 paBHOCHIBEO CDABHeHHS
2217 4 B8 o z14 4 512 Foll o 2710 o 29 | 528 -
+ 227 4 328 4 4at + 62% + bz + x4 4 =D (med 7)?

8. Haromy cpapaeHmo co crapmuM KosPpumuentoM | paBHOCHILHO
cpasHenme (Bompoc 10, a)

7028 -+ 78x5 ++ 2524 -- 6823 + 522 -+ 4z 1 3 = 0 (mod 101)?
9, a. Pemuts cpaBHeHnE
/(z) =0 (mod 27), f(x)="Tz*+ 192+ 25,
HaljaA cHAJaja MOMONIBI0 POl Bee DelieHds CPABHEeHU:
f(x) = 0(mod 3).

b. Pemnre cpaBmeHne 9x2 4 29z -+ 62 = 0 (mod 64).

10, a. Pemurs cpasuenme z2-- 2x- 2 = 0(mod 123).

b. Pempts cpasnenme zt + 4 -+ 232 -+ 2z + 12 = 0 (mod 625).
11, a. Pemure cpaBHenme 6z + 2722+ 17z -+ 20 = 0 (mod 30).
b. Pemiute cpaBuenme 3lat -+ 5728 - 96z -- 191 = 0 (mod 225).



IJIABA TIATAA
CPABHEHHNA BTOPOII CTENEHWN,

§ 1. O6mue Teopemsr.

a. U3 cpasmennit cremenn n > 1 B pansneiimem GymyT
paccMaTpHBaThCH  JIMIIB npoc'renmne a WMEHHO — J¢YuaeH-
Hble CPasHEHus: -

wr=a(mod m); (a,m)=1. : A1)

Ecan cpapmenme (1) mMeer pemienmsa, TO a Ha3HBaeTCA
gbluemoMm cmenewi n, B TPOTHBHOM cjlydae a Ha3HBaercs
HeepiuemoMm cmenewu n. B dacTHocTH, nWpm n =2 BHYETH
U HEBHIYeTH. HASKIBAIOTCSH K6ad pAmuHblmi, UPH N =3 — kY-
Guvneckumu, NpA n =4 — 6uread pamuuHbMy .

b. B sroii rmaBe MH TOApoGHO paceMOTPHM CIydail 7 =2
g B IEPBYI0 Ouepefh PACCMOTPHM [BYWIGHHHE CpaBHEHHS
BTOPO# CTELEHH 0 TPOCTOMY HEYETHOMY MOLYIIO p:

' VxZEa(vmodp); (a, p)=1. (2)

c. Eean a—readpamuunwii sviwern no modyaw p, mo
¢pasnerue (2) umeem 0sa pewrerus.

HeficTBuTeNBHO, eciam a—KBanpaqumﬁ BHIYET, TO' cpaB—
genme (2) mMeer, WO KpailHeH Mepe, OIHO pemleHHe
z'== z, (mod p). Ho Torga, BBuay (—,)?=2{, T0 Ke cpaB-
HEHEe uMeeT H BTOpoe peleHme I==—1I,(mod p). dto
BTOpOE pelleHHe OTAMYHO OT M[epBOro, TAK . Kak W3
Zy=—x,(mod p) M mmemm Ou 2z,=0(mod p) |70 He-
‘BOBMOKHD, BBULY. (2, p)=(x;, p)=1. \

‘VYHKa3aHHHME [JBYMs _pPeIeHHsAMA. H - nclzapnmmxomn
BCP pemeHFA.cpaBHeHAA (2), .TaK..RaK _NOCJIERHED, Oymysn
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CpaBHeHHOM BTOpOil cTemenu, Gonee JAByx pelneHdmii EMeTh
He Moxer (¢, § 4, ra. IV).
d. Ilpusedénnas cucmema 6uvemos no modyaw p cocmo-

—1
um us I—,—z—— neaapamuuuux 8bluemog, CpaAsHUMBIL € HUCAAMU

12, 22 . (l’%‘y, 3)

-1
u (pT> nea@pamufmblx Heguluemos.

HelicrBuTensHO, cpeu BHYETOB HPWBEISHHOH CHCTEMEl
00 MONYJI0 p KBajfpaTHYHHIMA BHYETAMH HABJIAIOTCA Te
# TOILKO Te, KOTOPHE CpPaBHEMH ¢ KBajpaTaMm wqmHcel
(npEBepéHHAA cHcTEMa BHIYETOR)

—1 ; —1
— -2 B @)

1. . ¢ uncaamu (3). Ilpm srom wumena (3) mo wopyaw p
He CPaBHUMEI, TaK Kak U3 £?=:/?(mod p), 0 < & < l<£:2———
caenoBajio O, 9To cpaBHeHnoo z2==/%(mod p), BoIpexHd ¢,

Cpelu Juces (4) YHOBJIETBOPAIT 4eTHpe: £ = — I, —k, k,
e. Ecau a— xeadpamuuneiii evtuem no modyar p, mo

p—1

a 2 =1 (mod p); (9)
€CAl a4 — K6aO PAMUNHBIL Hegbluem no Mo0yai p, mo

p—1

a 2 = —1(mod p). (6)
HeiicterTeneno, Mo Teopeme (epma,

. p_i p_

a”—‘zi(modp)' (@2 —1)(@? +1)= O(modp)
Opay . # TONEKO OJMH U3 COMHOIKETeell JIeBOW wacTH o=

* ¢JeIHEro cpaBHeRHA Jeimrea Ha p (00a COMHOMKHTENA He
MOryT OJNHOBDEMEHHO [eJIUTHCH HA p, B IPOTHBHOM CIiydae
X PasHOCTh 2 HOJLKHA Onna On genmthea Ha p). [lostomy
¥MeeT \MecTO ONHO M TOJBKO OJHO w3 cpaBHemmd (O) ¥ (6).



§ 2. CHMBOJI JIESKAHJIPA 3

Ho smearmit wBappaTmunsii BHMYOT 4 YNOBITEOPAeT
pH HEKOTOPOM % CPaBHEHHIO : s

a=1z?(mod p) (7

u, cleoBaTebHO, YNOBIETBODAET TaKke W CpPaBHEHHIO (D),
KOTOpOe MOKHO IHOJyYHTh HOWICHHHM Bo3BefeHmeM (7)
—1
B CTeIeHb 3—2—. Ilpm  aroM KBagpaTHYHBIME BLIUETAMH
A HCUEDIIHIBAIOTCA Bce pelleHMs CPaBHEHHA (D), TaK Kak,
—1
Oymy4n cpaBHeHHEM CTeneHH 5-2—, OHC He MOKeT HMeTh
p—1 .
“—— PpemieHmii.

IosToMy KBagpaTWUHHIC HEBHIYETH  YJOBIETBOPAIOT
cpasrenzo (6).

Gozee ueM

§ 2. Cameoa Jlemanpgpa,

o a
a. Beeném B pacemorpenme cumeos Jewcandpa ( ;)

(unTaercs CHMBOJI ¢ NO OTHOIEHMI0O K p). OTOT CHAMBOJ
onpeneyserca HNIA BCceX @, He eNAMEXCA HA p; OH pa-
BeH 1, ecnm o — KBajpaTHuyHH# Boiuer, u—1, ecam a—
KBajpaTHIHHii geesiuer. Ymcao a HaswBaercs udcaATeNIEM,
D — 3HAMEHAaTeliCM CHMBOJIA.

b. Beuny e, § 1, ouermnno, mmeem

p—i

a 5
(p/ a (mod p).

¢. 3mech MH BBIBEeM IVIaBHEHINme CBOHCTBA CUMBOJA
Jleskanpa m B ciepylomem mnaparpade — csolictBa 0606~
IleRds 3TOro CHMBOJIA — cuMBoJIa fIkoOm, KoTOpHe MO3RO-
aar OBICTPO BHYHCIATE BTOT CHMBOA, 4 CJEJOBaTeNIbHO,
peliaTk BOIIPOC O BO3MOKHOCTH CpPABHEHEA

x?e=q (mod p).

d. Ecau a=a;(mod p), mo <%>:<Ep1_>
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dro CBOMCTBG CllefyeT M3 'TOrO, YTO YHCIIA ORHOrO
m Toro e Kaacca OyAyT ONHOBPeMEHHO KBaJpATHYHHEIME
BEHIYETAMH HJIH HEBHIYETaMH.
(i) =1.
p .
Heiicteurensuo, 1=1% wu, caegoBareabHo, 1 — wea-
IpaTHYHEI BHIYET.

1\ (1)
L (5 )=(=1
9ro cBoiicTBO clenyer m3 b npm a= —1.

—1 .
Tax xax p_z aérHoe, ecam p ¢opmer 4m + 1, m me-

gétnoe, ecm p QopMmer 4m -3, TO oOTCOA Cllenyer, 4ro
—1 ABngeTcs KBajpaTEYHHEIM BLIYETOM IMPOCTHX SHCEN
dopmer 4m 4-1 ¥ KBajpaTWYHEIM HEBHIYETOM IPOCTHIX YH-

ceql GopMu 4m + 3.

« (5= GE) - (5
HeficTBrTeIBHO, HMeeM

(= BD)=@..pT=a2 b2 .17 =

=()(2) - (D wan

OTKYHa H BHITeKaeT Hame yTBep:KieHHne. OTCIOIL& ClieJicTBHE:

(F)=0(5)
P p/’
T. . B UHCIHTENe CHMBOJIA MOMKHO OTGpocuTh 06O

KBAJIPATHYHBI MHOKHTCNE.
h. llna BHBoma manpHeAHEX CBOHMCTB CHMBOJA JIe)KaH-

Ipa MH cCHaYajla HagaM eMy jJpyroe mcroixosanme. [lo-
jarag p, .,.5——-1- PAcCMOTPEM CPaBHOBHA

a - 1=zr, (modp),

a - 2==z2,ry (mod p),

| (1)
@ py=p rp, (mod p); - |
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rfe &7, —a0CONIOTHO HAHMEHEBIDMI BEYET @I, 7;— ero
MOAYAB, TAR 9T0 2p== + 1. .

Ymena a1, —a-1,a:2, —a-2,...,a-p;, —a-p,
06pasyl0T NPHBEASHHYI0 CHCTEMY BHYETOB II0 MOAYIK p
(e, § 5 rum II); mx abCOMOTHO HAEMEHBUINE BHYETH

CYTB &y, — &1, @fs, —&fs ..., Splp, —3pTp.
Ilonokurensable u3 nOCMEAHEX, T. €. Ty, Ty ..., Tp,
JOIKHEL coBmAjare ¢ umcxmamum 1, 2, ..., py (b, § 4,
ra. HI).
[lepemuomxan Temeps cpasHenus (1) m coxpamas Ha
1.2... py=ryy e Tp
p~1 .
nogyanm a 2 =2, ... sp (mod p), orkyna (b) mmeenm

(-%) =218 ... Spl. (2)

i. Hajimpemmomy sBripaskenmio cmmBona Jlemamppa mpm-
nagmM Gostee 3aKOHYeHHHIH BuE. FMmeem

[(Fl=l[F] 2 {51 -2 5]+ [2171)

910 OymeT 9OTHRIM MW HEYETHHIM, B BSaBHCEMOCTH OT

TOT0, PyleT Jid HAUMEHbIIWH HEOTPHUUATENbHHEH BHYET YHC-
1

Ja .ar MeHsmme mid Gojslle 3P T. e Oymer nE &=l

T

wiIH 2, = — 1. Orcioma, ogeBmgHO,

2ax
) ,xz(__i)[‘z'o‘],
0 moToMy u3 (2) HaxommM

e

(-2
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j- Ilpemmonaraa a weuTHEIM, npeobpazyeM mocenHee
pasencTBo. MMeeM (a4 p —uérHOE)

() - (e[ ) ).

21[(11+p)x] pZ[
= =(—1)s=t

=(—=1)

OTKYZa

G- e

Qopmyna (3) MO3BOJIMT HAM BHIBECTH JBA BECbMa BAKHEIX
cBoficTBa cuMBona Jlemanmpa.

k. ( ) —1)

Cnenyer m3 ¢opmymst (3) npu a=1.
Tar kak, paiee,
2 -
gS_m'—_tg_i)_g = 8m? 4 2m qétHOE,
(8m + 3)2—1
8
TO OTclofia ciaemyer, urc 2 GymeT KBajparTHIHHIM BHYETOM
mpocTHx wymcen. gopmet 8m.4+1 (8m+ 1, 8m+47) u wsa-
ZPaTHYAEIM HEBEIYETOM NPOCTHX 4uces (GOPMH

8m 43 (8m + 3, 8m+9).

l. Ecau p u g —npocmuie newémuvie, mo (3aKor 63aum-
HOCTMU  K6A0 PAMUAHBLL bI4enog)

(2)=(=7 7 ().

—1 - ..
Tar wxak p_2_ . 9_2£ Oymer HeuéTHHIM WML B ciyvae,

koria ofa umena p m g Oynyr ¢opMet 4m + 3, @ GETHEIM,

=8m? 4- 6m 4 1 meuérHoe,
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eciim X0Tb OgHO W3 3THX wumcen Oymer ¢opMer 4m.+ 1, 1O
YKa3aHHOe CBOMCTBO MOKHO (OPMYJIHPOBATH TaK:
Ecam o6a wmena p m g ¢opmsl 4m 4-3, To

(D=-()

ecyIM sKe XOTh OfHO M3 HuX PopMmu 4m + 1, TO

(F)=(5)
Hdnsa nowxazarenserBa 3ametnM, uro BBELY Kk fop-
myna (3) TpHEEMaeT BHJ
\ pl axr
(%)=(- 1)21 l (4)
P

—1
Ilonaras Temeps qT = @y, PaccMOTpHM p;q; Hap 4Yncel,

OOJIy4YaeMBIX, KOTJa B BBIDAJKEHHWAX ¢x, py vduCla T H ¥
HE3aBHCHMO ApPYT OT JApyra upoberamT cHCTeMH 3HAUeHHI

=1,2, ..., p, y=1,2 ..., q.

Huxorma He MoskeT OHITH ¢ = py, IOTOMY 9YTO H3 BTOrO
paBeHCTBA CHeoBalo 6w, 9IO py KpaTHO ¢, UTO BBHULY
(p, 9) =(y, g) =1 (rax rax 0 < y < ¢) meBoaMokHO. [loaro-
MYy MBI MOMKEM HOTOKHTE pi¢ =S+ S rae §;-—uHemao
map ¢ gz < py ® Sy;—u9meno nap ¢ py < gz.

OueBmgro, §; ecTs Tarmke 9mEIo map ¢ T < %y.
¢
3nmeck mpm gamHOM ¥ MOsKHO Gpars =1, 2, ..., [{Il y] .

3 2 L2 r ) -
(BBm(y g < ! <5 mMeeM [ g y] <p1.> Cneno
BaTeJIbHO,
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AnanormyenM nyTéM yGemmmca, 910

P,

Sz=§i [_,qp_ x] .

Ho Torma pasemcrBo (4) maér mam

ORERORSE
(5) ()= tpnm o,

OTKYyHa H cJjeyeT OTMEYeHHOE CBOWCTEBO.

HOITOMY

§ 3. CamBoan fAxobn

a. UroGm cpenare BhHYmcleHme cEMBona Jlemammpa
Gomee OGHICTDHIM, pacCMaTpHBAOT Gojee OGmMMHA  CUMEOA
Axobu. HyCTL P —neubrnoe, OGonwmee epuBHENE, H
P=pp, ... pr— pasnoskenue ero Ha MPOCTHE COMEOKATENN
(cpezm HEX MoryT Obite m pasmme). Ilycrs, naiee,

(a, P)=1. Torga cumson fIxobn (—%) onpefensAerca pa-

(#=GIGE) G
P P1 p/ pr/’
WUzpecTnbie cBodcTBa cHMBOnA JleskaHIpa [AIOT BO3MOMK-

HOCTH YCTAHOBHTH AHANOIHYHEE CBOJMCTBA M [JIF CHMBOJA
Axobu.

b. Eciu a=a,(mod P), mo( ) (“1)

Teitcremrenso,
(%)=(%9(%)~-C%)=
-GG ()=

HoroMy 49ro a, OyAyum CcpaBHEMO C @, 10 Momyan P,

BEHCTBOM



§ 8. CUMBOI AROBY -

"

Gyner cpaBHEMO € a; W IO MOXYJAAM Dy, Ds, ..., Pp, KOTO

phie ABIAKTCA felmrenamu P,

()=

B camom peae,

(D= () ()t
d. (113—1>=(~1)P_2_1

Yrobul y6eguTECS B 9TOM, 3aMETHM, WTO

GF)-GIGE)- (

-1 py—

=(— 1)2*2

L s
HO

P 1_pipe. pr——1

(1+2”1 1)(1+2P2 . (rel 1)...

LR LN +’—’T—+2N,

BBEny dero 3 $opmyis (1) BEBoOAEM

P-1

(3)=-0F
o @FD)-(3)(E) ()

HeiictBaTeN BHO,

abp1 > (ab )

() (D) ()

(1)
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cobmpasd CHMBOJH C OJWHAKOBEIMH YHCIAMTEIAMH, MH H
HONyuMM yTBepnaeMoe cBoiicTeo. OTciona cieficTBHE:

)=

(B)=-0F

HefcTBuUrensno,
B=-BE) - &
p? 1 pi-1 pi-1
=(—1)T+T+"'+ o @
Ho
Pz‘—i:lﬁp%---pf--—i_
8 8 =
<1+3P1 ><1+8p2 1) <1+8pr 1)_1

2 L +”"‘1+2N,

BEEAy dero m3 QopMyns (2) BHBOAEM

B=-0%

g. Ecau P u Q— nosoorcumensusie Hewémiuvie 63aUMHO

npocmee, mo
()=(-7 ().

~ HeiicrsatenbHo, mycTh Q= ¢,1q; ... g, €CTH pasiosxenue Q
HA NpOCTHe COMHOMHETeNH (CPeId HHUX OHATH-TAKE MOFYT
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6uiTe paBaHe). MeeM

-GG - (,,,) HH( L) =

Ho, mopobuo tomy, xak B d, maxogum

P—-1 2 _}_21\/ Q—1=2 + 2NV,

BBEly 4Yero mociefHas dopMmyna paér

P—1 Q-1
QY _(—nT T (L
P =( Q/°
Ilpamep. B kauecTBe mpmMepa HA BHYACICHES CHM-
Bona Jlexxamnpa (mpm sToM 6yaemM paccMaTpEBaTh €Tr0 . KaK

9aCTHHM caydait cuMBoia flkobm) mcciemyem, HMeeT an
pellieHre CpaBHEHHE

22=219 (mod 383).

FMeeM (npuMeHss1 NOCJeNOBATENBLHO CBOUCTBA g, b, caen-
creme e, g, b, e, f, g, b, d):

219N 383 164 <
219/ =

383)7" T \219/ T 219

=—(7)=- 4—1)=—(ﬁ>(4—71)=
=—(@)=-(7)=-F)=t

CJIeMOBATENIbHO,  pACCMOTPEHHOe CpPAaBHEHEe  HMeeT ~ IBa
pelnenus, ‘
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§ 4. Cayuaii cocrasHOro Mopmyas.

a, CpaBHenMA BTODO#l CTEmEHH OO COCTABHOMY MOZIYJIIO
ACCIAEAYIOTCA M PeINAlICA COracHo oOmEM yKa3amHuAM
§ 5, ra. IV,

b. Hauném co cpaBHenums Bupa
2?=a(mod p*); a>0, (a, p)=1, (1)

rie p— HpocToe HedéTHoe, ,
Ilonaraas f(z)=2%—a, Oynem mwmers [ (z)=2z,
m ecim x =z, (mod p) ecrs pelmeHne cpaBHEHU:

22= a (mod p), (2)

to BBUAY (@, p)=1 Tamme (z;, p)=1, a Tak Kak p Heudr-
Hoe, To (22, p)=1, T. e. f'(x,) me pmemmrcsi ma p. Ilosro-
My K paspiCKaBHMIO peimenHmii cpaBHeHma (1) MokHO upmme-
HETh paccymperns b, § 5, ra. IV, npmuém raspoe permenme
cparenuA (2) pacr omao pemenye cpasHenua (1). M3 cka-
3aHHOr0 BBEIBOJ(HIM, 9TO

Cpasnenne (1) umeem 0éa pewenus uan oce nu 0dHoz0,
€ sasucumocmit om moeo, 6ydem au wucao a keéad pamud-
HBLM BBINEMOM WAU 34 HEGLIUemOoM Nno ModyYao p.

¢. Tenepr paccMoTpEM cpaBHeHHe

2?=a(mod2%; a«>0, (a 2)=1. (3)

3mecs f'(xy) = 2x; memuTca Ba 2, W IOTOMY pACCYIEHHSA
b, § 5, ra. IV munenpmMenmMsl; OHE [OJIKHEI OBTH BHJC-
H3MEHEHE! CJICRYIOmAM 00pasoM:

d. Ecan cpaBmenmwe (3) paspemumo, 10 BBELY (a, 2)=1
nmeeM (z, 2)=1, t. e. x=1+2¢, rne ¢—uenoe. Cpas-
genne (3) NPHHEMAET BHUJ

1+4t(t+1)=a(mod?2”).

. Ho ommo m3 wmcenm ¢, ¢ +1—wubrmoe, mostomy 4f(t-+1)
kparso 8. CnemoBaTensno, [ paspelIIMOCTH MOCJETHErO
CPaBHEHHA, a BMECTe ¢ TeM M cpaBHeHEmA (3) Heo0XoAmMO

a=1(mod4) opm a=2; a=:1(mod8) npm a>3.- (4)
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e. B cayuaax, worma ycmosma (4) me mapymenw,
pacCMOTDHM BONPOC O pa3HCKAHWE peINeHAH H HX dHCIHe.

Hdna cxyuaeB a <3 BBEAY d CpaBHEHHIO YHOBJIETBO-
pAloT Bee HeudTHHe uncia. IloaroMy cpaBHenme z%=a (mod 2)
mMeeT OfHO pemenre: z == 1 (mod 2), cpaBrenne 7%= a (mod 4)
uMeeT /iBa pemenns: z== 1; 3 (mod 4), cpaprenne z%== a (mod 8)
nMeeT veTHpe pemenma: z==1; 3; 5; 7 (mod 8).

Jnaa paccmorpenmsa caydaeB a=4, 5, ... Bce HeYETHEIe

uygcna noJesHo Oo0HeMHETE B ABe AapApMeTHIeCKHe Ipo-
rpeccHu:

z =+ (14 4ty) (5)
(1 + 4t3=1(mod4); —1—4t;= —1=23(mod4)).
ITocmoTpum, wakme m3 umcest (5) YROBJETBODAIOT CpaBHe-

amo z?=q(mod 16). Haxonum

(1 +4tg)?=a(mod 16), t,=2" (mod 2),
ty=1g+2ty, = (14 415+ 8ty) =3 (z4+ 8t,).
IlocMorpnM, Kakme u3 NOC/ENHAX YWCEd YIOBJIETBOPHIOT

cpaBReHAK0 2%:=a(mod 32). Haxomam
(z4+ 8t4)°=a(mod 32), t,=12,+2t;, z= (z5+ 16¢;),

n 1. . Takmm nyréM yGemmmcs, €ro upm mobom o > 3
3HAYCHAA ¥, YJoBjeTBOpAKOmMEe cpaBHeRmIO (3), mTpen-
craBaTca B fopme .

T =+ (z. + 2*74,).

9rr 3HaveHEs ¥ oO6pas3yloT dYeTHpe pAIF TIWX pelIeHHA
cpaBuernna (3)

, T=2%a; xa+2“"; — X, — T — 27 (mod 2%)

(no monymoo 4 nBa mepBHIx cpaBHEMH ¢ 1, a mBa mocilen-
HHAX cpaBHAMH ¢ —1).
Ilpramep. Cpasuenue

2?==57 (mod 64) (6)
peEny 57==1 (mod 8) mMeer wernpe pemenns. IIpepcrasass
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Z B Q)opme r =+ (1'+ 4¢3), maxommm >
(14 45)*=57 (mod 16), 8ty = 56 (mod 16),
t3=1(mod2), ¢;=1+4+2t; z=4(5+8t,),
(5+ 8t4)2==57 (mod 32), 5 - 16¢,= 32 (mod 32),
ty=0(mod2), t,=2t;, z=-+(5+16t),
(5 + 1625)?= 57 (mod 64), 5 - 32t;=:32 (mod 64),
t;=1(mod2),  t;=1+42t, x= 4 (214 32¢,).
HosTomy pemennma cpasmenua (6) 6ymyr:
x =+ 21; 4 53 (mod 64).
f. s ¢, d u e cuemyer:
Haa cpasnenus
x?==qa(mod2%); (a,2)=1
HeobxoduMulMu  Yeacsuamu  paspewumocmu  6ydym, a==
=1(mod 4) npu a=2, a=1 (mod8) npu a>3. Ecau smu
ycaosuR me HApYwiensl, wucao peuwternull 6ydem: 1 npu a=1;
2 npu a=2; 4 npu a>3.
g. Uz b, f na, § 5 ra. IV caenyer:
Haa cpaswenus ofiugeeo uda
z?z=qa (mod m); m=2"p{1p;2... ppk; (a, m)=1
HEOGLOOUMBLMU YCerosUAME pa3pewusocmu 6yoym;

a==1(mcd4) npu a=2, a=1(mod 8) npu a> 3,

=)=, (7)?;)-_1 ?“;}:1.

Ecau vu o0no us smuz ycaosuil He HapywieHo, 4ucAo peule-
1
naii 6ydem: 28 npu a._O unpn a=1; 22" npu a=2;
2”‘L2 npu o> 3.
Bompocsr k raase V.
Bywsowo p sfleck Becerna o6o3HazaeM- NpoOCTO@ HBUETHOS- YHEJO.
1. [lokasarte, 1TO PasHICKAHWE PEUWleHWA CPABHEHHA BUAA
az?+ bz -+ ¢ = 0 (mod m), (2a, m)=1
CHONMTCA K PABHICKAHAI. pemeHmid .cpasmemsmsa BmEaa z? =g (mod m)..
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2, a. Ilomeaysace e, § 1; walTH. pemeH#uA . cpasHeHUA: (B ciydae
ero BOSMOMKHOCTH) ) ]
‘z¥ = a(mod p); = p=4m+3.

b. Ioisysce b n k, § 2, ykasarh cnoco6 paskcrauus petde-
HWH CPaBHEHNH BHIA
z? = a (mod p); p=8m +5.

¢. YKasaTe BO3MOMKHO Goiee IIpOcTOH ¢HocO6 pasHcKaHUA pelife-
HAN CpaBHeRHMH BW(a

z® = a (mod p); p=8m+41

B cJiydae, KOrjga HM3BecTeH HCKOTopHﬁ KBalI])aTH‘IHHﬁ gepsuer N 1o

MONYTIO p.
d. IMToassysack Teopemoii Bujbscoua, NRUKA3aTh, 4ro pelleHH:A

CPaBHeHH I
2?2 +1 = 0 (mod p); p=4m+1

oynyr
z=4+1-2...2m(mod p)

3, a. Jorasars, 4TO cpaBHeHHe
z? + 1 = 0 (mod p) (€))

paspenmmMo TOrAd M TOJILKO TOrAa, KOTHA p mMeeT vl 4m +1;
cpaBHEHHE .
z? + 2 =0 (mod p) (3]

paspemlaMo TOTJA M TOJBKO TOTjA, KOTHA p mMeer pujx &m- 1 nom
8m + 3; cpaBHeHRme

224 3= 0(mod p) 3)

paspemmMo TOrza M TOJBKO TOrpa, Korja p mmeer BEA Om -1,
b.. [lokazats GecKOHeWHOCTh WHCIA IPOCTHIX wmces BEAa 4m + 1.
¢. Jlokasath GeCKOHEYHOCTH YHCJIA IPOCTHIX wHces Buaa 6m + 1.
4. Tlycre, pasbmsaa umcaa 1,2, ..., p—1 Ha 71Be COBOKYIHO-
CTH, BTOPaA M3 KOTODHIX GOJEPIHHMT He MeHee OJHOTO HHCJIa, HMeeM:
npousBeieHNe IBYX 4UHCEX OXHOM COBOKYIHOCTH CPAaBHUMO IO MO-
XYJII0 p' ¢ YHCIOM IEPBOH COBOKYIHOCTH, a MPOM3BelieAHe ABYX 1Hce]
PasIUYHBIX COBOKYIIOCTEH cPABHHMO IO MOIYJUO p C MHC/I0M BTOPOM
COBOKYNHOCTH, JlOKasark, 4T0 HTO OyAET TOTAA ¥ TOJBKO TOrA, KOTAA
IepBasg COBOKYIHOCTH COCTOMT M3 KBAIPATHYHHEX BEIIETOB, a BTOPAHL —
H3 KBAJPAaTUIHBLIX HEBHYETOB II0 MOAY/II p.
b, a. BHBe¢TH Teopmio cpaBHeHWM BUJA

@ =a(mod*);, (a, p)=1,

npenc’rannﬁﬂ a U z B cucTreMe HCYAC/IACHHA ¢ OCHOBAHWEN 7.
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b, Bepect® TeOpENIO cpanmenmi BHja
3 =a(mod2*); (s, 2)==1,

npelicTaBIAA @ U Z B CHCTeMe HCYUC/ICHHA ¢ OCHOBaHHeM 2.
6. JloxasaTs, 470 perIeHHA CPaBHCHHA

z*=a (mod p*); (a, p)=1
Gyayr z = + PQ’ (mod p*), rae
p@+Va)l+(@—Va)

= 5 =,

_G@+Va)—a—Vay
- 2Va '
22=a(mod p), QQ’ =1 (mod p*).

7. Yxasarp cnoco6 pemenuss cpapHends z? = 1(modm), ocHo-
BAaHHEHH HA TOM 06CTOATENBCTBE, YTO YKA3AHHOE CpABHEHHE DABHO-
CHIIBHO TAROMY: (z~—1) (z + 1) = 0 (mod m).

8. Mycrs (i)=0 npa (e, p)=p.

Q

a. Hpm (k, p)=1 poxasate, 9T0
p—1
2 (x(x-ka))___i .
— .
=0

b. Iycrs kammoe u3 wdces ¢ ¥ v WMeeT OAHO W8 3HAYEHHAH + 1,
T —umego wap z, x=-+1, rge z=1, 2, ..., p—2, c ycaosuem

(i)._ﬁ (le)_ JTokasats, 4To
P ) p -Y)' ¥
i —1
T=——< __2._3(_...)_ — )
(s )

c. yers (k, p)=1,
. zy + k
S_22< P )
z vy

e z ® y npoberalor Bospacraloniae I0CIeNOBATENTHHOCTH, COCTA-
BIeHHHE COOTBETCTBEHHO W3 X m Y BHYETOB MONHOM cHCTeMH MO
Mopymo p. Jlokasats, 4TO

S| < V2XYp.

;lma pgoKasaTembcTBA CEAyeT BOCIIONBSOBATECA HEPABEHCTBOM

ner3[3(5
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A

\
-d. Ilyers Q—meitoe, 1 <Q < p,

p—1 Q-1
S+ 3
) S= ) 5% Sw'—'Z( > )
x=0 z=0

a) HNowrasars, uro S=(p—~Q)Q.

§) Hyers A—mocrosrnoe; 0 <A << 1. [oxasare, uro vmcao T
qucen paga r=0, 1, ..., p—1, 1O KOTODHX He BHIIOJHACTCA yCJO-
BOE S, < Q0’5+0’5 A YAOBIIETBOPAET YCIOBHIO T<pQ"".

7) yers p > 25, M —uenoce. Jokasare, uTO B paxe

M, M+1, ..., M+3[Vpl—1

EMeeTCH KBaJPATHUYHEIE HEeBHYET 10 MOAYIIO p.
9, a. JloxasaTth, UTO 9HCJO Ipe[cTaBieHHH mexoro m > 1 B BHAe

m=z*+y?, (2, y)=1, 2>0,y>0 &)
pAaBHO uHMCIy peleHuil cpaBHEHHS
2241 = 0(mod m). (2)

Jla moK43aTenbCTBA, NOIOKHAB t=V m, BOCIOIB30BATHCH mpen-
z
CTABINEHHEM a=_ - COTMIAco Teopeme Bompoca 4, b, rn. I, m paccmo-

TpPeTh cDaBHeHHE, MNOIIY9aeMoe IOYJeHHBIM YMHOeHHeM (2) Ha Q2
b. Ilycte a—oano m3 wmcenm 2 m 3. [loKasaTh, |TO YHMCNIO Hpef-
CTABICHANA IIPOCTOTO p ¢ YCIOBHEM p > a B BHIE

p=z*tay?, >0, y>0 )]
[ABHO IQJIOBHHE WHCJIA PeUIeHME CpaBHEHH
2% 4 a = 0 (mod p). (4)

¢. Iycts p mmeer Bap 4m+1, (k, p)=1.

S (k)= %:(-——’ by,

Horasare, uro ([. C. T'opmxos)
a) S (k) —vuérHO® WHCTO.

B s G =(5)s m.

Y1) Hpm (%):1, (%):—1 mMeeM (cp. BOnpoc &)

P=(%S (r)>2 + (—%—S (n)>2.

+
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10. Mycts D—menoe MONOMATENLHOS, He MBJIAIOINESCH KBAjpa-
ToM meyoro umcna. JloKasaThb, 4ro:
a. Ecam npE namBoM menoM k ypaBHeHHWIO
) 22— Dy?=k
YAOBISTBOPAIOT pABe MapH HENHX x=zx,, Y==Y, B T=2Zy, Y=1s.
TO ypaBHEHMIO
: X2 —-DY?=Fk?
YAORJeTBOPAIOT menkle X, Y, ompeneniseMile paBeHCTBOM (3HAK +
BHOMpaeTCA NPOM3BOIBHO)

X+YVD =24+ VD) £ VD).
b. Vpaenerme (ypasuenwe Ilemsm)
: z*— Dy*=1 M
paspemaMo B IEJHX MOJOMKHTENBHEX Z, Y.
e. Ecnm zy, yo—0apa MONOKATENBHKX &, Y ¢ HANMEHBLIIAM &

(umm, uTo paBHOCHAEHO, ¢ HamMensmmM z +y V D ), VIOBIETBOPA-
wmasa ypasEenuio (1), To Bce TMapH TONOMKHUTENBLHBIX 2, Y, YHAOBie-
TBOPAION{EE BTOMY YPABHEHHIO, ONDBAETAIOTCA pABEHCTBOM

e+yVD=(z+yVD); r=1,2 ... (2)
11, a. Ilycre a—mnednoe.

p—1 . ax
2ni —
— z p
V=3 (£)e 7.
x=1

a) Ilpu (a, p)==1 poxasare, 910 ]Ua,p{_—_;/;,
T poKasaTenbeTBA CIEAYeT CYMMY U,, p YMHOKETE Ha COUPS-

MEHHYI0, IMO0AyuaeMylo B3aMeHoH [ ma —i. (6osEauas GyKBaMH z,
I z TNepeMeHHHe CYMMADOBAHHA OCHOBHOH M CONpAMEHHOH cyMmM,
ciefiyeT cobpaTh BMecTe T€ WIEHE NPOoM3BeN€HAs, Tje NpH AAHHOM !

zy = xt (mod p),
TR jKe
z; = x4+t (mod p).

(55
p/ Uy,

b. Iyere m > 2, (a, m)=1,

8) HNoxasare, uro
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a) Jlorasars, uTo S, = a, p (BOIpOC a).

B) Ya Teopem BOmpOCOB @) H &, o) CIEAYeT, UTO S, ,= Vr.
Hokasars caegyommit Gonee ofmumit pesyasTar:

|5, m|l=Vm, ecnm m=1(mod?2),
[ Sq, m1=0, ecan m = 2(mod 4),
IS, m‘=‘/-27”-, ecig m = 0 (mod 4).

7) Hycrs m > 1, (24, m)=1, a=nwboe nemoe umcao. Jloka-
3aTh, 9YTO

m—1 LAx?+ax

2m——m— ,
3o v
x=0

12, a. ITycte m—nuesnoe, mnpeBocxopamee 1, M u Q—nemsie,
0L M<M+QLm, 2 oGosHAuaeT cyMMy, pacHpocTPaHEHHYIO INO
z

2 Ha BAJIAHHYIO COBOKYIHOCT IEMHX 9HCET, a ) 0603HAMAET CyMMY,
z

pacrnpocTpaEHHYIO 10 2 JMIOb HA WHCJA HTOH COBOKYIHOCTH, CPAaBHH-
MEle 110 MOAYIIO m C YHCIaMU

M, M+1, ..., M+Q—1.

Mycrs, manee, ¢ynrnua @ (z) Taxosa, YTO NPH HEKOTOPOM A H ITio-
6om a=1, 2, ..., m—1 umeeMm

| S e o

i

318

PN

Joxasate, 11O

> @(z):% S @ (2)+ 01 (In m—9),

2
!

roe |6} < 1, 8 > 0 Bcerna, & > % opm m > 12, 6 > 1 npn m = 60.
b. Iycrs M 1 Q—ueante, 0 < M < M +Q < p.
a) Jlokasare, 49To

M+Q-—-1

3 @<y
=M
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8) Iyers R—vu@cn0 KBafpPaTHIHKX BHEYeTOB H [V --uHCI0 KBa-
ApaTHYHKIX HeBHueTOoB B pame M, M +1, ..., M+ Q-—1. [loxasars,
910

1 6 _,—- L8 -
R=7Q+7VP111P, N=§Q——2—Vplnp; [6] <1

1) ®opmyan Bompoca B) BEIBECTH, NO;b3yACh TeopeMol Bompoca

11, b, 8) m Teopemoil Bompoca a.
8) Hyers m > 60, (24, m)=1, M, n Q, —nense, 0 < M, < M, +

+Qy < m. Jokasats, uTO

Mo+ Qo—1 2,“.'12:_2
2 e " i< Vminm,
x=M0
e) Ilycre p > 60, (4, p)=1, My, u Qy—unenne, 0 < My < M,+

+Qy<p nu T obosnayaer wuHca0 wuucen paApa Az z=»M,,
My+1,..., My+ Qy—1, cPaBHEMHEX 10 MOAYIIO p C YHCIAME PHJA

M, M+1, ..., M +Q—1. Jlorasats, 410

T=Qp—‘£ +67 p(In p)2.

¢. ®opmyan Bonpoca b, B) BHBecTn, paccMarpuBas CYMMY

p—1p—1 M+Q—1 M+ Q-1 .8 (x—ay)
2nf ————
33 3 2(G) 7
—; e
a=00=1 x=M y=M
Yucaenspie IpEMepsl K riase V.
1, a. Cpez BEYETOB NpPHBEJSHHON CHCTEME! 110 MOAYIK 23 yxa-

3aTh KBaJ(pATHYHLIE BEIUETH.
b. Cpean BhueToB UpPUBEJAEHHOM CHCTEMH IO MOAynw 37 yxa-

aan;fx;gg;;;g;x;ﬂng:z Léq?h;uasan YUCJIO pemeHMH CpABHeHM
a) z® = 3 (mod 31); B) 22 = 2(mod 31).
b. VkasaTe uncio pemeHNH cpaBHEHWH:
a) z% = 5(mod 73); B) 2 = 3 (mod 73).

3, a. Brumensaa cumBon flko0y, yxasaTe YHCIO PpeleHHA cpas-

HeHnH
a) 22 =226 (mod 563):  3) 2% = 429 (mod 563).
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b. YkasaTe 4HC/I0 pemleRd# cpapHeHHMH
a) z* = 3766 (mod 5987); B) z* = 3149 (mod 5987).

4, a. Ilpamenaa cmoco6m Bompoco 2, a; 2, b; 2, ¢, pemnts
CPaBHEHHAA:

a) 2% = 5(mod 19); B) 2% = 5(mod 29); 7) 2*= 2 (mod 97).
b. Pemuts cpasEeHNA:
a) 2% = 2(mod 311); B) 2® = 3 (mod 277); 7y) 2* = 11 (mod 353).
5, a. Pemunrp cpasmenme 2? = 59 (mod 125) cmocobamu
a) b, § 4 B) sompoca 5, a; y) sompoca 6.

b. Pemure cpaBEeHme z® = 91 (mod 243).
6, a. PemnTs cpaBeHEe z2 = 41 (mod 64) crocobamn:

a) e, § 4; B) sompoca 5, b.

b. Pemuts cpaBEeHHe 2% = 145 (mod 256).



I'JIABA MECTASL -
IIEPBOOBPASHBIE KOPHM 1 MHAEKCDI.

§ 1. O6mue Teopemsl.

a. llpu (a, m) =1 cymecTBylOT IONOKUTEIBHKEE Y
¢ ycaosueM a¥=z1 (modm), wmampumep (Teopema Jiinepa)
v =¢(m). HamMmenbmee u3 HuXx BasEBaeTca: noKasamead,
KOMopomy @ npuradiexcum no modysw m.

b. Ecau a no mpdysw m npunadaencum nokasame-
a0 5, mo wucaa 1 ¥, a, ..., a1 no mobyawo m mHe-
CPAGHUMBL.

Heitcrpurenbro, u3 al=dak(modm), 0Kk < I <?¥ cae-
nopaito G a'~¥==1(modm); 0 <{—%& < 3, uro mporusope-
9UT OIPEjEIIeHUI0 5.

c. Ecau a no modyaw m npunadaesncum nokasamesio 6, mo
a¥==a" (mod m) moeda u moavro moeda, koeda y==y’ (mod 3);
¢ wacmuocmu (npu ¢ =0), av=1 (mod m) moeda u moavko
mozfa, kozda y Oesumca na &,

HelictpuTeqbHo, ILyCTh 7 M 7y — HauMeHBIINE HEOTPH-
naTejbHBle BHYETHL uHced Y B Yy’ 10 MOJAyII0 ©; TOrxa IpH
HEKOTOPHX ¢ W ¢, uMeeM Y=23g+r, 7 =8¢, + r;. Orcioma
n m3 a®*==1 (modm) caexyer

a¥ = (at)%™ =a" (modm),
a’ = (a¥)%1g" = q" (mod m).
Ilosromy a¥==a"1(modm) 7TOrma W TOABKO TOTNA, KOI'NA
a'=a" (mod m), t. e. (b), worma r=r;.
d. U3 ¢¢(™=:1 (modm) m m3 ¢ (y'=0) caexyer, uro

¢(m) pmenurca BHa 4. Takmm oOpasoM noxasamesu, KOmo-
JuM yueaa npunadiencam no modyaw m, cymb Oeaumenn
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@(m). HanGonpmmii W3 3THX jedmTeNei ecThb caMo @ (m).
Yuca, npmmapmexamue noxasarenio ¢(m) (ecam Taxme
CYMECTBYIOT), HasHBAIOTCA 7epe000 PASHULMU KODHAMU NO
#modyaio m.

§ 2. llepBooGpasHbie KOPHR 10 MOXYIAM p* u 2Zp*.

a. Ilycre p—npocroe meudrooe m a > 1. oxamenm
CymecTBOBaHMe MepBooGPA3HEIX KOPHEH 0 MOgynsam p* u 2p*.
" b, Ecau z no modyaw m npunadiexscum nokazamenio
ab, mo z* npunadaexmcum noraszamenio b.

HeficTBuTentio, nycth 2% HpPHHAIJIEHKUT IOKA3aTeNio 3.
Torma (z%)’==1 (modm), orryma z*°=1 (modm); caego-
BaTenbHo (¢, § 1) a) pemmrca Ha ab, T. e. ¢ pemmrcA Ha b.
C  gpyroit cropomsl, z*®=1 (modm), orkyna (z%)P=
=1 (mod m); cneyosarensHo (¢, § 1) b neaurcsa na &, llosromy
§=0. :

ce. Ecau x no modyaio m npunadaescum noxazamento
a, a y—nokasameaio b, npuuém (a, b)y=1, mo zy npu-
Hadsewcum norasamenrto ab.

HelicrBureIbHO, IYyCTh Y NPUHAIIEKHAT IOKA3ATENI0 §.
Torga (zy)®=1(modm). Orcioma z¥y®=1 (modm) =
(¢, § 1) 2¥®=1 (modm). Ilosromy - (¢, § 1) bi pemnrca
Ha @, W BBRANY (b, a)=1 & genurca va a. Tak e Haxo-
jM, 9ro & jeantcs Ha b. [lensick ke ma a m Ha b, mBHIY
(a, ) =1 3 pemmtea m ma ab. C pgpyrofi cropoHH, B3
(zy)?* = 1 (mod m) caenyer (¢, § 1), 9r0 ab yemmrca Ha 3.
[oatomy & = ab.

d. Cywecmeyiom nepeoolpasnsle KOpwu no modysio p.

Heiictaurensno, mnycrb < — ofmee HamMeHbIee Kpar-
HOe BceX TeX MHOKasarelleil

N a17 82! sy ari (1)
KasKJIOMY U3 KOTOPHIX N0 MOJYVII0 ' P LIPHHAIJIEIRAT XOTsA OBl
oxHo gmedo psaga 1, 2, ..., p—1, muycrs T = gi1gs? . . . gpk —

HaHOHMYeCKoe pasloJKeHHe YHCJIAa T; TOIIa LpA KarKaoM §
cpex  meor (1) cymecrByer HeroTopoe 3, Feasmeecs

Ha. qse 1 TeM caMBIM OpejcTaBEMOe B q)opMe & =aqss. Ecau
T — TUCJIO, NPUHAJJIeKamee MNOKA3aTelo 8, TO, cormacHo b,

zs=:t: HIpRHANJICKAT nonaaaTemo qs . Crasamnoe OTHOCHTCHA
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ks=1, 2, ..., k; COrIaCHO © UHCAO g=2,%; ... Z; UpH-
HAUIXKAT TOKA3aTeN0 ¢;lg5s ... ggk =T,

Ho mockombky mnokasatenn (1) cyTs penmrenm umcia <,
o Bee wmcaa 1, 2, ..., p—1 ynoBuersopsawor (c, § 1)
cpapHeRmI0 z* =— 1 (mod p). 3maumr (¢, § 4, ra. IV),
p—1<<. Ho t— penurens wncia p— 1. Ilosromy t=p ~1,
T. €. g — nepBooOPa3HEl KOpPeHb.

e. Ilyemv g —nepeoobpasueil kKopens no modyaw p.
Moocno yrasamdv t ¢ ycaosuem, wmo u, onpedessemoe
pasercmeosm (g + pt)?~L=1+ pu, ne desumcs na p. Coom-
semcmeyoujee g + pt 6ydem nepecob pasHslm KODHEM NO
M0OYa10 p* npu awbom o > 1.

HeficTBHTeNBHO, HMeeM

gp-l =14 PTo,
g+ pyr-t=14p(To—g*~%+ pTl)=1+pu, (2)
Te, OHOBPEMEHHO ¢ I, u npoberaer MONHYIO CHCTEMY BHYETOB
no moxymio p. IlosToMy MoKHO yKasaThb { ¢ yClOBHEM, UTO U
He penurca Ha p. llpm yxasamHoM ¢ u3 (2) BHBOZAM TarGKe
(g+ pt)P =1 = (1 + pu)p =1 + pu,, }

(g + Pty == (1 + prug)? = 1 + puy,

---------------------

3

rae 4, U3, ... He OEJATCA Ha p.
Ilycrs g+ pf W0 MOAylio p* OpPEHAIEIKAT [OOKA3A-
rexmio 5. Torga
(g + pt)=1(mod p). (4)
Orciopa (g + pt)*=1 (mod p); cuenoBaTenbHO, 3 KpAaTHO
p—1, a Tak Kak ¢ gemnt ¢ (p*)=p*~1l(p—1), TO
t=p 1 (p—1), rge r—opao m3 umcen 1, 2, ..., a.
dameHnas JEBYI0 4YacTh CpaBHeHHA (4) eé BHpa)KeHHeM H3
COOTBETCTBYIOmero u3 paBeHCTB (2) m (3), moayuum (u =u,)

1+ pu,=1 (mod p*), p"= O0(mod p*), r =a, d=9(p*),

“T. . g+ pt~—mepBooGpasHRI KOpEHb IO MOXYJII p*.

f. IIyemv» a>1 u g,—nepeoobpasnsili ropenv no
Modyawo p*. Hewémmnoe us wuces g, u g, + p* 6ydem nepeo-
06pasrbim KOpHeM NO MmodYyso 2p*.
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HeiicTeRTENbHO, BCAKO® HEYSTHO® 2, YROBIETBOPAIIIEe
ofHOMy W3 cpaBHeHuit z¥=:1 (mod p*) m 2¥z=1 (mod 2p*),
09eBUJHO, YIOBIeTBOpsdeT ® Apyromy. IlostoMy BBHRY
¢ (p*) =¢(2p*) BeAKoe HEUETHOe &z, SBIAKMEECH IMEPBO-
00pa3HEIM KOpHEM IO OJHOMY W3 MOXRYJeil p* m 2p%,
ABIsieTcss mepBooGpasHEIM KopHeM m mo apyromy. Ho m3
IABYX TepBooGpasHBIX KOpHeH g, @ g;- p* IO MORYIo p*
OJIMH — HEpPEeMEHHO HeYETHHI; OH, cJefoBaTelbHO, Oyner
HepBoO6PAsHEIM KOPHEM U IO MOAYIIO 2p%.

§ 3. Paspickamue mepBooGpasmbIX KopHei
oo MOPyisaM p* m 2pe.

IlepBooGpasnsle KOpHE HO MOmyJIsAM p* u 2p*, ryue
P —IpocToe HEUETHOEe W a > 1, MOKHO pasHICKHBATH, IOJIB-
3ysch ciiepylomen ofmed Teopemon:

IIycms c=9o(m) u qi, Gy ..., q — pasAuYHLIe NPO-
cmute deaumesn wucaa c. [Aas mozo «mobsl wucao g, 63aUMHO
npocmoe ¢ m, Ovi0 NepeoolpasHLlM KOpHeM RO MOOYAID m,
Heobzodumo u docmamouro, 4mobsl smo g He YI0eAemeopano
Hu 00HOMY U3 CpasHeHuil

c C [+
g =1 (modm), g% =1 (modm), ...,g% =1 (modm). (1)
HeficreuTensHo,  ecam g — mepBooGpasHEI  KODEHS,

TO TeM caMhIM OHO NPHHAJIERWT [OKasaTeal ¢ U, Cle-
AOBAaTeIBHO, HA OJHOMY M3 cpaBHeumil (1) yHOBIeTBOPATH
HE MOJKeT.

O6partno, momycTuM, 9TO £ He YIOBJIETBOPSET HE OFHOMY
u3 cpasuennii (1). Ecim 6W Tmokasarenbs §, KOTOPOMY HpH-
HaJIeKAT g, OKasajlcd MeBBHIe ¢, To, ofo3Hagas OyKBOWO ¢

v C c
OflAH W3 HPOCTHIX JeluTeNed =, ME uMenn OH = qu,

¢ o £

7 = g?=1 (mod p), 4UTO HPOTHBOPEUUT HANIEMY JHOIY-

mMeHA0. SHAYAT, 8 = ¢ U g — IepBoOOPasHEIl KOpeHb.
IMpamep 1. lUycrs m=41. Umeem ¢(41)=40==23 .5,

%9: 8, —2—;20. CregoBaTesbHO, 1A TOro 4rolH 4MCAO g,

He Hemsmeeca Ha 41, OHIo nepBooOpasHEIM KOpHeM NO
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monymio 44, meobxoguMo m [gocraTouHo, uUTOGH BTO g
He YHOBJIETBOPAIIO HA OZHOMY H3 cpaBHEHHA

gt==1 (mod41); g¥°=1 (mod 41). (2)

Ho, ncomitmBas uncaa 2, 3, 4, ..., HaxogaM (1o Mopyo 41)
28=10, 3%=1, 4%8=18, 58=18, 68=10,
220 =1, 40 =1, 5%=1, 62°0=40,

Orcropa BHpmM, uro uwmcaa 2, 3, 4, 5—mHe mnepsooOpas-
HEle KODHH, TaK KaK Kaj0e N3 HHAX YHIOBIETBOPHET,
00 KpaiiHeid Mepe, ogHoMy m3 cpanHeHmi (2). Umcmo 6 — mep-
BoOOpasHEIA KOpeHb, TaK KAK OHO He Y/AOBJIETBOPAET
HH OJHOMY M3 CpaBHeHWH (2)..

Mpumep 2. Ilycre m=1681=141%. IlepsooGpasusuii
KOpeHb M 37eck MO:KHO OBI0O OB HajiTH, HONL3YysAch o0Ineil
teopemoit. Ho MEl maiigém ero mpome, mupumeHsas Teopemy
e, § 2. 3mas yme (upumep 1), uro muepBoOOpPasHEIA
Kopenb 1o Moxyao 41 ects 6, maxommm

640 = 1+ 41 (3 4 411),
(6 4-412)% =1 1 41 (3+ 410 — 692 + 41T) =1 + 4la.

Uro6st u He pgemmaoch Ha 41 pocratoguo B3aTh £ ==0.
[losroMy B KadectBe 1epBOOOPa3HOT0 KOPHs NO MOAYILI0
1681 moskmo B3ATH Uncio 6 4-41 - 0=6.

MMpamep 3. Ilycrs m=3362=2-.1681. IlepBooG-
pasunii KOpeHb W 37ech MoMHO ObI0 OR HAHTH, HOJB3YACDH
obme#r Teopemoil. Ho Mm HailnéM ero upome, mpuMeH:s
teopemy f, § 2. 3mas yske (upmmep 2), 4To mepBoOOpas3HELIA
Kopenb mo Moaxyaio 1681 ecrs 6, B kauecrse mepsooGpas-
HOIO KOpHA MHO MOAyaio 3362 MOKHO B3ATH HEUETHOE U3
gncesxr 6, 6 + 1681, 1. e. umeao 1687,

§ 4. Unperesl no mopyasaMm p* u 2p*.

a. Ilycrs p—mppocroe wmewérmoe, a>1; m—opmHo wu3
gncen p* m 2p*; ¢ =¢(m), g— uepBooOpasHLIl KOPEHs IO MO-

LYo m.
b. Ecau v npoéeeaem HalLMEHbITLE  HeOM PUYATNENbHble
gotvemer ¥ =0, 1, ..., ¢c—1 no modyaw ¢, mo g¥ npooazaem

npusedénnyio cucme.uy esruemoe no Modyawo m.
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HeiicTeurensHo, gY mpoberaer ¢ wmcesd, B3aMMHO IIpo-
CTHX C m ®, BBEAY b, § 1, He cpaBEHEMEHIX DO MoxymO M.

c. [lna d9ucen a, B3aMMHO IMPOCTHX ¢ M, BBeAEM Io-
HATHe 00 MHJEKCe, NPeNCTABIAmEee AaHAJOTHIO IOHATHIO
o Jorapad)Me; Ip; STOM HePBOOOPA3HHI KOPeHb HIpaer
pOJIb, aHAJIOrMYHYI0 POJIE OCHOBAHHS JOorapH@MOB.

Ecan

a=g" (modm)
(cumraem y>0), To y HasuBaeTca UHJIEKCOM wWUCAL @ O
Modyao m npu ocwosanuu g u obO3HAUAETCA CUMBOJIOM
Y=inda (rounee y=ind,a).
Bouny b Beakoe a, B3amMHO Ipoctoe ¢ M, EmMeeT He-
ROTODBIH eJ[MHCTBEHHHBIN MHJEKC Y’ Cpejad dncell PAxA

v=0,1 ..., c—1.

3Hag §’, MH MOKeM YKa3aTh M BCe HMHICKCH YHCIA a;
cornacHo ¢, § 1 ar0 Oynyr Bece HeOTpHLATEABHEIE UHCIA
Kiacca

y=7v'(modc).

HenocpencTseHHo ©3 HAHHOTO 3aech OIpefelleHEd HH-
Jexca cllefjyeT, 4To 4Wcia ¢ JAaHHBIM HHIEKCOM Y o6pasyior
Klace 4HCell 0 MOLYJo m.

d. Hmeen

indeb.../=inda 4 ind b+ ... 4 ind/ (modc)
U, 8 ¥acmHocmu,
inda®=r ind a (mod ¢).
HeilicrBurensHo,
a=g"™¢(modm), b=gnd®(modm), ...
' ' * oo, [=gindl(mod m),
OTKylla, IepeMHOKAsA, HaXOIHM

ab ...l=ginda+indb+..+ind (mod m).

Caeposarensno, indg +ind b+ ...+ ind /[—ogue w3 wun-
NexcoB IpousseneHus ab .../
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e. Beuny  mpaxrnueckoi nom,am MHIEKCOB JJIA Kaykgoro
TPOCTOTO0 MOAYJIA p (pasyMmeercs, He CIHINKOM GOJILIIOrO)
“cocTaBleHH mabauys undercos. Iro ABe TaGAmUBL; ofHA —
A HAaXOJKNCHHA HMHIEKCA N0 YHCay, JApyrad— s Haxo-
JKOeHHs uHcna mo HHpekcy. Tabiammbl copep/RAaT HamMeHb-
Imue HeOTpHUATe/JbHEE BHYETH uncel (IpUBeIEHHAA CHCTEMA)
A HUX HAWMEHBIIAX WHJAEKCOB (IOJHAH CHCTEMA) COOTBET-
CTBEHHO IO MOHYJSIM p H c=¢(p)=p—1.

IMpumep. [locrporm ykrasanable TabIBOB AAA MORYJA
p=41. Bome 6wmno mnoxasano (opmmep 1, § 3), urO
nepBooGpasHeM KopHeM Ho mouyio 41 Gypmer g=6; ero
MBl mpEMeM 3a ocHoBanme mupexcoB. Haxommm (cpaBHenus
Gepyrcss mo mojuynio 41):

60==1 8=10 61%==18 6%==16 63%° '37
6l=6 6°=19 67=26 6¥%=14 63=1

2= 36' 610==32 618=33 6%*%= 2 634;:_20
63=11 6U=28 6Y¥=34 6¥=12 63%°=238
64—:—'.25 612= 4 6¥=40 6%%=31 6%°=23
65=27 613=24 621=30 6*=22 6% =15
69=39 614=21 62= 5 63= 9 63%= 8§
67=29 61%5.= 3 638=30 681=13 639= 7

Ho3TOMy YHasamuBle Tabnumel OymyT

Nj0o|1|2{3{4|5|6]7|8]9 I(0]1]2(3]4|5(6]7|8|9
0 0]26,15(12] 22| 1| 39 | 38 30 0| 1} 6/36|11|25/2739| 29| 10|19
11 8| 3|27|31{25| 37|24/33 | 16} 9 1 132(28] 4|241211 3|18/ 26 33|34
2 1134|14;29(36(13| 4|17| 5|11} 7 2 1140(35| 5{3016/14] 2412|3122
3 [|123|28[10(18i19| 211 21 32| 35 6, |3 9]13|37:17/20{38(23 15> 8 7
4420 h —

3fleck HOMep CTPOKH - yKa3hBaeT 4WHCJIO J[eCATKOB, HOMep
crosifna — 4mcsnio eanmpmn wmena (mHuerca). B rpade, obmen
YKa3aHHEIM CTpOKe u uro;rl6ny, TOMEIACTCA COOTBOTCTBY-
OmuR UHAEKC (ducio).
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Hanpuwmep, ind 25 nafiném B rpaq)e nepsoit TabnmmE,
ofmeii cTpoke ¢ HomepoM 2 m croabmy c HomepoM 5,
1. e. ind23=4. Ymcmo, mupmexc KoToporo 33, Haligém
B rpade Bropoit TabaumH, oOmeil CTpoke ¢ HOMepoM 3
m croabmy ¢ HomepoMm 3, T. e. 33=ind 17.

§ 5. CaepcrBua npeapipymeii Teopun.

a. llycte p —mnpoctoe mneuérnoe; a>1, m-—omgHo u3
ancesr p*, 2p*, Haromem, =@ (m).

b. ITycmoy (n, ¢) =d; moeda:

1. C pasnenue

2" = a {(mod m) (1)

paspewumo (U meMm camMblm @ ecinb GHNem CMENEHU 1 RO

Mmo0yaio m) moeda u moavko moeda, koeda inda kpamen d.
B cayuae paspewumocmu cpasnenue umeem d pewserui.
2. B npueedénnoil cucmeme ebliemog NO MOOYAIO M wUCAO

c
8blueEmMaAs cmenerHu n ecmbdp rk

Helicrsurensno, cpaBHeHne (1) paBHOCHIIBHO TaKOMY:
nind x =ind a (mod ¢), (2)

KOTOpOe pa3pelmlIMO TOI'Jla H TONBKO TOTAa, Korja ind a
rxparen d (d, § 2, ra. IV).

B cayuae paspemmmmoctu cpaBuenus (2) naigém d me-
CPaBHEMEIX 1O MO0 ¢ 3HadeHmid A ind x; mM orBe-
gaer ¢ HECPABHEMEIX II0 MOJYJ/IO /% 3HAYeHH JIA Z.

Taxam obpasom BepHo yTBepskmenne 1.

Cpenm wumcen 0, 1, ..., ¢c—1, sapagomuxcs HAEMEHb-
IAMA WHIOKCAMZ BHUETOB HPHBENEHHOH CcHCTEMB @O MO-

CAYIII0 m, WMeeTcs % kpateeix d. Ilosromy Bepuo yTBep=
sKaenue 2.
IIpamep 1. dasa cpanuenns
28 ==23 (mod 41) (3)

nMeeM (8, 40) =8, mpmuém ind 23 =236 me pemmrca mna 8.
" Ilosromy cpaBreHue (3) HepaspemmMO.
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Ipemep 2. [na cpaBuenna
212== 37 (mod 41) (4)
nveeM (12, 40) = 4, upmuém ind 37 =32 penurca ma 4.

Ilosromy cpaBHenme (4) paspemuMo, IpPHYEM DTO CPaBHEHUE
nMeeT 4 pelneHmd. YHalaHHBIC pellleHnsa HaAEM caemy-

romuM 00pasoM.
CpasHenre (4) paBHOCHIBHO TaKHM!

12ind £ =:32 (mod 40), ind .« =:6 (mod 10).

Orciopa pasa indz naiiném 4 HecpaBHEMEX IO MOXyiio 40
3HAYCHTIS!

indz=6, 16, 26, 36,
COOTBETCTBEHAO YeMy HaiféM 4 peureHus cpaBHenus (4)
rx=39; 18; 2; 23 (mod 41).
Ilpumep 3. Yncaa
1, 4, 10, 16, 18, 23, 25, 31, 37, 40, )]

HHACKCHL KOTOPBIX KpaTHH 4%, cyTh Bce OHWKBajparTnMuHbIe
BHIYCTH (WA TakKe BHYeTHl Ja10060i cremenm n =12, 28,
36, ..., rme (n, 40)=4), wMewmmneca cpeam NauMeHBIIAX
HOJOKATENBHEIX BREYETOB 1o Mopy/o 41. UYmemo wumcern

paga (5) ecTs 10:%?.

¢. Oxnospemenno ¢ ytsepxaenmeM b, 1 momesmo cie-

Iymoniee:
Yucro a ecmv gvvem cmenenu n no modyaw m mozda

u moavko mozda, koe2dq

- a? =1 (mod m). (6)
HeiicrBaTennno, ycanosme inda=-0(modd) paBHOCHIBHO

c . ..
-TaKOMY: ind a==0(mod ¢). Ilocnenmee ke pPaBHOCUILHO
yeaosuio (6).

Ilpaumep. B teopeme § 3 HeBO3MOKHOCTH CpDaBHEHHA

c
€5=1(mod m) paBHOCHIbHA YCIOBHIO, 9YTO g — HEBEIYET
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CTelleHH ¢ 0 MOJyJIio M. B JacTHOCTH, HEBO3MOXHOCTH
c

CpaBHEHUSA g2 =1 (mod m) paBHOCWIBHA YCJIOBHIO, WTO
g — KBajpaTUYHHIA HeBEIYeT Ho Mopyal m (cp. e, § 1, ra. V).
d. 1. Iokasameadv 8, romopoMy a npunadiedscum rRo

. [
MoOyri0  m, onpedensemcs  pasencmeom (ind a, ¢ =

8 4aCMHOCIU, N PUHAONEHCHOCME G K WUCAY NEPE00D pasHuly
KO prel no modyaio m on pedeasemcs paserncmeon (ind a, ¢ = 1.

2. B npuecedénnoii cucmems 6wuemos no moOysio m HULCAO
wuces, npuHadseMcauur nokazamenio 5, ecmv ¢{4); 8 wacmmo-

CIMu, 4UCA0 TePeood pasHulL Ko pHeid ecmbv ¢ (c).
HeficTBaTeibHO, & ecTh HANMEHBINHH JEJNHTeNb ¢ € YCJIO0-

BueM a’==1 (mod m). 370 ycs0BHe PaBHOCHIBHO
¢ ind a==0(mod ¢},
nan
. c
inda=0 (mod ~6—> .
o [
3HAUAT, 0§ — HAUMEHBIIN{ JEJMTeNb ¢, LpE KOTOPOM —
’ p F}
. c o
menut ind @, orcopa - — HauGodbmmil menmTENb ¢, Melsd-

¢
= (ind a, c¢). Ilosromy BepHo yTBep-

O)‘ o

muir  ind a, T. e.

muenne 1,
Cpenn w=mcen O, 1, ..., e —1, gpiudomuxes HanMeHb-
IIAMH HHJEKCAME BHYETOB LPHUBENCHHOA cHCTeMB IO MO-

c c
AYya0 m, KpaTHEMH F ABJIAITCA 4YHCJIa BHa _é—y’ rjue

y=0,1, ..., §—1. Vcnopme (% Y, c) = % PaBIOCHIIBHO

yciosmio (y, 4) = 1; mocmepueMmy ymormerBopser ¢(3) 3Ha-
wenmii y. Ilosromy Bepro yrmepkuenme 2.

IIpumep 1. B npumeemémmoii cmcTeme BHIYETOB IO
Mouyio 41 umciamm, umpunagiexamummu moxasarenio 10,

ABIIIOTCA umclla @ ¢ ycaosueM (ind a, 40):%—3=4, T. e,

4mesa ,
4, 23, 25, 31.

Ymeno srax wmeen ects 4 = ¢ (10). .
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IIpuMep 2. B mnpuBegduHoii cmcTeMe BHYETOB IO
Moxymio 41 mepBooOpasHHIME KODHAME ABASIOTCA 9HCIIA @
¢ ycaosueM (ind a, 40)=1, T. e. ymenma
6, 7, 11, 12, 13, 15, 17, 19, 22, 24, 26, 28, 29, 30, 34, 35.
Uncno arax mepsoobpasHeix ropHedl ects 16 = ¢ (40).

§ 6. Uupgexest no moaymo 2%,

a. Ina momyna 2° npegmimymas Teopua 3aMeHSETCH
HECKOJIBKO 60Jjlee CIIOKHOM.

b. Ilycts a==1. Torma 2*=2. Umeem ¢(2)=1. Ilepso-
o0pasHEIM KOpHeM 1o Mmopyao 2 Oyjger, HampmMep,
I=—1(mod 2). Ymeao 1°=(—1)°=1 obpasyer mupnse-
JEHHYIO CHCTEMY BHIYETOB IO MORYJI0 2.

c. Ilycrs a=2. Torga 2" =4. Umeem ¢(4)= 2. Ilep-
B00OpasHEIM KOpHeM 10 MOLYJAI0 4 Gymer, HAIpuMep,
3=—1(mod 4). Umema (—1)°=1, (—1)'==3 (mod 4)
06pasyT npuBeIéHHYIO CHCTEMY BEIYETOB IO MOIYIIO 4.

d. Myers «>3. Torma 2°>8. Hueem o¢(2°)=2""".
Herpymno sBuperh, 49ro niepBoo0pa3HEIX KOPHEX B 2TOM
caydae mer; Ooylee TOUHO: IIOKAa3aTelb, KOTOPOMY IpPHHAN-

JeUT 1HO MOXyNo 2 HeuETHOE uWMCIO0 X, He HPeBOCXONHT
1 A

AL - ¢(2%). Helicrearensuo, umeem
" =14+ 8¢,
x4 = 1 '{" 16t2,

227 =14 2",_5=1 (mod 2%).

a2

Ilpu oroM wUmcia, NpHHALJIEKANmme Nokasaremio 2

cymecrsyor. Tawkum umcaoM Oyner, nanpmmep, 5. [Hei-
CTBHTEJIBHO, :

5=144,
. 52— 14 8 + 16,
54— 1+ 16+ 32,

52278 42071 1 qu¢-37



§ 6. HHAEKCH IO MOZYJHIO 2% . 103

OTKyJa BUAMM, YTO HH OflHA U3 c'renenen S, 52, 54, ..., H2*3
we cpapamMa ¢ 1 mo Monymi Z*.
Hetpynuo BufeT, 9TO 4HcIa ABYX CIEAYOMUX czpox.
. 2
50, 51,\’. e sy ) 520' T_1,

—5°, —51, ..., — 527~ L
o6pa3yioT NpHBEAEHHYIO CHCTEMY BEIYETOB 10 Momymio 2%,
HeiicTerrensHo, 9ucao BTHX gmeen OymeT 2-2“"2:'9(2“);
unella KUKIOH OTAeNBHO B3ATON CTPORA  MEELY cobol
mo wmonymio 2* wnecpaBumMsei (b, §. 1); mHakosen, wmesa
BepxXHell CTPOKM HECPABHHMEL ¢ UHCJIaMH HIGKHEH, TaK Hak
MepBeRC M0 Moyl 4 cpasuumsl ¢ 1, a Bropsie ¢ — 1.

e. llna ymofcrBa JNanbHeilnx WCcIefOBaHHA MBI BHIpE-
suMm pesyasratsl b, ¢, d B Gonee cepmmoobpasnoit dopwme,
KoTopasi OyneT mpurogma u B cayuae a=0.

Iyemo ) =

c=1; ¢,=1, ecaw a=0, mm a=1;

- —2
c=2, ¢,=2""", ecau a>2

(marum 06 pasom ecezda- ccy = (2%)) u nycmv Y u 7y, Hesa
gucumo Opye om. -dpyea npo6eeaiom HAUMEHbUIE Heompu-
yamessHble GuUeHbl s

1=0, ..., c—=1; ¥5=0, ..., ¢g—1
no wodyaam ¢ u c,. Toeda (—1)"5% npobezaem npusedin-

Hylo cucmemy euluemos no modyao 2°.
f. Cpagnenue

(—1)75% = (—1)" 5% (mod 2%) @)
umeem Mecmo mozda u mosbKO moeaa xoeda
p y==7'(mod ¢), Yo=Y, (mod ¢,).
HeficrBurensio, npu o=-( TeopeMa OueBUIHA. HoaTOMy
npepnodtoskmM, uto a > (0. Ilyers HamMeHnplume HeOTpHNA-
TOILHES BHUCTH 10 MOJYIAM ¢ M C, JUIA WHCRE Y H Y,
Oynyr r u 7y, a pux umeen y' m 7, Oynyr ' m ry. Beumy

¢;-§ 1. (—1 gpanapneRHT MOKA3ATEN ¢, & O NpHHAAJIe-
JKAT IIOKA3aTeNTIo: -(y), epasHerme (1) mmeer  MecFo Toraa
Y Lo : T .
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u ToNbKO TOTRA, Korfa (-— 1y 5"’-——( 1)” 5% (mod 2%), 1. 6.
(BERY e) worma r=r', ry=ry.
-g. Ecam

a=(—1)" 57" (mod 2°%),

TO cucTeMa ¥, Y, Ha3hHBaCTCH cucmemoll uHOekcos wucaa a

X 2

no sodyaio 2
Beuny e Beawoe a, B3ammuo mpoctoe ¢ 2 (1. e. Heuér-
HOE), HMEeT eJUHCTBEHHYI0 CHCTEMy WHIEKCOB Y', Yy, Cpenn

cey = ¢(2%) map 3Haqelmn Y, Yo, YKA33HHHX B €.

3naa cuereMy y'y., MBIl MOKEM yKa3aTh M BCe CHCTEMSI
HHJERCOB 4meda a; corimacHo f aro Gyayr Bce Hapel ¥, Yo
COCTABIEGHHBIC U3 HEOTPUIATENBHBIX UYMCed KIIACCOB

1=7" (mode¢), y,=1;(mod ¢,).
HemocpencTBeHHO M3 NAHHOTO 3[€CH OMPeREJGHHS CU-

CTeMBl WHAEKCOB CJefyeT, YT0 Ydcjia ¢ JAHHOH CHCTeMOH

HHJEKCOB Y, Y, 00pasywT Kilacc gucea mo Mopyiaio 2°.
h. Hwndercyt npouseedenus cpagnumst no modysam ¢ o ¢,
¢ cymmamu urdekcos comHomcumenei.

JeifictButensno, uycrs y(a), To(a); -..; Y(£), Yo(f)—
CHCTeMBl MHIEKCOB umcel d, ..., . Mmeem

.. ZE ( _ 1)‘{(&)""-..*} Y(l)S‘(u(a)‘F..-'f“(o(l).

Caeposatensso, ¥ (a) + . l+ 1), Yo(@)+ ... +7,() —mB-

JEHKCHl LIpOou3BeAcHUA a .

§ 7. Mapgexcol no m00oMy cocTaBHOMY MOXYJIIO.

a. Iycte m=2"p{*p5* ... pik — vaHOHMUeCKOE pasJIO-
swenme uwmcaa m. Ilycre fnamee ¢ M ¢, EMEIOT B3HAueHHH,

yKazasHele B e, § 6; ¢, = @ (p%); gS—HanmeHLmnu mepBo-
00pasHBli KOPeHbL N0 MORYJO pis.

b. Ecanm
a=(—1)75%(mod 2%, ) "
a=gf1(mod p}1), ..., a=gJk(mod pix), j T
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TO CHCTEM& Y, Yo, Y1, --.» [k HABHIBAOTCHA cucmemoli unde-
KCO8 4UcAa a no Modyaio m.

W3 raroro onpeneieHms CIORyeT, YTO Y, Y, — CHCTEMA
WHJIEKCOB uHcjJa @ 1o Mopyio 2°, a Yy, ..., Yj— HHAJEKCH

umena a4 0o MoAayaaMm pil, ..., ppk. Hosromy (g, § 6; c,
§ 4) Bearoe a, B3amMAO mpocToe ¢ M (TeM CaMBIM OHO
B3aMMHO TpocToe M co Beemd 27, pil, ..., pyk), HMeer
ONMHCTBEHHYIO CHCTOMY WHHEEKCOB Y', Yo, Y1r + -+, Yr CPeAH
€Cely - - - Ck =@ (m) cucreM 7, Yg» Y15 ++-» {x» KOTOpHE IO-
JdydmM, 3acraBafs Y, Yo, Vi, ---» Yx HE3aBACUMO Jpyr OT
apyra upoGerath HanMEHbIIUE HEOTPUIATENbHBIE BEIYETHL
0o MOIyJIsAM €, ¢, Cf, ..., Ck, @ BCE CHCTEMBl HHIEKCOB
qmesia @ CyTh BCe CHCTeMH Y, Yo, Y1, «-.» Yx» COCTABJIEHHBIC
N3 TICOTPULATEIBHEIX YMCeN KIACCOB

=1 (mod ¢), Yo==1 (mod c,),

T1==1,(mod ¢;), ..., Y ==7 (mod ¢;).

Unena @ ¢ maumoil cMCTEMOH HMHIEKCOB Y, Yo, 71, -+ +s Yk
moryT OHITH HaiifleHsl HyTéM pemlenms cucreMul (1), a cie-
nosatenbro (b, § 3, ra. IV), obpasymloT kKmacc umcea IO
MOAYNIO M.

c. Tax xar wHZEKCH Y, Y, Y1) .- .5 .Y; HCHR & IO MORY-
JI0 M ABIAITCA HHEEKCAMI ero COOTBETCTBeHHO IO MOAYJIAM
2%, p1y, ..., ppk, TO BepHa TeopeMa:

Hndercwr n pouseedenus ¢ pasnimbl no ModYas ¢, ¢y, Cq,..., €.
€ cYyMMamiL unOeKcos comHOMCUMene. ‘

d. ycts t=¢(2*) npu a <2 1 't=-%cp(2u) upu a > 2

1 OycTs h —ofmee nauMenpOlee KpaTHOE uMCeN T, Cp, ...
y«es €. llpm BeAKOM a, B3AMMHO HPOCTOM ¢ M, CpaBHEe-
nme a"=1 BepHo mo Becem moxyamM 2%, pf1, ..., pik, 3ma-
9@T, 9TO CpPaBHeHWe BepHO M IO Moxpyaw m. IlostoMy a
He MOMeT OBITH MepBOOGDAsHEIM KOpHEM 0O MOAYJIO
B Tex caydadax, korga A < ¢(m). Ho moenenmmee mmeer
MecTo mpda a > 2, mpu k> 1, a Tamke npu a=2, k=1.
Mlostomy past m > 1 mepBooGpasHble KOPHM MOTYT CYHIECTBO-
BaTh JAIb B CIywanx m =2, 4; pyl, 2p;yt. Ho waw pas.nmis
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STHX Cly4aeB CyHeCTBOBAHE® NOPBOOGDAasHHX KopHeH GHI0
nokasaso Bumre (§ 6, § 2). Hosromy

Bee cayvau, xozda cywecmeywom nepeool pasusie KopHu
no wodyaio m, npesocxodaujeny 1; cymo

m =2, 4, .p*, 2p%.

Bonpocs k raase VI,

BykBoio -p 8aech Bcerga ofosHauaeM IPOCToe HeUETHOE THCIO, A
B ponpoce” 11, b ramke m. ymcao 2.

1, a. Hyc'rb a-—nmnenoe, a > 1. [lokasarb, 4T0 NpocTHE "HeYSTHHIC
peanrenu gnciaa af — 1 menar a— 1 -man mMeior BUg 2pz ¢ 1.

b. Iycre a—nenoe, a > 1. Jlokazarh, 4TO NIPOCTHE HeYETHEHIE
JeauTeau uucaa ¢ + 1 gendr e+ 1 mnam umewT Bup, Z2pzr + 1.

¢. HoxasaTh GeckoHeYHOCTH YMcia NPOCTHX duces BHpa 2pr+ 1.

d. HYCTb n—iejoe, n > 0, ﬂomaaarb, UTO MPOCTHIC NEJHTeNH
unca 22" 4+ 1 mumesor Bag 241z 4 1.

2. Oycrp a—nmemoe, @ > 1, n—mnemnoe, n > (. [lorasars, 410
¢ (a"—1) KpaTHO n.

3, a. Illycrs n—uenoe, n > 1. U3 gucen 1, 2, ..., n upn Heué1-
HOM 7 o0pazyeM LepecTAHOBKM

1, 3,9, ..., n—2,n, n—1, n—3, ..., 4, 2;
o 1,5 9,...,7,3
M T. [., a Npa uéTHOM n ofpasyeM IepeCTaHOBKH
1, 3,5, ..., r=—1, n, n—2, ..., 4,2;
) 1,59, ..., 7,3,

u 1. 1. Jorasate, uro k-A omepamus madr HCXOAHHY PAX TOrAA U
TOJBKO TOrma, Korma 2¢= 4+ 1 (mod 2n—1).

b. Hyc'rb n—qemnoe, n > 1, m—nenoe, m > 1., Byfem cuurars
gucaa 1, 2, ..., » B npaMoM nopsake ot 1 go R, panee B ofpaTAOM
MopAfKe OT n KO 2, BaTEM ONATH B NPAMOM Topamke oT 1 10 n,
lanee ONATH B oGpamom nopsanke or n Ko 2 n T. A. Ilpm TaKOM
cuére BHIOACHBaeM uwmcaa 1-e, (m + 1)-e, (2m +1)-e u T. A., TMOKA He
nonyenM n gmced. C aruM HOBEIM pAJOM n 4nces MOBTOPHM Ty e
onepannio 4 T. A. Jokasare, yro k—ﬂ omepanus AA8T HCXONHEIH pAn
TOr/la M TOJBKO TOTja, KOTHA .

-

mk = + 1 (mod 2n—1).

4 Cymecmonanne % (&) umceJ, mpumHaNJIEIKAMMUX ‘TokasaTemo 8,
nokasaTh, paccMATPHBAA cpapHeHHe b :={ (mod p) (Bonpoc 10" ¢,
ra V) u nprvenan d, § 3, ra. IL © D el

S
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5, a. JHowrasaTh, 4TO TepBoOOpasHHil KOPeHb IPOCTOFO WHCIA
Bupga 2*+1, n > 1 ectb 3.

b. [lorasaTs, uTo mepsooGpasHsiil KOpeHbL IPOCTOFO - YHCJIA BHJA
2p+1 upm p Buga 4n+ 1 ecTh 2, a Opu p BUjA 4n -+ 3 ecTh —2.

c. [loxkaszath, dTO nepaooﬁpaam;m KOpeHb HpPOCTOTO 9HCJIA BHLA

4p+1 ecth 2.
d. JokasaTs, uT0 HepBoOGpasHKEIA KOpeHb HPOCTOIO anca BUjA
on-1
2"p+1upn n>1nm p> i~ €CTh 3.

6, a a) Ilyctp n—meaoce, n>0, S=1"4+2"4+... 4+ (p—D".
Hoxasate, uTO

§ =—1 (mod p), ecam n wpatHo p—1,
§ = 0 (mod p) B MPOTHBHOM cJjyuae.
B) IIpu o6ospavenmax sompoca 9, ¢, ria. V 10Kasars, 970
p—1
2
p—1
4

SHy=— (mod p).

b. Teopemy Bunecona mokasarw, npnMensas b, § 4.

7. IIyctb g u g4 —nepBooﬁpaBHme KOPHE 1o MOAyJIo p, aind, g; =
=1 (mod p—1).

a. IIyers (a, p)=1. Joxkasare, yto

indg, @« = a¢ind; a (mod p—1).

b. Iycrte n—penarens p—1, 1 <n < p—1. Ynmcna, B3AIMHO
IPOCTHE ¢ p, MOKHO PasfnTh Ha 1 COBOKYHHOCTEH, OTHOCI K s-H
coBorynHocth (s=0,1, ..., n—1) 4ncna ¢ ycaosueM ind ¢ = s (mod n).
Hokasatn, 4910 COBOKyl’IHOCTb, EMeIouIass NpU OCHOBAHME & HOMEp s,
TOKAECTBEHHA COBOKYNHOCTY, MMeICIed NpH OCHOBAHUM g, HOMep sy,
rie s; = as (mod n).

8. YkazaTh Bo3MOKHO (oijlee mpocTOi#l ¢r10co0 pemeHHA cpaBHe-
HEA 2" = a (mod p) (ynobumid, ecaum (n, p—1) Hepenuko) B ciyuae,
KOTZia W3BecTeH HEKOTOPHI Nepsoo6pasublii KopeHb g DO MOAYyAl p.

9. Tiyets m, a, ¢, Coy €4, -.-y €k, s Yo, Y1s -+ -» Tk MMEIOT 3HA-
4YeHHA, YKA3aHHHE B § 7. Bsas Kaﬁne—gﬁo wopuu R, Ry, Ry, ..., Ry
ypaBHeHnﬁ i

R°=1, R’=1, R{=1, ..., R;k='1,
nojiaraeMm

1())=RYRJ°R}* ... RIX.

Ecam (2, m)>'1, 10 nonaraem j (@) =0.
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Onpepenéunyo TakmM o0pasoM mJA BceX NeJHX a (QyHKIHIO
HazoBeM zapakmeposm. llpu R=R,=R,= ... =R =1xapakrep Haso-
BEM eaqeHbl#; OH MMeeT sHavenwe 1 npm (¢, m)=1 m sHavenue 0
upr (e, m) > 1.

a. [foxasarp, 9T0 YKA3aHHEIM IYTEM MH NOJNyuuM ¢ (m) pasimd-
HEIX XapaKTepoB (ABA XapaKTepa HABHIBAIOTCA Das/IKTHEIMH, eciH
OHH, N0 KpaiiHell Mepe, DDH OfHOM 3HAYeHHN a HE PABHE MEMKIY
c0601o)

b. Brmect: caejyiomye cBoficTBA XapaKTepPOB:

o) L()=t,
B viaa) =y (@) 7 (a2),
1) 7 (a1) =7 (ag), ecn a; = ay (mod m).

c¢. Jlokasars, 4TO

m~—1
2 (@)= ? (m) muA IIABHOrO XapakTepa,
=1 AL OPYTAX XapaKTepos,

d. [lorazaTh, 9T0, CyMMHDYs [pH JAaHHOM a DO BCeM P (m) Xapak-
TEpaM, MMeeM

2 ¥ (@)= ¢ (m), ecm a = 1 (mod m),
_/ i 0 B npoTumBHOM ciyuae

e. PaccMarpmBas cymmy

rge a mpofieraer NPUBENEHHYI0 CHCTEMY BBIYETOB IO MOAYIKR m, KO-
KasaTh, 9TO QPYHKOWA ¢ (@), ompejgenéHHas [Jd BCeX NEJHX a, yA0-
BIIETBOPAKINAS YCIOBHAM :

¥ (a)=0, ecan (a, m) > 1,
¢ (a) He paBHA TOmAEcTBeHHO 0,
b (asa9)=1¥ (ay) ¥ (a9),
¥ (ay) =1 (a;), ecnu a; = ay (mod m),
* eCTh xapaKTep S -
. JlokasaTtk ciaegyomme TeOpeMLl
a) Ecam y,(a) u m(a)—xapamepm, TO Y (a) 12 (@) —Tarxe xa-
paxTep.
B) Eomm %1 (a)—xaparrep 1 3, (a) np06erae'r BCe xapamepm, TQ
71(a) % (a) Taxme BPOBEraeT Bee XAPaKTEPH.
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1) Npm (1, m)=1 mmeem
2 1 (a) { ¢ (m), ecim a = 1! (mod m),

0 0 B IpOTHBHOM Ciyuae.

10, a. IIycte n—gemarens p—1, 1 <n<Lp—1, l—nenoce, mre

2151',% .
ABJIAETCA KOPHEM YpaBHEHWA
2mlindx
R}=1 u, cunepoBaTennbHo, CTENeHb e ® , Koropol npm =,
KpaTHOM p, cjlefyeT npunuckBarh 3Hauemme 0, ecTh XapaKTep WO
MOpysio p.
a) Tlpm (k p)—l A0KA3aTh, 4TO

lind(zx+k)-1lind =z
e

LA
Z e n =—1.
=1

8) MycTs Q—uenoe, 1 < Q < p,

genameeca wa n. Uncno R,=e

0-14
S=Z l'Sl.n,x\z; Sl n, x—_ E

il ind (x+2)
n

27

/Joxkazars, 9ro S =(p—Q)Q.
1) Hycn, p>4n2 n> 2, M-—uenoe. [lorkaszaTb, 49T0 B paAle

M, M+1, ..., M+2[n 1/p]—1 AMeeTCsT WHCIO $-if COBOKYNMHOCTH
BOIIpOCa 7,

b. Oycre p> 4 (m) 2%, k—umcao pasIAYHEIX HPOCTHIX
mennteneit p—1, M —uenoe. Joxasats, uto B page M, M 41,
, M 42 [?_6_1— 2k Vp] —1 mMeeTcA TepBOOGPAsHELI KOPEHE

o MOAyJIO 7.
11, a. Ilyers a—mnemoe, n—pennreas p—1, txnLp—1,
k —nesioe, He gensieecd Ha 7, ~

”;1 2mi"———“;“ 2uii‘;—”
/ ——
Ua,p"‘z; e e .
x=1

a) Ipn (e, p)=1 jpoxasars, UTO an p'—VP-
) Hokasarb, 9TO

. ~kind a
2151——n——— Ua,p

e ESS
Ui,p
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¥) Nyets p mveer BER 4m+1, - . . . T
p=2 iind(a_:‘2+::)

S=2 e21\: T
x=1

TokasaTh, 49to (cp. Bompock 9, a m 9, ¢, T, V) p=A?4 B2 rje A
1 B —uenwe, onpejienseMuie panencrsoM $=.A4 + Bi.
b. Hycre n—mnedoe, n > 2, m > 1, (a, m)=1,

. axh
2 m
B S’ =
Sa.m ,Ze v Ma,m ¢ ’
z

rae x npoferaeT MOJIHYIO, a §— NPABEJEHHYI0 CHCTeMy BEIYETOB IO
Mogynm m (cp. Bompoc 12, d, ri. III u sonpoc 11, b, ra. V)
1) lyere 6= (n, p—1). Jlokasars, uro

18, p1 <BE=1DVp.

8) IIycre (n, p)=1, s—ueioe, 1 < s n. Jlorasars, 410
'Sa, ps:Ps—lv 'S:l’ ps=0-

7) Iycte s—mnenoe, s > n. Jorasars, aro

S’

S ,___pn—IS o ps

a’ ps

=0,

a, ps—ny
¢) Jowrasarb, 4TO

[Sg, ml<Cm T,

rae C 3aBHCHT TOJBKO OT n,
12. Mycte M n Q—uentte, 0 < M < M+ Q< p.
a. Ilycte n—penmrens p—1, 1 < n< p—1, k—neinoe, He je-
nmaueecs Ha n. JoKasaTs, 41O
M+Q-1  kindzx
2mi—

2 e n ) <V php.
=M
b. IIyere T—umcso 9mcen s-ii COBOKYNHOCTH Bompoca 7, b, 3za-
KJTIO9EHHBIX cpegm wacen M, M +1, ..., M + Q—1. [Jorasars, 4TO
T=%+ﬂ Vplnp, [0]<1.

c. ITycts k~—vumcso NpocTaix pgenurenedl p—1, H—unciao pep-
BoO0pasHEX KOpPHEH MmO MOmyJ 0 p, 3aKMIOYEHHEX cpegd uwucen M,



BOHPOCH K TJIABE VI ~ . 114

M4, .., M+Q—1. [oxkazate ato - - : -
‘H=%E£5#Q+027‘1/51np: 1ol <1

d. Uycte M, n Ql;—ne.nme, 0LM, <« M +0Q, < p~1, J—unc-
70 uncesn pana ind M, ind (M + 1), ..., ind(M - Q—1), sarim0UEH-
HEIX cpexu nmcen paga My, M;+1, ..., M+ Q,—1. lorkasars, uto

=& oy Emp (o)<t

13. oxasaTk cynlecTBOBaHHWe MOCTOAHHOI'O Py C YCIOBHEM: eciin
p > po, n—ieanrens p—1, 1 < n < p—1, TO HAUMEHBIINHA M3 MOJO-
MATCNBLHEX HEeBHHUETOB CTeHeHH n Mo Momyiio p Oyner

1 1
< h; h=p_°(1np)2; c=2e v'_‘.
14, a. ycre m > 1, (a, m)=1,
m—1 m—-1 omi 8%Y m -4
s= Nv@ewe T D Iv@P=X
x=0 y=0 x=0

me{i )
2 le()p=Y

,Joy:aaaTL, aro |§| < I/XYm .
b, a) Hycrs m > 1, (e, m)=1, n—nemoe, n >0, K-—uncio
pemennii cpaBrenns z" = 1 (mod m),

ax”
211. —_—

S= Z r(zye ™.

Horcasau aro | S| LK 1/m,
p) Iycts =—npoMsBONbHOE MONOKETENbHOE NocTofHHOe. Ilpn

TOCTOABHOM 7 jia umcia K Bompoca o) mokasatk, 9ro K =0 (m®).
+ 15, a. Iycrs (a, p)=(b, p)=1, n—nedoe, Inl__nl, 0<n,<p,

- ”
p-1 _m.ax +bx

JokasaTrb, 4TO
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b. Tiycrs (A, p)=1, n—mnegoe, |n|=n;, 0<n; < M
Qu—riemste, 0 < Mo < Myt Qo< b poTmmER S R

a) Iycrs .
Mo+Qo—1 omi A_x_"_
S= 2 e L
e=Ho
g L3
.lorasarp, uto (S| < 5 n% p% In p.

3) llycte M m Q—mnenste, 0 < M < M +Q < p, T—uncno un-

ce1r pama Az"; x=M, M,+1, ..., My+Q,~—1, cpaBHEMHX mnoO
Mopymio p ¢ uwmeaaMd paga M, M 41, ..., M +Q—1.
Jdorasars, uro
1 3
QQ .3 35 3
T=%+’97’212 piinp) 18] <1

¢. Ilycts (@, p)=1, b n c—nenwe, (b>*—4ac, p)==1.
a) MycTs y— menoe, B

p-1 2.4 2niY—x
S=Z (ax + x—}-c)e
14
x=0
g 3
Joxazate, 9T0 || < 5 .
8) Uycte M n Q—mneante, 0 < M < M+Q < p,

MRS b
s— 3 <az x+c>
2 T
=M

3
3 —
Jorazats, uto |S] < 5 pin p.

Yucnennnie npuMepnt K riaase VI.

1, a. Haitrm (uyTéM BoamOKHO Oollee IPOCTEIX BEIYHCIICHMIE)
~noKasarenb, KOTOPOMY NpHHALIEKAT 7 MO MOAYII0 43.

b. Hafitu moKasaTesb, KOTOPOMY HpUHAMIEKAT 5 Mo Monyiw 108,

2, a. Haittm mnepBooOpasunie KOpHm mo MomyiasM 17, 289, 578

b. HaiiTu nepBoofpasHEe KOpHH @0 Momyasm 23, 529, 1058

c. HaiiTu HamMenbIimii HepBOOGPASHEIA KOPEHh MO MOXYMI 242.
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3, a. CocraBuTh TaGmMOsl MHAEKCOB 110 MoAy/o 17.
b. CocTaBuTs TaGIHOH AHIEKCOB HO MOZYIIO 23.
4, a. Halite neppooGpasnuii KopeHb No Moay/o 71, mpmMesas
yKaganme npmMepa ¢, § 5. )
b. Ha#irm nmepsooGpasnmil wopens mo Mopymio 191.
5, a. Ionpayacy TaGnmneit HHIEKCOB. YKa3aTe YACHO pelleHmit
cpasHeHmil:
a) 8¢ =79 (mod 97), B) %5 = 17 (mod 97), ~7) 219 = 46 (mod 97).
b. ¥YkasaTe umcio pelmeHmil cpaBHeHHi
a) 3212 = 31 (mod 41), B) 727 = 11 (mod 41), ) 523° = 37 (mod 41).
6, a. Iloxbayace Tabianneit MHAEKCOB, PEIIATh CPABHEHHA
a) 2% = 59 (mod 67), 8) 35 = 17 (mod 67), {) 3= 14 (mod 67).
b. Pemnths cpaBneHms
a) 2325 = 15 (mod 73), B) 37z% = 69 (mod 73), 7) 442** = 53 (mnod 73).

7, a. Houawayace Teopemoit ¢, § 5, ompenennTs umcjio pemenui
cpaBHeHHH

a) 23 = 2 (mod 37), B) 2'%= 10 (mod 37).
b. OnpenennTh yuCIO permieHNH CpaBHeHMH
a) 25 =3 (mod 71), 3) 2 =5 (mod T71).

8, a. Ilpumenss cnocoG Bompoca 8, pemHTb cpaBHeEHA (IIpd
PellleHAHN BTOPOTO CPAaBHEHHA BOCIOb30BATBHCA TafnHmeil nepsoobpas-
HEIX KOpDHEH B KOHIle KHATM)

a) 7 = 37 (mod 101), 3) 2% = 44 (mod 101).
b. Pemnth cpaBHeHHe
z® = 23 (mod 109).

9, a. Ioapsysacy TaGiuuneil WHIEKCOB, CpeAN BEIVETOB NPHBEI(EH~
HOoH cmcTeMHl mo Moxynw 19 ykasarh: @) KBajpaTHYHE BLIYCTHI,
) KybuYecKHe BHIYETHI

b. Cpean BrweroB mpmBeAénHoil cHcTeMH 10 MOAYII 37 yKasaThb:
a) BEIUETHl CTeneHm 15, p) Bmgersl cTemeHm 8.

10, a. Cpeny BmgeTOB NpPHBEEHHOH CHCTEMH 1O MOLYNI 43
yKaszarh: o) WHCIA, OPEHATJE;KAIME DOKasarenmwo 6, §) mepBooGpas-
HEIe KODHH.

' b. Cpenm BH9eTOR Np@BEREHHOHM CHCTEMH TI0 MoayIio 61 yrasaThb:
a) 9mCcia, npmHAjJexamue nokxasarenio 10, 8) mepooGpasHLIe KODHH. .



PEIIEHHNA BOIIPOCOB.

Pemenuna k raase I.

1. Ocratox o1 gesienns ax + by wa d, mmes Bugaz’ + by’ n Gynyun
MeHBme ¢, HeNpeMeHHO paseH Hymo. IloaToMy d-—genureib Beex
gaces BHJA ax+ by u, B dacTHocTu, ofmuil genuTent dmuceNa
a-14b.0=a m a-0+b-1=>b C ppyroit cTOpoHH, BHIPa;KEHHE
011 d TOKa3mBReT, YTO BCAKWE OOIMHM pesuTejlL umced a T b
nexnt d. IloatoMmy d==(a, b), n Bepua teopema 1, d, § 2. Teopenure,
§ 2 BuBojaTcA TAK: HAUMEHbIOee IIQJIQIKETE]bHOE 4ICIO0 BHIA
amz + bmy ectb amx, - bmy,; HauMeHbIee TOJOKHTEIBLH0E IJHCIIO

Bnaax-l—bzeba +b
a F2TF YT T Gt Yo

OGofienne PTUX pPe3yNbTATOB TPHBHAJBHO.
2. [IlpenpapmreJbHO B3aMeTHM, 4YTO DPA3HOCTh JBYX HEPABHEIX

MeRAY co60l0 PalOHANBHEIX Jpobeit —IZ— 21 —’;i >0, n>0) @m-

1
CIIeHHO > " OrpannumMcd Dpepnoyioskenmem 6, < 8,,4. [lycrs

a

5 — HecoKpaTHMas Apofs, He paBHag &, ¢ ycuopueM 0 < b<Q,.

y ! a

He wMomer ORTB 6, < 5—< 0443} B IPOTHBHOM cIydae Gwuto GH
8 b g¥1

a 1
_b'—os>'b_Q—' ’
8
a 1 '

Oge1 ™= > ,

s+ ba’ /.’leﬂ-l

’ 1
Bopy =B, > .

- * s QsQ»i’[

a a
IoaTomy 5 < 8, BIH Re gy < B ofonx cayuaax &, Grimme K a,

qu)a
b.
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3. [Ips n < 6 TeopeMa oueBMjHA; NODTOMY LpPeANOIATaEM n > 6,

Nmeem
Q>1 =g =1
Q3>Q2+1 >g2—2>;,

Q4>Q3+Q2 >ga——gz+g1>g+1--g,

Qﬂ an-i Qn 2>’gn { =8 2{-6’,, 3> ‘:’n-_ _{_én—‘ én_z'
Orcro)1a
n—2. logw _
N>¢g ;o on< =22 Tog1o 2 —}—Z Sk+2; n<5k+1.
10

4, a. Jdua gpobeit —2— n 1 umeeM 0.1 —1.1=—1,

1 BeraBnas
MRy npobamn % i ¢ yenosmem AD — BC =1 npo6s g + g ’

umeeM A (B + D) — B (A + C)-—(A +C)D — (B + D)C=—1. Hoaromy

BEPHO YTBep:JeHHe, OTMEueHHOe B Ronue Bonpoca. CymecTsoBaHue
k

apobtu ~ ¢ yemosmaun —Z— <7< 7 ! < = HeBo3MOkHO B npotms-

HOM ciaydae MH UMesnm On

k a 1 ¢ k 1 ¢ a._brd 1
T 550 d- 11" d 57 hd b
b. Oqun;mo, JAOCTATOWHO paccMaTpmBaTh cayuat O0<Ca < 1.

MMyers —b-<a < = d , TAe % u %——cocemme apobm paga Qapes,

OTBEYAKIIEero <. Bo3MOMKHEE JBa Cﬂyqaﬂ:
at ¢ a-t+c¢ c
brd’ bvd ST
IloaToMy BEpHO OHO W3 IBYX HEPABEHCTB
° w
- ¢ 1
<ve+d’ TISTE D

OTKyfla BBERY b +d >t YKasaHHasA TeopeMa ciefyer Hemocpep-
CTBEHHO,

c. [IpE « mppauuonaj bHOM -TeopeMa caexyer ‘m3 h, § 4, ecam

Z<a<

A ———

P P —1
npEESTL 38 < TOAXORMWY APOGE =L e Q,_; <7< Qs

s—1
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B caydae :xe panmoHAIbHOTO az% npuBe€RHOE paccysKeHHe ocye-
creaMo Jumb npu b > . Ho mpm b << TeopeMa BepHa, TaK Kak
TOT/IA 3a % MOMHO TPHHATHL CaMo8 Apobb % , Tojlaras IpH 3TOM
4=0.
5, a. HeudrHEe npocThle uHciia NpE fdejeHAM HA 4 OAIOT OCTa-
Tok 1 mm e 3. Ilponseenenme u9mcen supga 4m -1 uMeeT BHJ
Am+1. Hostomy umeno 4py...p,—1, rme py, ..., pj —0pocTHe
pHja 4m -3, HaBEPHO mMeeT INpOCTO feauTenb ¢ BHJA 4m + 3
Ilpu aTOM ¢ He coBHAjaeT HE C ONHUM N3 4ACET Py, ..., Pp. *

b. Hpoctnie umcia, npeBocxopsmue 3, nMeor Bup 6m 4+ 1 nmu
wme 6m + 5, Ymemo 6p, ... pk—l, Tie Ppp, ..., P, —TPOCTHE BHIA
tm + 5, HaBepHO MMeET TPOCTON JelmMTent g BAga 6m 4 5. Ilpm aroM
q He COBNAjaeT HU C OJXHHM M3 MHCOI Py, ..., Py,

6. Hyctb py, ..., P —Kakne-nuGo k npocTHIX umce:I ¥ N — mejoe

¢ yenosuaMur 2 < N, (31n N)© < N. Yucsto uncen a pﬂna 1,2,..., N,
KAHOHHYECKO® PABIOEHMe KOTOPHX MMeeT BHj a==p® ... pyk, BBULY

asg lnN Gynet

InN k
k
< m2LQ <3Nk < N.

IlosTomy B psage 1, 2, ..., N maligyrca umcsia, B KaHOHMYeCcKOe pai-
70MeHNe KOTOPHIX BXOAAT IPOCTHE, OTIMYHKEE OT Pi, --., P,
7. Hanpmmep, Takme 10CJe]0BATEIBHOCTH NOJYYHM INPH

M=2-3...(K+1)t+2;, t=1, 2,

8. Baap menoe i, ¢ YycJOBWeM, UTO OPE x> %), f(x)>1n
7' (x) > 0, momossmm f (x)=X. CocTaBHEIMHA (Rpammm X) 6yayr

Bce gmucna f(z, + Xt); t=1, .
9, a. Ilpu manmuun (1) onHo n3 umces x, Yy, IycTh HMEHHO .,

Oymer Y6THEIM; H3
Zz\? 24y z—y
- 2/ 2 2 7
2+ -
rje, OYeBHJHO, <_—§_y— , 2 5 y ):.— 1, y6esrmaemest B cyMiecTBOBAHHIL

. TOJIOMKATEJIBHBIX NEJKX # U ¥ ¢ YCJIOBASIMHR

z 24+yY =Y
g W T T T3

Otciona creayer HeoGXomHMOCTh yCIOBH, YKA3aHHKX B BONpPOC.
JlocTaTOYHOCTh 3THX YCJIOBHH OYEBMIHA.

= 92,
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b. Venosumcs 3gece 0GosHagate OGyKBaM# JHIIL IeJIEe MOJIO-
" JKETeNBLHHE umcJa. JomycTHB 'CYINeCTBOBAHHE CHCTEM Z, ¥, 3, ¢ YCIIO-
BuaMn 24 + yt=32%, 2 >0, y > 0, 2 > 0, (z,y, 2)=1, Bubepem u3 HEX
cucreMy ¢ HauMeHbmEM z. Ilpennosaras x 96THHM, HalgéM z®=2up,
Yr=u?—9?, u>v>1, (4, vV)=1, roe v—uérnoe (npm wETHOM u
6no 6H Y2=4N + 1, u?=4N,, v¥*=4Ny + 1, 4N v 1 =4N |~ 4Nz—1,
4TO0 HEeBOSMOMKHO) Otciona u==:z3, v=2u?, y®+4wt=2z}, 2w?=2u,v,,
u,=x}, v, =y}, 2t + y1=2%, uro BBEAY 2, < 2 HEBOBMOKHO.

I13 HepaspemnMocTa ypaBHeHAA z* -+ y*==z® KaK 4acTHHII cnydaM,
OYEBMIHO, ciIefyeT N HepaspelnuMOCTh ypaBHeHHs x* -+ y* =14 B neanx
NOTIORUTENBHEX %, ¥, t.

10. Tlo.aras £=~/zi ; (k, ly==1, HaxOpuM

K ra k™ V14 ap®=0,
osromy k™ xparHo ! u, creposarensHo, [=1. ]
1, a. Iycrs k—mnauGonbizee nenoe ¢ ycaosueM 27{n u P—
TnpomaBejleHNe BceX HEUSTHHIX wHces, He npepocxojammux n. Hnmcao

2k—1pg IPeACTaBATCSA CYMMOI®, Bee cJaraeMele KOTOpOi, Kpome

. 1
2¥-1p_— , CYyTh meNble Yncia.
2A\.

b. Hycrs k—nmamboibimee meioe ¢ yCIOBHEM kgomttu P—
npomssefienne BCeX B3AMMHO NMPOCTHIX ¢ 6 wHCes, HE MPEBOCXOMAIIUX

2n 4 1. Yue:1o 3 -1pg NPeACTABHTCA CYMMOI0, BCe C.IaTaeMble KOTOpoit,
- 1
xpome 3% IPZ—’»_" CYThb IeJhle uucaa.

12. Tipm n < 8 Teopera mpoBepserca HelocpexcrseHHO. [loaromy
JNOCTATOYHO, cYMTasg NPE n > 8 TeopeMy BepHO#f NgA GUHOMOB
a+b, (a+b)? ..., (a+b)"!, noxasarb CHPAaBeJIABOCTL TEOPEME
u puaa 6unoma (a -+ b)". Ho roadpduunents pasioerus aroro Gumoma
3a HCKJIOYEHHeM Kpalgmx, PaBHEIX 1, cyTh 4mena

n n{{n—1) n{n—1)...2
17 1.2 27712 (n—1

Jia newdTHOCTH jKe BCEX HTHX dMCeJi HEOGXOXMMO H JOCTAaTOYHO,
uTOGK HeuéTHHIMU ORI Kpaipume W3 HMX, KaK pas PaBHHE n, H YTOOH
TagyKe HeYSTHEIMA OLITH 9@esIa, MoIydaeMble BEUAPKUBaHAEM HEUSTHRIX
COMHOKUTEIeil u3 urncureseii W 3HaMeHarendeil ocTaBlimXcA YHCEJ.
RHo, nojarasa n==2n,+ 1, aTH uucIa MO’RHO NPEICTABATh WICHAMH PANA

ng o (m—1) ng(ny—1)...2

1 1.2 77120 (m—1)°
ITocnemume sxe BBAAY ny < # GyAyT BCce HPUETHRIMM TOTAA B TOJIBLKO
TOrma, Korga n; uMeer Bmg 2°—1, T. e HOrma 7 HMeeT Rl
2(2k—1) 41 =2F+1
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Pemenng 8 rnase II.

1, a. Ha opnunate Touxm Kpmpofl y=/(z) ¢ aGeumecow = MeKAT
[/ (z)] nenmx Touex ywasaHHol o6macTH.

b. Yxkasannoe pasesctso ciepyer us T+ To=T, ta2 Ty, Ts, T
0003HATA0T YHMCNIA LEJHX TodeK oOiacTei .

0<x<~‘Q—, 0<y<~P~x,

2 Q
P
0<y<7, O<x<—]Q7y,

P
O<x<g, 0<z/<—2-.
C. Yﬂasaﬂnoe pElBE‘HCTBO cneuyel‘ n3

T=14+4(T+T2+T3—T,),
rae Ty, Ty, T3, T, 0Go3naUAOT uncia HeJHX TouerR obiacreit

z=0, O<ygL s

0<x<—i—/’:7_, O<yLyri—ay

0<y<—% 0<aYrE—y

Va2’
Dol —T—, OcyLl—L—.
S 1/2 <Y< V2

d. Vrasannoe pasencrso cienyer 3 T=Ty+T;—Ts, rae Ty,
Ta, T3 06o3navarwT yycia medux Togek obmacTeil

»

0<x<]/7,/, 0<y<

w|y 8|3

0<yLVn, O<a —,

0<z<Vn, 0<y<Vn.

2. Yncsdo menEX NOMOMRATETBHEIX uicedl, HE INPeBOCXOJAIIEX 7,
pasio [n]. Kaxkioe M3 AEX eIWHCTBEHHBIM ClIOCOOOM NpefcTasiieTcd
B dopme k™, rpe k— mesoe MONOMATENbHOE; IPHE 3TOM AAHHOMY &

-

m
oTBEYART [ ‘/ _'f.] ancen TaroH QOPMH.

z

3. Jloxaskem meoGxogmMocTh YRA3AHHHX ycaopmit. Ilycrs N—ne-
moe, N > 1. Umeno snauennis z ¢ yenopueMm [az] < N MOXHO npen-
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N ; : . \
cTaBHTh B fopMe :-H\; 0<LALC, a yacno 3HAYEHHEH -y € YCIO-

BEeM [2y] < N MoHO npegcTaBETL B (opMme %+)\1; 0L L0y,

rae C m C, une sapucat ot N. U3 J;V+)\+N—ﬁ-+)\1=N, gens Ha N

7 mepexoad K mhpegeny npu N — co, NOIydEM —‘;+—B~=1. Mocaen-

Hee PaBeHCTRO TPH panHOHAJILHOM a:% (a > &> 0) nano 6u [ab]=

=[B(a—b)]. g

ITycte ykasanmnle ycioBuA prmoanenH. IlycTe ¢—uenoe, ¢ > 0,

4

g ,
<

Ty > — Yo > % . Ouesunso, [ax]=c npn =z, B [Pyl =c npm

Y=y, O<f<l, 0<n<1, «f B By—nppanmonancuse. Bamay
3 - 8
2y +Yp=c + -+ & nmeem & 4 vl=1,% I8 —ﬁlz 1: M02TOMY O(HO M TOJIBKO
OfiHO W3 uHcen of M Bn Menbme 1. CregoBaTenbao, ONHO B TOILKO
oHO W3 wmcea [ax,] B [3Ys;] paBHO c.
4, a. YrasaHHHe PasHOCTH PABHH .

¢
zy=— +§ 71 yYp=-—- + n — HAauMeHbMINE [MeJEle C VCIOBHAME

{oz;}, {a(xZ—xl)}’ ey {a (xt—xt—l)}1 {—a‘zf}r

OHH HeOTpHUIATeNbHHe, WX cyMMa paBHa 1, mX unmcio pasHo ¢+ 1;
DO3TOMY, IO KpaiiHeil Mepe, Ofia W3 3THX pasHOcTell He IPEBOCXONHT

T <71' ®, TakmM 06pasoM, CymecTBYeT WHCJI0, MeHblee — , BHJA
{£aoQ}, rTae 0<Q=Cr. U3 L aQ=[+ aQ]P-i-{i aiQ},‘ nonaras

= P, nax A —P| < —, _— P
£ [ £ Q] naxognM | aQ | <= “=7| <o

b. MMomaraa X,= [X], Y =[Y], ..., Z.=[Z], paceMoTpEM
pAx  00pasoBaHEEIL PACIOIOACHHEIMA B HeyOHBanomeM HOPHAAKe Ymc-
aaMzm Bupa {ax L Py ...+ 8 # gHcAoOM 1, uOpeamouaras, d4TO
z, Y, ..., 3 npoferai0T 3HAYCHNA:
°, 2=0,1, ..., Xy; y=0, 1, ..., Yo; ...; 3=0,1, ..., Z,.
TMonyanm (X, +1)(Yo+1) ... (Zo+1)4+ 1 umecesr, B3 KOTOPHX cOCTa-
BaM (X + 1) (Yo +1) ... (Zo+1) pasnocreii. Ilo Kpaiineil mepe, oxua
M3 3TUX PABHOCTEH He NpPEeBOCXOMAT

. 1 : 1
Eo i Dot D). (ZFD XY ... Z"

Ofciofia ye NerKoc mojydaeTcd YKA3aHHAA TenNpPeMa.
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5. HveeM a=cg+r+{a}; 0Lr<g,

[9]=r+2]-n. []=[rs222] -0
6, a. Mmeem  [a+B+ ... M= [a] +[B] + ... 4 [A]

F ey {8y + .. )
b. ITpoctoe p Bxommt Bal, al, ..., Il ¢ morasareasaMu

F105 o (5130 (3oL

IIpr sToM
n 1
[F]= (5] [5]

7. Jonyckas, 9To 4mel0 a ¢ yKasaHHEIME CBOACTBAME Cyuie-
CTBYeT, IPeJCTAaBAM ero B (opme

a=q PRt g (PR PP ge P+
0<g,<p 0<Lq_ <p...,0<q <p, 0K <P 0K <P
Coraacro b, § 1 gomxno \61,11'1,

h=qu+q, e ,+ - +au +e5%y

Hamee upn awoboM s=1, 2, ..., m nveem

G My T4 g ot o T ayuy T aguy < U
ToaTomy mociienee BeIpasieHme ANA 2 JOMPKHO NONHOCTHIO COBIACTH
¢ YKa3aHHHIM B BOTPOCE.

8, a. IIycrs z,—uence, Q<a<BLKR, s<a<B<a+1;
m{’rerpnpOBaHneM 0o 9acTaM HAXonquMm

B g
~Vr@a=\rwrwa-

8
=B/ B)—e (@) (@—s (B) /" (B)+ 0 () f' (a) + S o (z) 1" (2)dz.

B uactaoctd, npu Q < z,, z, + 1< R, nepexoga K upefieny, uMeeM

- x, +1 x,+1
- r@ae——gr@rv—gre+ | c@r @a.
x, *1

Vrasannaa gopMyna temepb nonyuaerca 6e3 BegKoro TpyAa.
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b. Ilepenucas ¢opmyny Banpoca a B Bujie

R
py mmﬂfmw—xmmwwmnm%ﬂmﬂm—
Q<x<R
—~ B B+ @QF @+ \ o1 @ de— c@ 7 @ an,
0 R

yOexaaeMcs 8 cnpaBe;IMBOCTH yKAa3aHHOW GOPMYSTHL
e. IlpnMenss pesymbTaT Bompoca b, Haxommu

Imiim2+ ... +Inn=C+nlnn—n-+-+linn \ S{E) e

=nlnn—n+0(Inn).
9, a. a) meem (b, § 1)

1n([n]z)=2 ([—%]—}—[—I%]%...)lnp. (1

3iech mpaBad 4aCTh npen(-TaBnﬂeT CYMMy 3HadeHWH Qyaxnum inp,
pacIpocTPaHSHHYIO Ha IeJiBle TOUKH (p, §, #) ¢ MPOCTEIME p 00macTm

n
p>0,s>0,0<u < . YacTb 5TOH CYMMBI, OTBEYamOmiaa JaHHBIM

s m w, paBHa O \‘/ ) ; ¥acTh, OTBEUAKLA] JAHHOMY u, paBHA

v ()

8) Mpnmensnd npu n > 2 pesynbTaT BOIpoca a), HMeeM

1n([n]1)—2'1n<[i] | ): _
—a(n)—e -—)w( > —Z*)i—...}z,b(n)——‘)<%—>.

Honaraﬂ [—] m, oTciofa HaxojpuMm ([n]_2m, nna [n]=2m 1)

<ln(2’”3’”)<n

#00=?00—¢<7>+¢(7>—#<%>+
_i_,%,(_z_)_q,(_z_)_f_ . <n+-n2-»;-—%—i~ c.o=2n
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1) AMeem (pemennme Bdupoca B) u pesynsrar Bompoca 8,’&)

wo=p(5) +e(5)—e ()4 o= m L
* ([z]9)
=[n11n{n1—[n1—2[ ]m[g]u[ ]+oann)_

=nln2+4+0(Inn).
Hanee, npu s> 2 BaxopuM (Bomnpoc B))

8 (Vr)—9 (f/—9+ .
(B ST

n 2
Hoatomy

o<vm—s(5)+e(5)—+(5)+
+ . .-(@ (n)—e(i)+(a<-f‘—)—(—)<l>+...><

<2]/n—142]7-n+27n+ . n<2(l/n+m]/n) o(Vn)..

b. Cnepyer w3 pasencrsa (1), HepaBencTBa Bormpoca a, §)
¥ paBeHcTBa Bompoca 8, ¢
¢. PapencTBo BOmpoca b npm mocratouno Gomemmx m  pasr

Inp immm 4
) S =lm+0)> =", D o>t

m<p<m? m<pgm?

n+1

Ecinm s seex wap p,, P, ., cycToBmeM m < p < p < m? nMeno
6Kl MECTO HEepaBeHCTBO Py > p, (1+¢), 10 Gruto 6nl ’

2 _-—[.‘—_> 1
m(14s)" '
r=0

410 IPH /I0CTATOUHO GOJILIMUX M HEBOIMOKHO.
d. OueBHgHO [OCTATOYHO paccMaTpmBarh JHIIL ciIyvai, Korga
n— menoe.

Ilonaras 7(r)=h:_—r np# r npoctoM B Y (r)=0 npm r=1, mm
ipH r cocTaBHOM, mMmeeMm (Bompoc b)

1) =32+ oo 1) =Inr4a(r) [3(r)] <Gy,
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rpe C,=—nocroarnoe. Orcioga mp: r > 1 (cumraeM a (1)=1)
1(r=Inr=In(r—14)+a(F)—a(r—1),

1 . _ Inr—In(r—1)
D =Tty = 3 BIETED

Inr
0<p 3in t<r<n
a(ry—a(r—1)
Ty= nhmar= o
2 2 Inr
1<r<sn

Nmeem (8, b)
1 1 1
Ty= Z Frt 2 <2r21nr+3r3lnr+ >=

i<r<n {<rin
1
=Cy+Inlnn+0 <m> R

rae Co—mnocroausoe. Jamee HAXORUM

_ 11 1 LN, am
Ta=2(2) (m‘m%‘ wota(n—1) (1——‘*n<n_1>"m>+“‘mn :
Ho npm menom m > 1 mMeem

1 1 1 1 C,
Cl(fn_n—m—]n(m+ 1)>+C‘ <1n(m T 1)_ln(m+2)>+ S Tam
TloaTomy pAaR )
1 1 1 1
(2 (m‘z‘m>+“<3> (m*m)+

CXOOUTCA; NPH dTOM, €CJIH Ca ero cymma, 10

1
e. meem
1 1 1 1
n[[(1=5)==2 -3 Gutzat )=
p<n p<n

, 1
=C —lﬂlnll+0<m>,

rge C’—mpoctosauroe. Orciofa, momaras C’==InC,, MH H HOJAYYUM
yKazaHHOE DaBeHCTERO. ‘
10, a. Crmeayer u3 ¢, § 2.
b. Brupy 8 (1)= ,(1)=1 yenosne 1, a, § 2 ana Pyuxnuu 0 (a)
BumoJHen0. IlyeTs a=a,a;— 0aHO U3 pasnoKeHmil a Ha JiBa B3AHMHO
TNPOCTHX COMHOMHATeTA. mMeeM

D D Sy =p@=p (@) p(a)= D, ) 8(d)8 (). (1)

dl\al dz\ag dl\al dz\ag
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Ecnm ycnosue 2, a, § 2 BuIONHeHO A4 BeeX NPOW3BENCHUE, MEHb-
muex a, To 0pm dydy < a mMeeM 0 (d,dy)=10 (d,) 8 (d2), ®m paBencTBO (1)
AaéT 0 (ajas)=8(a,)0(ay), T. e. ycaoBue 2, a, § 2 BHNOIHAETCA
H VA BCeX NpPOHM3BEJCHUWH a,as, paBEuX a. Ho ycnoeme 2, a, § 2
BEIOJIHAETCA A eJWHCTREHHOro mnpouseeneHus 1.1, pasmoro 1.
CiefioBaTesIbHO, OHO BHINOJIHAEGTCH M IYIA BCEX IPOHSBEleHUH.

11, a. IIyete m > 1; jana KakAoro HRAHAOTO Zp, AEIALETO a,
a

HeonpejieIEHAOE  YPAaBHCHNE &) ... &m_Tm=a HUMeeT Ty (x
m

3 a
T, (a)= Z -r,,t_i<—in—'> ,

E AN

pemenuit. IToaTomy

a
HO KOTjJa &, upoberact pce AeJIHTeNM YUCAA ¢, TO d=T r o0par-
m

HOM IIOpAAKE npoﬁerae'r TE KE OeJUTE]IN. CJIeJIOBaTeJIBHO,

m(a)= 2 “m—1 (a).
d\a
Iosromy (Bompoc 10, a) eciim TeopeMa BepHa AaA QyHwnum 1, , (a),
TO OHA BepHA H JIA QYHKUUK T (2). Ho Teopema BepHA i QYyHK-
1ue 7y (@) =1. 3Ha4YuT, OHA BepHA BCErAa.

~1
b. Ectu m > 1 m reopeMa BepHa n&uA QYHKOEHE <, 4 (a), TO

uUMeeM )
m (@)= m (1) - cmpp)=
“—-‘(Tm_i ) + Ty (7)) ... (Tm_1 (1)+Tm_1 (Pk))=(1 +m—1)k=mk»

Ho teopema BepHa Mg $YHEnuu t; (¢). 3Ha9uT, OHA BepHA BCerja.
c. IIyets e=msy, 63 =2%, a=p{1 ... p,* — KAHOHHTEECKOE pas3no-
, P PAclOIOKEeHB B BO3pacTalolneM

HeHue umcJaa a, UPAUCM py, ...
nopanke. oA QYHKOUE <3 (a)=7 (a) HEMeeM

c(a)<a1+1 ag + 1 ap + 1
S e .
a’ 9”1 g%a" (k+1)°E"
KRamamih w3 comuokaTenelf TOpouWsBegeHMs, CTOAINErc cupasa,
1
1 4y +1 7
MeHblIe 7; COMHOMRTENU ~—— o ¢ yenosueM r > 27 MeHbIe
ror—
1
[ 2 n
a4 +1 1
7—1—-< 1. Toaromy, momarag C= S ,. HAXOAAM
20—
2
t(a . t(a) . C
(@) < C, lim ( < lim —;]—=0.

a® a»o %2 awxa
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Mpa m > 2, ouesniHo, MMeeM tm (2) < (5 (a))™. Moaromy

lim 2m%) (@) < lim<—-———T (a) >m
a— a‘ a52

d. CocTeMnl 8HAad9eHMI 2y, ..., Ty, YAOBIETBOPAIOINHE YKA3AH-
HOMY HepaBeHCTBYy, paso0béM Ha [n] cOBOKYNHOCTeH C HOMepamu
1,2, ..., [n]. K cOBOKyNHOCTH ¢ HOMEPOM & OTHECEM CHCTEMEI
c ycnosnew Zy ... Tm==a; IACIO ITUX CHCTEM €CTh Ty (a).

12. Ilpn R(s) > { paja. Bepaskaronpi ¢ (s), abCONOTHO CXOTUTCH.

Mosromy
E ()= 2 Z ey
711:1 nm—i m

VIpHuéM UPE AaHHOM MOJIOKUTENIbHOM R 4WCH0 CHCTEM Ry, ..., Ny
¢ VCIOBMEM Ry ... Myy=n PABHO T (n).

13, a. Hpﬂ R(s) > 1 npoussenenme P= II——————aﬁcomomo

v 1—*1)7
cxomuTea. Beupy —-——1—1—=1 ra + — = 4 ... opu N >2 wuMeeMm
1——-p—s
1 |
H—x= 2 +2 -+
p<N ?‘ 0<ns N

rae BO BTOpofl cyMMe npaBoil uacTm n npoGeraeT JXIL THCIHA,
He QejAmEecA HA INpocThie, npesocxomamue N. B npemeae upn
N - oo gepag wactk o00paTuTca B P, mepsad cyMMa NPaBoH

yacTH—B § (s), BTOpaA—B HYIIb.
b. Iycrs N > 2. JonycTus, YTO OPOCTHX YHCEN, OTIUYHHX OT

P1s - -+, Pk, HET, HaXonuM (cp. PemieHue BOIIpoca a)

' % 1
H_l.___> Z e

Jro HepaBeHCTBO  BBUAY PacxomuMoCTH rapMoHuAvecKoro panpa

1 1
1+ 5 -+ 3 -+ ... mpm KocraTouro GonmbmEx [N HEBO3MOMKHO.
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¢. JlonycTus, 4TO HPOCTHX amced, or'ENHNX OT py, ..., Pk HET,
HAXO UM (BOIIPOC A) o
a 1
______—:” .
H =@
j=1 7%
pj
72 )
9TO paBeHCTBO BBHMIY HPPANMOHAJBHOCTH & (2)=-— HEBOSMOKHO.

6

t4. Tlpu R (s) > 1 OecxoHeunoe mpomasegeHde 1A & (s) Bonpbca
13, a aGeonrorno cxoamred. [loaromy

1 1 1
m¢ =) (‘;FJFZ}?*'JF%F?JF )
B
rie p mpoferaer Bce NMPOCTHE IHCIHA. ﬂmpcpepenunpyﬁ, nMeeM
&' (s) In p Inp In p A(n)
<) *Z< = ) Z '

i5. HYCTL N > 2. Tipumenas teopemy b, § 3, umeem

1 ’ e
[ (1=5)= 2 &+ 33,
N

0<ng N

T7le BO BTOPO# cymMMe Iipapoil wacTE n mpoferaeT jWmb 9mciia, 0O0JIhb-
mre N m He jenampecd HA IpPocTHe, Hpesocxopdmue N. B npepene
npu N - 0o MH H NOIYYHM YKABaHHOE TOMRIECTBO.

16, a. Ipumenmm d, § 3 K caywamo

6=1,2,...,[nl, f=1,1,..., 1.
Torga, ouesmano, S'=1. [anee §; ofpamaerca B guciio sHAYCHHH 6,
KpaTHHX d, T. €. B [—}]

b. o) IIpasas wacTh PaBeHCTRA BOUPOCA & BEIPAKAET CYMMY B3HA--
qeHnit GyBKIEN | (d), pacnpochaHeHHylo Ha Hejisle TouwkH (d, u)

obmacte d>0, 0<u< 7 YacTh 3T0H CYMMH, OTBedaomas JaH-

HOMY u, paBHA M(—;)

~ B) Vrasansnoe paBeHCTBO NOJyuaeTesi HTOWIEHHEIM BLIYATAHHEM

paBeHcTR
n n n
M (n) +M<?>+M<?>+M (Z>+ =

2M<%>+ 2M(-Z->+...=2
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¢. Ilycts ny=[n]; 8,, &3, ... ,0n OOpemensoorca yelopHeM: ¢, ecTh
HambonElice mesioe, l-A cremeHb KOTOporo fenur s, f,=1. Tornma
$8'=T ,, Sy PaBHO wmCNy "HCesl, He MPEBOCXOMAAMEX 1, KPATHHX oY,

n - o
T. e, Sy = [—d,—] . Orcioga nojydaercA yrasaHHOe Bhpaxenue qasa T .

.,tz
B gacrHocTH, EBHRY ¢ (2):—6— o7 guesaa Tz,n uncell, He Ipe-

BOCXOMAINAX n W He JAelIAIUXCA HA KBajpaT Nejoro, DpeBOCXONd-
ntero 1, myeenm

6 -
Ton="z n+4 0 (V n).
17, a. Vkasauroe pasenctso momydmy us d, § 3, ecam momnomnam

7 a)i /s:/(xs)‘

b. Vrasannoe pasexcrso mosmyumMm ms d, § 3, ecam monoKmEM

o= (x

b=, .. A, =1 @D D)
¢. Ilpmmensasa d, § 3 k cnyuan
0=40, 62, ..., ¢

—
a a a
= — "= 1),..., F
=r(G) v Gt ()
rie B OepBOM CTPOKe BHINHMCAHH BCe [ejiATesln YHCIA &, NMeeM
r_ = e a2
§'=F (), Si= F((w>_c(d>.
@ :
DN\~
d. Vra3zanunoe paBeHCTBO cllefiyeT H3
2 u@ I op@ 3 u(d)
k(@ N d\3n

d\%1
P =f f2 oo /n
18, a. [pmvenum Teopemy Bompoca 17, a, sacTaBiAsa z NpoGerars
quena 1, 2, ..., e u Gepa f(z)=z". Torna
’ m UL R) a mdm——dm a
S=«{;m(a),h Sg=d™+2"d" ... + i =d"m{ - )-
b. Umeem :

n@=3 1@ (o +5) =5 @
d\d '

ToT e pesynbTaT MOMKHO [OJYYHTE IpoIue. Hanmmem 1ucha Ppi-
na 1, ..., @, BSAOMEO NPOCTHE C ¢ CHAYAZa B BO3PacTalolieM, 3aTeM
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B y6uBalomeM nopagxe. CymMma wieHoB 06OMX pPAMOB, PABAGOTCTOA-
MAX OT HAYAJIA, PaBHA a; YHCI0 WIeHOB KAMKAOTO DHAjfa paBHO ¢ (a).

c. Numeen
a a® a?®  a a? a ,,. .
@)= r@( g+ T+ Ed) =S¢ @+o(=p) ... (1=pp).
d\a

19, a. IlpamenmM Teopemy Bompoca 17, @, sacrapmis x mpoGe-
rare amena 1, 2, ..., [z] u Gepa f(x)=1. Torpa §’ =T, S, pasno
4HCly YHCENd, He MPeBOCXONANINX 2z, KpaTHeX d, T. e. S;= l id] .

b. Nmeewm ]

2 4
To= D1 (d) - +0(:(@)=—¢ () +0(a").

d\a

c. Cneayer M3 paBeHCTBA BOIIpoca a.
20. MIpnmenny TeopeMmy sompoca 17, a, sacTaBiafAs = mpoberars

guena 1, 2, ..., N, rue N > a, w Oepsa /(x)=—;1—s— . Torma naiigém
Tl 1 p (d) 1
=2k Y =X X
SN . a\e o<es N

B npenene npm N - co MOJAYYAM YKA3aHHOE TOKIECTBO.
21, a. lipmmemmm Teopemy Bompoca 17, b, paccmarpusan
YKasaHHble B ONIpeJe/ieHNH BePOATHOCTH Py CHCTeMH 3HagSeHHH
’

Zyy Xgy oo, X M OGepa f(xy, %3, ..., zx)=1. Torma PN:YV—" ,

N 1k
Sg= [7] , M MBI MOJIYy9HM

N .
2@ ['JZ_]A N

N
d-1 # () 1
Py= c = + 0(2 —"——:>
X d< €1

N d=1 d=1 Nd

IToatoMmy
: N 1 In N
Py=(§ (k) 1+ 0 (A A=7V— upn k> 2, A= npn k=2,

N
=2 '

b, Umeem {(2) = <
22, a. DrmeMeHTapHHE PACCy’KACHUA IOKABBIBAIOT, YTO YHCHO0 HEANX
touex (u, v) ofnactm u?4v:<Lp% ¢ >0, He cymraa Ttoukm (0, 0),

paBHO 7p® -+ O(p). IpuMennM Teopemy Bompoca 17, b, paccMaTpmBas
KOOPAMHATH z, ¥ IEJKX TOueK OGracTH 2% 4 y2< r®?, OTIMYHHX OT
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touxd (0, 0), m moxnaraa f(z, y)=1. Torma T'=S5'+1, Sy paBuO
r 2

HCAy HeMHX Touer obiactam uf + 12 (?—) , He cantas roukn (0, 0).

Iloatomy

S,;=n%+0<§>,
T__[Zr], u (@) n d2+0(2 d>=—r2+0(r1nr)

d=1

b. Paccymnan aHAJOTHYHO UpefbymeMy, HOTy9aM

T_z NOES d3+0(2 I )=y +O()

23. a. Yncno pgenmresied ¢ umena a=p‘fl p,‘:k, He ReNANHXCA
HA KBAJpPAT MeNOT0, UpeBOoCXoiamero 1, m mMeouEX x MPOCTHX

HeamTesled, pPaBHO . >; upr 31oM g (d) =(—1)*. HoaToMy

Ic
D k@= 3 (5 (=vi=t—ni=0.

d\a x= 0

b. Tlycth @ mMeeT TOT Ke BHI, 4TO M B BOWpoce a. J[0CTATOYHO
pacemarpuBath caydadl m < k. [AnA yxasaHHOH cyMmBl mMeeM JABa
BHIPAJKCHEA

2 F(d)=<k>—<k>+ (=1 ( ">=
== ((ah ) ~(aka) )

Edna m udrHoe, TOo Upm m<—2- mepBoe BHpakeHme >0, a OpH

k
2
. P )
nepBoe Bupaxkenme <0, a mpm m > 5 BTOpoe BHpaenne <0
c. JlokasaTeLecTBO MOUTH TAKoe ke, KaK B d, § 3, HO ¢ yuéroM
peayabrata Bompoca b,
d. Jloka3aTennLeTBO.OUTH TaKoe jKe, Kak B Bonpocax 17, a m17, b,

k u
m >—2— Bropoe Brpaskenne > 0. Ecna m Heu8tHOE, TO IPE M <
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24. 1lycts d mpoberaer pemuteny umcna a, @ (d) —wHemo WPoCTHX
pemurenei umena d, (a)=s CoryjacHO cpneJlAHHOMY B BOIpOCe
yKasaHmio, HMeeM (cqmaeM N pocrarouno 60JIBHII/IM)

"W, 0< N w@ (g +0)=THTo=Ti |01 <1

dysm
_N p(d) Y N
lT1< 2 —’;‘Z ’ ‘Tll— Z q_d
Hd)ysm Qd)y>m

Hanee maxoguM

m

’ 1—
1T1< J(5)<omadm < T il ooy,

T

_ N pger ~ "7

T N(-5)

P\q

=0 (Y).

Hakomen, o6osHawas GykBamm C; ® 02 HEKOTOpHEe IOCTOSHHEIE,

nMeeM
5 Gratrg)
2
n=m+1 8(d)=n : n= m+1
8
N C1l1nr
<7 2 ><
n=m+1
N - 3\ N hmg
n
< > <Z\ <Cior —O(l)
n=m+1 .

25. BeaxoMy fenmtenio d; umcia @ ¢ yeiopmem d; < ¥ a oTBe-

aaer fesmTeis dy ¢ yehopuamu dy > V a, dydy=a. lpu srom p-(dl)
=y (dg). IoaTomy

22‘, p(dl)—zpwo ~ Z b= @ =0.

d\a
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26, Yucaa d, ne penamuecd Ha KBAgpaT Nenoro, HPeBOCXOR:-
WeTo 4, ¥ ypoBIeTBOpAIONME YCA0BHIO ¢ (d) =4k, paccMOTpEM nonapHo
TaK, 9106 B KamAyio napy BXOMWJIO HEKOTOPOe Hed8THOe d; B wT-
Hoe 2d;. Bynem mMetsb p.(d)) « 1 (2d;)=0.

27. Liyets py, ..., pk——paannqﬂme npocthie umena. IMosmaras
a=p, ... Pk, AMeeM

9@ =(pi—1) ... (p,—1).

Meztay Tem, pu OTCYTCTBUU HPOCTHIX HCE, OTIWIHELX OT Py, - - ., Py
MH mMenn OB ¢ (a)=1.

. - a
28, a. YrasaHHBle YKCcTa HAAYTCA cpefu wucen s6; s=1, 2, ..., 5

Ho (s8, @) =4 TorAa u TOJIBKO TOI'A, KOTJA (s, %): 1(e, §2, ra. I).

HOBTOMy BEPHO yTBEp:K[IeHWe, OTMEUeHHOe B BOIpoce, W MBI nMeeM

a= ?<%>= RRIGE

d\a d\a

b, 2) HycTb a:p‘:‘l . p:.’_jk—KaHonnqecnoe pasiokeHue YHCIA a.
Beupy a dyrknoma p(a) MyJIbTHINTMKATUBHAA, NPHAYEM

p:'8= Z ‘)D(d)’ poss—i.—:. Z ()D(d)y Po -P:s_ —‘?(ps)

—1
d\p§s d\p?

B) Ana geaoro m > 0 mMeem

m= 2 ¢ (d).

d\m
IToatomy

P()=2 sl

a\e

29. Nyveem (p npoberaeT Bce NPOCTHle QHCIA)

® 1
(p? P E(s—1
2? n) ” (H?(z’) + 2P0 p) ) H z; - Cs(s) )'»
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30. Hmeen

P+ @) +... +eim= D) O +z}3*“"’+...+n2*‘“”=

da\i d\2 d\n

_—_i p.(r])(i-{-z-{— et [%D:i p(d)fn;——*—O(nlnn):
d=1 ’ d=1

(o]
n?
=_2_2

Pemennst k raase III.

1, a. 13
P=a 10"t L a, 10" 24+ ... 4q,,

sameyas, uro 10 = 1 (mod 9), mmeem
P=apt+an,+...+a,(mod9).

CnepoBaresibHO, P KpaTHO 3 TOTHA M TOJABKO TOrja, KOrjJa CyMMa
onpp, ero m300paXkamoUINX, KPaTHa 3; OHO KPaTHO 9 TOTAA # TOJBKO

TOPAa, KOTJAa YKasaHHAsd CyMMa KpaTtHa 9
3ameuas, uro 10 = —1 (mod 11), umeem

P=(a;+az+...)—(az+a,+ ...)(mod 11).

CrnepoBarennno, P kpatHO 11 Torpa w TombKO TOrja, KOrAa pasHOCTh
MEXY CyMMot0 nudp, cToAulEX HA HedéTHHIX (cudUTas clpaBa) MecTax,

B cyMMOB madp, CTOAIMEX HAa YBTHHIX MecTax, KpatHa 11.
b. Us

P=b, 100"+ bp_; 10024 ... 4- b,
BBy 100 = —1(mod 101) mmeem
P=(by+bst...)—(bs+bs+...) (mod101).

IlostoMy P kparuo 101 torpma m ToabKO TOrga, Koraa (by + by+ ...

—(bg+bs+ ...) xparno 101.
c. Uz

Pz=cp 1000" £ 10002 4 ... oy
peugy 1000 = 1 (mod 37) mmMeem
P=cp+cney+ ...+ ¢ (mod 37),

ITosromy P Kpamo 37 rorma M TONILKO TOTHA, KOTAA Cp+¢py + ...

kxpatHO 37.
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Beuxy 1000 = —1(mod 7 - 11 . 13) mMeen
P=(c;+eg+...)—(cg+ecg+...)(mod 7 - 11 - 13).

[MosroMy P kpaTHO onmHOro ®3 umcen 7, 11, 13 Torjma @ ToMBKO TOrAA,
Korga (¢; +cs+ ...)—(ca+ ¢, & ...) KPATHO ITOTO e 9HCIA.

2, a. 2) Korna = npoferaer nonHylo cHcTeMy BHI9eTOB IO MOAY-
a0 m, T0 ax+ b Takke npoGeraer NOMHYIO cHCTeMy; HaUMeHbHIAM
HEOTPUrATENIBHE BHYeT r 4YHCIa ax +b DOpoferaeT B3HAYeHHAsR
0, 1, ..., m—1. Ioatomy

m—1
2 {axn-:b} — 2 ’n%=’%“(m_1)'
r=0

x

B) Ipmmensia pesyanraT Bonmpoca 18, b, ra. II, Haxopam
at 1 4y (m) __ _1_
2 {ﬁ} =T =g e m
13

b. B cayaae t=1 mmeeM [f (N + m)]—[f(N)]=a,

N+m
1 1
26: 2 [/(x)]_—--%[f(N+m)]+_21_[/(N)]__2__+_2_m=
2=N+1
N+m N+4+m . .
= D f@—= X UEy—gatgm—0)=5
2=N+1 z=N+1

K 9TOMY ClTy9al0 TPUBHANLHO CBOAMTCA ¥ caydad ¢t > 1.

c. llycrs N, M, Py, Py~neawe, M >0, Py >0, Py >0. Tpa-
menusa ¢ sepumHamm (N, 0), (N, P,), (N+M. 0), (N+M, P,)
ABIAETCA YACTHHM cJydaeM paceMoTpenEod B Bonpoce b. Tlosromy
H AN Hed BepHO pameHcTBO (1) PamenctBo (1) mA TaKoH Tpamenuy
JIerko NOJIyuMM TaKKe, paccMaTpmpas NPAMOYTONLHMK ¢ BePIHHAMH
N, 0), (N, Py+Py), N+ M, 0), (N+M, P+ P;), paBHOBeJINKIHA
JABYM TaKHM TpanemusaM. JIIA STOro DPAMOYTOJIBHEKA PABeHCTBO

Tt 21 =48’

N !’
aHaJIOrm49Hoe paBeHcTBY (1), oweBmpHO. OTcioma BBHRY 2 =2 2 3
§’'=25 Mu 7 moay.uM paBeHcTBO (1)

M3 atoro pesymnbrara anasormunas QopMyna pas yKasaHHOTO
B BOUpPOCe TPEYTOJILHMKA BHBORUTCA TpMBhanbHO Opmaxo Npeacra-
BISAET HHTepeC TaKke ClleRyouid BHBOK: YKAsaHHKA TpPeVTOIbHAK

nojryvaeTcd NyTéM pasGmeHHST HA ABA PABHHIX TPEVIOJIbHAKA HEKOTO-
poTo mapajiesorpaMMa ¢ IeJsMd pepmmHaMu. Ilyere S — pioniaze

napaaiesiorpaMma B T'= ), &, T/ié CyMMHDOBAHMO PacHPOCTRAHAETCS
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Ha BCe IeJlme TOYKM papajuiefjorpaMma, NpuuéM & ompenenserca

aHAJOTHYHO TOMY, Kak B Bompoce b. Murepecylomee Hac cBOHCTBO

TPeyrojbHEKa OyfmeT MOKasaHO, ecid MH JOKaskeM, uro §=7P. Pac- -
CMOTpHM KBajgpaT ¢ OGecmpemeslbHO pacTymeil cTopomocio A. Bes

WIoCKOCTh MOKeT GhiTh pasémTa Aa GecumcileHHOE MHOMKECTBO Hapad-

JigIOTPAMMOB yKasaHHOro Bmja. ILycTs k — uMci0 mapanserorpaMMoOB,

HOJHOCTHIO JIEFKAMX BHYTpH KBajpata, Z R—49ncio MEJHX TOYeK

BHYTpE KBappaTa. Lipn A - oo Haxonmm

. kS . A2 . R~
lim ’A-z‘=ir lim 7%—_1, lun7c—7—,—1.
IepeMuokasd NOWISHHO HTH PABEHCTBA, HOJYIHM
S
in—= S=1T.
lim T 1, T

3, a. IIycTs r—HamMeHBUIAH HEOTPHOATEJILHHH BHYET YUCIA
az + [c] mo mopynw m. NMeem

- ®(r)
S?: Z(; {’i’n—".—)j:
r=

rie sLP(r)<Ls+h; s={c} Tpu m<L2h +1 TeopeMa oueBHAHA
IloaroMy paccMOTpEM JHMb caydad m > 20 + 1. Ilojaraa

{ﬂ@} —L =5,

m m
nmeem—i+—%<6(r)<h:’;5 npg  r=m—[h+s], ..., m—1;
—;L— Lo(r)<< '% B OCTAJBHKX CIyHadx. IoaTomy

—lhrelpe<s="5 <hte, |s—gm|<hig.
b. Umeem

m=1{

: A

s= {‘iz_irm_"’(z)} Y(z)=m (AM + B)+—=.
z=0

[TpuMeHnM TeopeMy Bompoca a, nomaras k=|A|. Torma m moxyTam
YKasaHHBH pesyibrTart.
’ c. Haxogmm

m=1
> {ron+sie

zm0

bz (M z) .
it zf i 0<z<m—1,
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“HpusennM Teopemy Bompoca &, mojarasa h=1-4 5 Torpa monyyumm

YKa3aHHKA PesynbTar, -

. 4. Pasnomuy 4 B Henpe pHBRYIO npo6b [TyeTs Qp = Q' — HANGOML-
Al A3 3HaMeHaTelled monxopsmux ppoCedt, He npeBchommmn m,
HMeeM (Bonpoc 4, b, ran I)

pl 6[ -
AZQT—FQ'—,"—?’, (P,, Q')=1,16,|<1.

TIpr atom m3 m < Qpn.; < (qn.1+ 1)0Qn < CQn, rie C—~mnocrogruoe,
KOTOPOro HEe TPEBOCXOAT Bee ¢, + 1, pasg mauGoasmero nemoro H'
¢ yeaosuem H'Q' < m cnexyer H' < C. llpumersas TeopeMy BOIpoca
3, b, Haxopum ;

C MAHGQ-1 . .
I % (Ax+B}——2—H’Q’I§—2— ,
- @:]U .

ycts my=m—H'Q’. Ecim m; >0, to, Bulmpas B 3aBECEMOCTH
or m, wncrna Q* m K’ TaKkmM Re cnocoﬁoM KAk paHblle B 3ABHCH-
MOCTH 0T m GBIH BHGpaHH ymena Q' m H', nainéy

- My+H'Q"—1 3
R 2 i{Ax-i-B}-—-—H”Q” < 5C.
x=M;

Tiycts my=m,—H"Q”. Bcmm my, >0, 10 nopgo6HO npegsigymemy
HaHgEM
M2+H,n@'llr_1 . 3
Z {Ax+B}—§-H,"Q'”l <—2"C
x=Ms
I T. I, NOKa He TpmEM K HexotopoMy my=0. Torma momyuam
(H'Q+HQ +... + HYQP =m)
7 M+m—1
1 3
D {42+ By—mm| < Ch.
x=M

Ynema Q' Q”, ..., Q) yposaetsopsior yeaoBmam
Q >m1 Q”>m2>...>mkul>Q(k)>1

HoaTomy (sonpoc 3, 1. I) k=O0.(Inm) n, crefosarensao, HopmMyna,
yKasaHHAA B BOHpOCE, Bepual o .
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5'1 a. Cyumy, croamybo ciesa, ofosmawmm Gyksow S. Iycrs

c=A43, IIpe = <40 TeopeMa OueBHAHA. IlosToMy mpemnonaraem
© > 40. Baas M,=(Q+ 1], naiipgm uuciaa a;, m;, 8, ¢ yCIORHAME

, a 8
f(Ml)::—m']_l‘*"_‘—r O<m‘<':1 (a11m1)=1' lﬁll<1

1
myt
Baas My= M, -+ m,, aHanOTAYHKM NYyTéM HAHREM 9HCIA ag, mg, Oy
B3AB My =DMy + my, HAMABM QHCNA ay, M3, Oy; B T. I., NOKA He npnaém
E M, =M;+m, ¢ yc‘J’IOPHeM 0< [R]—M_, , <[x]. Ilpumenss
TeopeMy Bompoca 3, ¢, HaUpéM ’

1 k+3 1
S (mitmattm HR-2, ) | <o 524 L RI— M, ),

1 k13 o1
S—— (R—Q
3 ( )]<s gt

a 1 a 1
JIMHA HHTEPBaJa, A KOTOPOro — w— — L ' (x — 1 -~ , He mpe-
A P Poro o = </ @< oo me mpe

24 . a
BOCKOMAT - . CrnepoBarensno, ¢ opHOlt m TOW e JRpoOLIO —-
m

<

24
CBABAHO < e + 1 ancea my, m, ..., myg. llycTh 'a; B ay—HAaWMEHL-
-

mee u HamGonbulee 3HAYEHHA @, OTBEYAOmHe AAHHOMY m,
Nmeem

a—a_ 2 _k(R=Q)

k(R—Q)m
m  ms A ematl< AQ)

+ 1,05.

CJIeI(OBaTeJ":HO, ¢ JAaHHBIM M CBA3aHO
24 k(R—Q)m N
<< “)(‘T_‘H’OSJ—

m2c
_kR—Q /2 . m 24,
=2 () + (v 1) 105

umcesr my, Mg, ..., m,. CyMMEPYA noclieflHee BHIpa’KeHAE IO BceM
m=1, 2, ..., [¢], noayuam
k(R—Q) 9 <24 c) 104
s<-—':— (2111'5+ +7:2— +_3_T.1’05<

1 BR—-Q), A4
IS-—-Z—(R—Q)I <25 = lnA+8 .
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b. Umeem

| 3 v@ri—a-ge-o|<
Q<z<R

| 3 ver-z@-0|<

Q<z=R
oTKyaa, nojaras & (z)={f(z) +1—s}—{/(x)}, naxomum

| 3 e
Q<x<R
Ho npa {f(z)} <o mveem &(z)=1-—c, a upm {f(z)} > ¢ mMeeM

8 () =—a. Ilosromy [(1—a)P(c)—c (R—Q—,(9))]| < 2X OTKYHA
H MOJy4uM yKasauuyw Qopuyay.

6, a. Nlpumennm Popmyny sompoca 1,¢, ri. II. Tlonaras
J(@=Vr—2*, B auteprae 0 <z < —— HMEEM

< 2\

,‘ _ x . —r2 1 ” &
f(x)———V-—rz-‘:;;, J (1‘)=m. 7S <lf (x)|<-—'

Iosromy (Bonpoc 8, a, ra. 11, Bompoc 5, a)
r

T=4r+8 T Fdrt 8 L 8(0) rmb—e—
’ QV’zHP(V) p©) =7
2 2 2
—4 VZ{I/ }+O(r31nr)—1:r”+0(r3lnr)
b. Umeem (Bonmpocwm 11, d ® 1, d, ra. II)
T FT@ . (=2 D [_:_]_[]/5]2_

. . 0<z<¥Vn
lloc'ra'roqno paccMoTpeTsb ARHIb cuydail n>64. Uureppan X < z << <Vn,

rae X =243 , pasobpéy ma O (Inn) umrepsanos Bupa M <z << M,

rae M’ < 2M. Tlonarasa f(x)=% , B mHTepBANle M <z LM’ nmMeeM

_ \ o
F@=—g. F@=55 gp<I"@<gp-
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[osromy (Bompoc 5, a) ' i
' 1

n 3
J— ’ 3
3 . I = (M —M) +0(n3lnn),
MM’

> {2 — Vi 003 tnn.
o<z<Vn ’
Hamee (Bonpoc 8, b, ra. II)

Z ——Z—:En—l—%nlnn—l—p(]fr_l)Vﬁ'i'o(i)-

o<xz<¥Vn
Tlosromy

)+ @)+ ..+ ()=2Entnlnnt+ 2 (Vn) Y=V n—nt =
1 1 ‘
+2Vn{Val+0@n®(nn)2)=n(Inn+2E-=1)+0 (n® (In n)?).
7. IlycTs cmcTeMa HeNpaBHIbHAgd M s—Haubodsmee Imesoe
¢ ycnoBueM, 4TO 2° BXOZAT B HeuéTHOe UHMCJIO "mcesi cHcTemul., Opuo
H3 TOCHeIHMX 9HceJd MH 3aMEHHM MeHBIIHM, COJIep;KalfuM JIHIb
cTeneHH 2%, BXOAANEe B HeuBTHOE uMCIIO YHUCEN OCTABINENCA CUCTEMEL
[lycts cucTema — npabunbHasg., Yucno, MeHnliee OXHOI'O M3 UHCEN
T orod cmcTeMHl, oTangaerca or T, o KpaidHedl Mepe, OJHEM 3HAKOM

B CHCTEMe HCYHCJEHHS ¢ OCHOBAHHeM 2.
8. a. [o0aBuB K KKIOMY U3 YUCEN, UPEICTABISEMEIX YKa3aHHBIM

cnocobom, gueno H=3"+ an-iy . + 3 + 1, moayumM dHcIa, KOTOPEE
MOKHO NMOJYYUTH, 3acTaBiIAd B Toll ke ¢opMe &, n i, ..., &, %y
npoberaTh 3uadenmsa O, 1, 2, T. e. monyunM Bee aueara 0, 1, ..., 2H.
b. VKasamHHM CIOCOGOM TONIYUUM MMy ... ik 9UCEH, He CpaBHE-
MBIX MEKAY €00010 WO MOAYJII0 MMy ... mk, TAK KaK W3
Ty + mZy - myMos + . MMy L Mg T =
=af tmxhmumezh + ... L mamy L. My lzk (mod myms, ... mk)

OCllefoBaTebHO HAXOXUM:
zy =z (mod m,;), z,==g]; mz,=mzx; (mod mym,), Zy=2};
mymozy = mymyzy (mod mymams), 3 =x;, '

uT. 1.
9, a. YKa3aHHEIM cI0CO0OM OTYUNM MM, ... M tmce.ﬂ He CpABHH-

MHX DO MOAYJ mymg ... my, TAK KaK U3 .
M1z1+M2$2+-..+kak= 3
' M+ Mz + ..+ Mg (mod mymy ... my)

3
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ciieftosanio Gu (BeAKoe M j» OTAmuHOe OT M,, KpaTHO m,)
Mz, = M, (modm,), z,=z,(modm,), z,=z.

b. VkasannuM cnocoGom monywmM ¢ (m) 2 (mg) ... o(my)=
=9 (mmy ... Mmy) YACE] BBAAY TeOPEeMH BONpOCA 3, HE CPABHAMBIX
1o MORYIIO m,m, ... mk, u BBUNY (M z, + Mozxa+ ... + Mgz, m,)=
=(Mx,, m,)=1, B3aUMHO TPOCTHX ¢ MMy ... M.

¢. Cornaco TeopeMe BOIPOca a YUCI10 Mz, + Moz, + ...+ Mz,
e ,, Z3, ..., &} TpoGEraloT MOJHEE CHCTeMEl BRYETOB 1o MOy IAM
my, m,, ..., my, npoGeraeT LOIHYI0 CHCTEMY BHIYETOB IO MOAYJIO
mymy ... my. 9TO UHCIO B3aUMHO NPOCTO C MMy ... M) TOTAA M
TOJELKO TOTAA, KOr'aa (zy, m,)_.(zz, my)=...==(zp, mg)=1. HoaTOMy

p(mymg ... mp)=2(my) 2 (m,) ... 7(my).

-d. Yro6H noayusTh BCe uncaa papa 1, 2, ..., p®, B3auUMHO mpo-
cTeie ¢ p%, ciaeayer BHUEPKHYTh 4HCJIA ?TOTO pAAa, KpaTHHE p,
T. e. umena p, 2p, ..., p* 'p. Mostomy 7 (p*)=p*—p*~!. Orciona
u U3 TeopeMH ¢, § 4, ra. II maBecrHoe BHpaseHme puIA ¢ (a) ciefnyer
HeIOCPeACTBeHHO .

10, a. Ilepeoe yTBepsKfeHHe cilegyeT W3

! 1:1 a1 [ M+ My ]
m1 T mk J‘ - m ’
BTOpOe yTBepi{fieHUe ClleAyeT H3
£1 E.k]__ M1£1-L-..+Mk€lc}
{m1+’..+mkj——{ m '
b. HPO6H {M.‘. S +/_k_(xk_"—’u)k)} COBIAZAIOT
L my my

¢ npobamna

{f,(M,x,J-...+kak,...,M1w1+...+Mk?/‘k)+ T
m,

’

+/y{(M1z1+...—Lkak, ...,M,w‘+...—LMkwk)}
mg

T. e, ¢ Apobamy If—‘-(in—z—’i) +... +/"—(%——-—w—)} . Orcroma 'rpﬁ-
1

BUaJIbHO MOJiydaeTcd wepBoe YTBep:KAeHHe. Bropoe yTBepikaeHHme
flOKA3HBACTCA AHAJNOTHAHHM COOCOOOM.
11, a. Tipu a, KpaTHOM m, HMeeM

er.i-qf B
Ze m=z 1=m
x
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Ilpn e, He penAmeMcd Ha m, EMeeM

.Aa:c 2-1:1'.‘21l
3 =t
oni &
x e m__q

b. Ilpz HememoM e IeBasd 9acTh PaBHA

e2mia(M+P)__ 2niaM 1 1

|Ssn=@ <t@®-

eZn’.m_ 1
c. CornacHo Teopeme BOIpoca b JieBas wacTb He npesocxopur T'm,

rae
m—1

Tm=> 1 _.
-t
“Ho Opyd HEYETHOM m

Tm<m Z 2a+1—mlnm,

0<a<§

a npm 4éTHOM m

2a-|-1 2a +1 ,
Z In Z 1n24_1<mlnm.

m
0<a $7 0<a<§

IIpa m > 6 BBERY %-——é—:i, I'paEuny m In m MOMHO YMEHBIIUTHL HA
m 2a +1 m (
27 e ) 2[ [+9).

m
Iocnepuee BLIpaskenme > — TpA m>12 1 > m npa m > 60.
12, a. lycte m= p;l p:k — KAHOHHYECKOe PA3JIoMeHne 1AcIa m

o o .
IMTomarasa p11=m1, AN pkk=mk, npz ofGo3HauweHmAX Bonpoca 10, a,
nMeeM

omi L . 2ni 21u—

S S _—2

£y Ek
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Ho npm a,=1 Haxonmm

omi 3 S 2mi S
2 e mg— e MS e | = = 1.
Es xs

lpr o, > 1, monaraa m,= p,m;, HAXOAUM

£s ws Ml u
2%i — 2qi == T o7
2 e ms — e ms . 2 e =0
s Ts u=0
m—1 2mi %
b, ITycrs m—uenoe\, m > 1, Umeen z e =0. CymMma caa-
xz=0

raeMKX JIeBOH 9acTH 5TOr0 PAaBEHCTBA C YCJOBHEM (%, m)=d COrlacHO
s /m
TeOpeMeé BODpOca a pasHA P (7)
c. Haxopum

. &
Z ¢ = Z g (d) Sy,

& d\m

e, nojarasg m=myd, AMeeM

my—1 ;U
2mi —
Sd= z e o .
u=0 ‘

ITocnepnee pasHO O npu d < m m pasno 1 mpm d=m. Otciofa @ Toay-
"gaeM TeopeMy Bonpoca a.

d. PasenctBa caemyior ma sompoca 10, b.

e. VMmeem

A(my) ... A(mk)zm"'z o > Sqm, - Sapmy
4 3k

rge a;, ..., @x MPoberarT NMpABElIEHHEE CHCTeMH BHYETOB IO MOLY-
aAM m,, ..., my. Orcioma (Bonpoc d) mepsoe paBeHCTBO BONpoOCa
cjieyeT HeljoCcPeficTBEHHO.
AHATOTHIHBIM IyTéM AOKa}KeM H BTOpOEe DPaBeHCTBO.
13, a. Hmeem
p-1 oxi ¥ :
2 e P _ | P, ecumn Kparso p,
0 B npormBHOM Cilyuae.
T =0
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b. PackphiBag npomsBefieHne, orBedaomee AARNHOMY n, EMeeM

yE@y
— e
d\ea 4 x=0

Orciopa, cyMMHpPysa no BceM n=0,1,..., a—1, 7 nmonyiuM H3BeCTHOE

BHpaKeHne AIA ¢ (a).
14. YacTh BHIpajKeHHA, CTOANIero cupapa, OTBevaloliad z, AeNd-

meMy a, pasHa

o0
Jim 2e (: (S 2210 1))) —2.
e—0 2 te e—rO 1+e (
k=1
K . ak
N 2ni -
Monaraa @ (K)= Z e , 9acTh, OTBEUAICHIYIO 2, HEe JelAleMY a,
k=1

MOKHO TIpeficTaBHThL B (popme

<cp(1) L2@=0d) 2@)-—2@ ,)=

Hm 2z
-0

1 21+s 31+e

_11m2~<cp(1)<1— )+¢*()<21+s—311e+ )

Muoscurens, croamumii wpu 23 sBuny |®(K)| <z umcimeHHO < Z;

upu aroM lim 2:x=0. IosToMy DpaBad uwacTh paBeHCTBAa, YKa3aHHOIO
-0

B BONpOCE, PaBHAa YAROGHHOMY dHC/y AeNMTeledl YHcaa @, MeHb-

mExX 1 a, CIOMeHHOMY ¢ 6, T. e. paBHa t (a).
15, a. mMeem

(hy +h)P =
=h§’+<i)>h}”1h2+...+< )hlllp‘+lzp—h”—}hf(modp);
(hy + by + k)P = (hy + hg)P + hY = hD + BE + hE (mod p),

uT. O

b. ITonarag A =hy,=...=h,=1, W3 TeopeMH BoUpoca & NOJy-
gnM Teopemy Depma.
¢. Ilyets (@, p)=1. Ilpr HewoTophix meaux N;, Ny, ..., N,
aMeeM .
a P D=1+ N, p, a?P=D=(14 Np)’ =11 Nop*,
ap’(pf1)= 14Ny ps, ..., a® L ==t N_p%,

a® ®*) = { (mod p*).
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Hyers m=p,t... ppk—xanoumueckoe pasnomenme umcna m. Mmeem
P Ny
a P 1(mod pyl), ..., a PK) o 1 (mod p:k),
a? ™ =1 (mod py1), ..., a¥ ™ = 1 (mod p3F),

a? (M =1 (\mod m).

Pemrenus ® raase IV.

1, a. TéopeMa HelOCPEJACTBEHHO CJeJYeT H3 TeOpeME BOmpoca
11, a,; ra. IIL

b. Ilycts d—penaTeds dncia m, m=m,d, H; obozHagaer cyMmy

ClIaraeMulx ¢ ycaosueM (@, m)==d B BHpameHHu ang T'm ponpoca a.
Haxopnm

m 1 aof(x,...,w)

Hcl - 2 2- mg

aoxO

rie ¢, npoferaeT NPUBEAEHHYIO cHCTEMY BHITETOB MO MOJYIIO 772,
OTtcrofa BHBOIEM

my-1 my—1 -aof(xo, evy Wo)

Hy=d" ) D .. 2 ™o =m" A (m).

ag xp=0 wy=0

¢. Myers m > 0, (a, m)=d, a=ayd, m=myd, T-~uncao pewme-
HE# cpasueHus az = b (mod m). Umeem

m-—{m-1 .a./ax o fax~b)
Tm= 2 2 T =
, 6=0 x=0
moA Mt o B g
A
=2 X =
a=0 x=0
d-1 ba '
—m 6"2’”',1_ __ [ md, ecam b wpatHO e,
- - ~ | 0 B npotnBHOM cayuae.
a, =0
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d. Monaraa (e, m)=d,, (b, d\)=d,, ..., (}, dry)=dp, m_-d,m1
dy=dymy, ..., dy_y=dm,, HAXOIAM d=d,,

m—-1im-1m-1 u(ax+by+ o fwig)

me3 3 S L3S

. a=0x=0 y=0 w=
d-1m 1 o , &y (by+.. +fwig)
Pt ARl e

=m Z Z Z e 9 =
a.l=0y=0 w =0

4y-tm=1 e (uwte) dr-t gni%r

dr_1 dar

=mr-1 Z Z T =m’ Z € :
“‘r-l“ow 0 w0

e. IlpnmennM mertoy muAyKnwE. ITycts npu 0603HAYEHHAX BO-
mpoca d TeopeMa BepHa A r NepeMeHHHX. PaceMoTpuM cpaBHeHme

Ww+az+ ...+ fw+g=0(modm). (2)

TMycte (I, m)=d, VYcaosueM Bo3MOMHOCTE cpaBHeHusa (2) Oyner
az + ...+ fw+ g = 0(mod d,). [Tlociennee cpaBHenne BOSMOMKHO JININE
B cnyqae roraa g kparuo d’, rae d’' =(a, ..., f,dy)=(,a, ..., f,m),
opruéM TOTAA OHO MMeer d};‘ld’ pemienuii. C.TleJIOBaTeJIbHO cpaBHE-
gHe (2) BOBMOKHO JIMIIb B ciyyae, KOTAA £ KpaTHO d’, ¥ TOTHa OHO

nveet df! d'( ) dy=m"d’ pemennii. TaxmM o6pasom TeopeMa
BepHA W JI1A r+1 nepemennrx, Ho TeopeMa BepHa AJA OHOTO Iepe-
MEeHHOro. 3HayHT, OHA BepHa BCeria.

2, a. UmeeM a‘*’(m)—i(nodm) a - ba® ™~ = p(mod m).
b. Hmeem

act (P=1)-. .(p—at1) _
.(a—1)ab(—1) T2 =
=b.1-2...(a—1)(mod p),

OTKyJa, JAelid mouleHHo Ha 1-2... (a—1), u HOMy4uM YKA3aHHYHO
'reopemy.

c. ) Jloctarouno, o9eBMAHO, OTPAHMIATHCA caydaeM (2, b)y=1.
Bm6upaﬂ HajgsexaluuM  o6pasoM 3Hak, mmeem b+ m =0 (.nod 4).

IIycts 2% — mambonbman cremeHs 2, pensamaa b+ m llpm 8>k
uMeeM

z= b—zﬂ:‘ﬂ (mod m).
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Bem e ¢ < k, ToO AMeeM

b4m

2%-8 gy = 5 (mod m).

C aTEM cpaBHeHHEM non’rogﬂem AHAJIOTHYHYIO ONEPAnmio, W T. J.

) CunraeMm (3, b)=1. Bubpas nagnexammM 06pa3oM 3HAK, HMeeM
b+ m =0 (mod 3). Ilycrs 3% mambonpman cremens» 3, nensmas
b+ ms; Tpu & >k uMeem \

btm

Z‘E—s—’c——

(mod m).
Ecam e & < k, T0 nMeeM
3Fdy = é—‘:f;s—m(modm).

C sTEM CcpaBHeHWeM HOBTOpAeM ARAJIOTHYHYIO ONepamuio, W T. A.

1) Mycrs p—upocroit memmrellr 9uclia a. Haitngém ¢ ms ycmosns
b+ mt = 0(mod p). lycrs p®—naubomemas cremems p, AelAmasn
(a, b+mt), n nycrs a=a1p6. Wmeem

b
ax = -—tam—t(mod m),
p

Ecag a, > 1, 10 ¢ 5THM HOBEIM CPABHEHHEM NOBTOpDHEM aHAIOrHT-
Y0 Ooepamuio, ¥ T. 1.

VrazauHsi cnoco6 yxoGeH B ciydae HeGONLIINX IPOCTEIX COMHO-
sKETENIed umena a.

3. Ilonaras t={<], IUmeM cpaBHEHHUA
a « 0= 0(mod m),
a» 1=y, (modm),
a - t =y (mod m),
a+0=m(modm).

PacronokuB sTH CpaBHEHHA B HOPANKE BO3PACTAHHMA HPABHIX dacTei
(cp. Bompoc 4, a, ri. Il) m BEUATAA IOWJIEHHO KaKIAoe CpPaBHEHHE
(KpoMe MoclieHero) U3 CAeLYIOmero 3a HIM, NoJayamuM ¢ 4 1 cpaBReHmit
Bupa az = u(mod m); 0 < |z| <. Ilpu srom, mo kpaiimedi Mmepe, B

m .
onpom cpaBHeRmH Gymer 0 < u < - HeicTBETEILHO, u  WMeeT

t +1 > v 3Ha4YeHnH, 5TH BHAYCHAA NOJOKHTEJBHEE, ¥ MX CyMMa
paBHa m,

4, a, a) Crmepyer U3 ompefeNeHHs CHMBOJHTeCKOH Hpobn.

8) 3nech MOKHO TONOKHUTL by=0> -+ mt, rpe & omlpeneisercsa H3
yeaoBas b+ mt = 0(mod a); TOTza cpaBHEHHmI0 ar =5 YIOBIETBO=

pHeT meJoe YHCI0, EpeflcTaBiisgeMoe OGHYHOM APO6HIO —a?.
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1) Umeem (b, KpaTHO @, dy KpaTHO ¢)

b d _ by dy byec+edy be+ad
7+—c—=_+?— a ac

a
d) MUmeem

bo do_body _ b
e« ¢ .ac  ac’

a

i

b d
c

b, o) lImeem (cpammennsa GepyTcsa IO MOAYIIO p)

p—1N\_(p=D(p=2)...(p—e) (—DH%1.2...a_ ;
( a >— 1.2, .a =T 13T . f(—i)-

Bompoc 2, b Temepr Hpome pemath TaK:

b _b(—=1)*(p—1)...(p—(a—1))

@ 1.2...(a—1)a (mod p)
3) Unmeem
22—2 . p—1  (p—1)(p—2)

R v B v S
(p—D(p=2) ... (p—(p—2))
* 2. (p—1) (mod p).

5, a. Ymeana s, s+1, ..., s+n—1 1pomapEO He MOryT HMeThb

obmmx pennreneit ¢ d. Ilpomseepenns s(s+1)...(s+n—1) mMoryr
6uTh 00BeAMHEHE B n* cOBOKYIHOCTEH IO YHCJY CNOCOGOB, CKOMBKIME
unci0 d Moer GEITh pazbHTO HA n NONAPHO MPOCTHX COMHOMKATENCH
¢ yudTOoM IOpARKA mocnexunx (Bompoc i1, b, ra. II). Tlyere d=
=uq U3... Up—OFHO U3 TARHEX pazomeHmil. Uucno wOpomsBeieHNH
¢ yearopmeM s = 0 (mod uy), s+1=0(mod uy),..., s +n—1=0(mod u,}
a a
PaBHO . TToaToMy mCKOMOE HICI0 PABHO "17 .
b. VkasanHoe wmCI0 pPaBHO
nka

2 p(d)Se Sg= )

d\a
rie k—umMeio pasHYHHIX UPOCTHIX Reaurtenedl wmema d. Ho nmeem

k
Dw@ E_“=a<1—ﬁ><1—i‘>.. (1—1
d 21 P2 Pk

d\a

6, a. Bce 3nazenua z, yAOBIeTBOPAKOLMe NEepBAMY CPaBHEHMIO,
NAIOTCA PABEHCTBOM § x=b, +m, t, rhe; t—uenoe, Yro6u BHOpATH
W3 HEX  Te€,{KOTOPHE YNOBJETBOPAIOT TaKie H BTOPOMY CPaBHEHHIO,
HaNO O rpaEWYHATLCA ITUMIb TEMH 3HAYCHHAMHE {, KOTODPEE YNOBJIETBO-
PSAIOT CpPABHEHHIO

myt= i)z—b1 (mod my).
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-Ho 910 cpaBHeHWe Pa3peHIMMO TOTAA W TONBKO TOTNA, KOrja b,-—b;

‘KpaTHO .. Iipm 5ToM B cayuae paspelumMOCTH COBOKYIHOCTE sHaYe-

HA# ¢, eMy yJOBJIETBODAIONAX, ONpeAeNAeTCH pPABEHCTBOM BHNA
m .

t=ty+ —J?- t’, The t'—menoe; BMecTe ¢ TeM COBOKYNHOCTS aHaueHHH z,

YROBJETBOPAIOMAX PACCMATPHBAEMON B BOIpPOCE CHCTEMe, OHPENeaATCA
PaBeHCTBOM

—b M2 ,.
Z=0y4+my { 1+ ok =2+ M at’; 2 3=b; 4 mily.
b. B caysae paspemmmocTn cmCTEMB
z=b) (mod m,;), =z=b,(mod my)
COBOKYUHOCTEL 3HaveHmi x, el yAOBIETBOPAMNINKX, NOPEACTABHETCA

CPABHEHUEM BHJA T = Z; o (mod m, ). B cnyuae paspemmMocTs CH-
CTEMH!

T= 2y, (mod m, ), z=b,(mod my)
COBOKYNHOCTH B3Ha"eHMil @, e#f yNOBIETBOPAIONAX, NPEACTABHTCH

cpapHeHMeM BHJA z =1, 23 (mod m; 5,). B caysae paspemmmocTn
CHCTEMHL

z=2; 5(mod my24), =0, (mod m,)

COBOKYNHOCTh 3HaueHHl z, el yHOBJETBOPAIOMHAX, HPEJCTABETCH
CpaBHeHHeM BUJA & = Z;,3 3.4 (mod m1,2.1,4)' " T. 1.

7, o) Or saMeHH z Ha —z (BCAe/CTBHE %€r0 ' 3AMEHATCA HA —')
a,b
BeJINYMHA CYMMBEI (—;—;) He M3MeHATCA.
§) Korpa = mpoGeraeT npuBefAéAHYIO CACTEMY BLIYETOB IO MOLYIIIO M,

T0 M z’ mpoferaeT OpPHBEACHHYIO CcHCTEMY BEMETOB IO MOXYJIO m.
y) Honaraa z = kz (nod m), momysam

5 . ahz+ bz’

~a,bh _Z . T _[ah,b

( m /) AN WA

z
oqiLmax asmiy+ mex’ - myy’

\ a,, 1 ag, 1 =2 2 R m my
my mg
x v

Nonaras mgz’ +myy =3’, AMeem

3) Nmeem

(a,mez + agmyy) (mez’ + myy') = aymi + agm} (mod mymy),

(al, 1) (az, N (mgal + m2aq, 1)
my- mg )— ‘myms ’
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qT0 ¥ JOKA3HBAEeT YKA3aHHOE CBOMCTBO B ciTyvae IByX COMHOMKHTeJNeH,
O6o6inenme Ha ciyuall_6oslee UeM ABYX COMHOKHTellelf TPHBHAILHOQ.
8. CpaBHeHue

‘ 2gz" + a1 + .. +an—ag (z—2,) (z—22).. .(z—2n) = 0 (mod p)

mmeer n pemennii. OHO crememm Bmwxe n. CllenoBaTesLHO, BCE €ro
Ko3(pPunmenTsl KPaTHH p, a T0 W BHEaKaeTcd cpaBHEHUSMH, yKa-
3aHHEIME B BOIIpOCe.

9, a. Ilpm p > 3 COOTBETCTBEHHO Z, B3ATOMY W3 paAja 2, 3, ...
«e., p—2, HAUIEM OTIAWSHOE OT HETrO 4MCJIO ' TOro Ke pARa ¢ yoJo-
BreM zz'= 1(mod p); HAelicTBATENBHO, H3 z=z' cJAeH0BaI0 OH
(z—1) (z4+1) =0 (mod p); z=1 mn z = p—1. IosTomy

2.-3...(p—2)y=1(mod p); 1-2...(p—1) =~1(mod p).

b. Iycrs P > 2. Jonmycrus, 910 P HMeeT [eJWTENb U C YCJIO-
pueM 1 <u < P, Mu nvenn 66 1.2.. . (P—1)+ 1 =1 (mod u).

10, a. Haxogmm %k ¢ ycnovwem ayh = 1 (mod m). Jlaunoe cpaBHe
HWe PABHOCHIILHO TaKOMY:

@+ aha® ! 4.+ ah = 0(mod m).

. b. Ilyets Q (z)—4vactHoe u R (z)—o0CTAaTOK OT pnenenma zP—z
Ha f(z). Bee rosddunmentn Q (z) m R (z)—nenvie, Q (z)— crenenn
p—n, R (x)—cTeleRu HHMKE 7,

a? —z = (2)Q (=) + R ().

IIycte cpaBrenue f(z) =0 (mod p) mmeer n pemennyt. Te 3Ke peme-
pua 6yayr pemennAuu u cpaBHenus R (z) = 0 (mod p); mostomy Bce
xoaPunuentn R (r) KpaTHE p.

OGparHo, nyeTh Bce Kodfipumuments: R (z) xpatam p. Torma
f(z) Q(x) KpaTHO p UpH TeX jKe 3HAYEHHAX Z, 9TO W Z! ~Z; NOITOMY
CyMMa UHmCeJl PemeHHi cpaBHeHMH

: f(z) =0(mod p), Q(x)=0(mod p)

He MeHnbime uem p. IlycTh mepsoe mMeer a, a BTOpoe (B pemenmit. U3
e<n, f<p—n, p<Lat B

BHIBOXEM a=n, B=p—n.

: —1
c. Bossmmasa manHOe CpaBHEHNEC TOYWIEHHO B CTeeHbL P ]

ybesxnaemesi B Heo6xXogumocTH ykasamHoro ycsosus. Ilycrs ato yeio-
p—1 p—~1

BHEE BEIIOJHERO; M3 zP—a =z (zP1—A ™ L+ 4 ™ —1) cnenyer, uTo
p—1 . p-1 ..

0CTATOK OT fenenus z? —z Ha z— A ectb (A ® — Dz, te A ™ —1
KpaTHo p. - | o '

11. Uz zj=A(mod m), y"=1(mod m) caexyer (z,y)"=A (mod m);
IPH STOM NpPOU3BENeHUs Zpy, OTBEYAOMEAE HECPABHAMHM (IO MOXY-
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mo m)y, HecpapEEMH. U3 zj = A(modm), z" = A(modm) cie-

xyet 2" = z{j (mod m), NPAYSM, ONPEJEJIAA Y YCIOBHEM z = yZo (mod m),
uMeeM

y* =1 (mod m).
Pemnenns k raase V.

1. VrasanHoe CpaBHEHWE PABHOCHILHO TakoMy: (2az -+ b)? = b%—
—4ac (mod m). CoOTBETCTBEHHO KAKIOMy pemeHHD 2z = 3y (mod m)
cpapHeHus 2% = b%2—4ac (modm) u3 2ax+b =1z, (modm) Haiiném
OJHO pelleHHe YKA3aHHOIO CPABHEHWA.

2, a. IIpn %): 1 umeenm a2™*1 = 1 (mod p), (@™ +1)’ =a (mod p),
z =+ a™t! (mod p).

b. Hpr <—:—)—>=1 mmeen a‘™+2 = 1 (mod p), e®™t! = 4 1 (mod p),

a?™+2 = ¢ q (mod p).

Bamiy (%): — 1 umeen tarme 24™+2 = — 1 (mod p). losTomy mpm
HEKOTOPOM §, MMeomeM OfHO W3 sHaveHuid 0; 1, monywmm

@?mt2o(im+2)s = g (mod p), x = + a™H122m+T1D 8 (1n0q p).

c. IIycrs p=2kh+ 1, rne k>3 u h—mnHeuéTHOe, (%): 1.
HNmeem

a2 = 1 (mod p), ¢®* %" = 4 1 (mod p), N¥ M = 1 (mod p).

TosTOMYy TPH HEKOTOPOM ILEloM HEOTPHINATENLHOM 3 HOYWHM

A ye? ™ =t (mod p), 2PN T2 =1 4 (mod p);
OTCIONA TPH HEKOTOPOM MEJIOM HEeOTPHIATe]bHOM §; HOIYIAM

a2 P22 nod p), a2 MRN8 2 L (mod p),

A T. ., HAKOHeN, IOJY4HM
' ht
a"N%k =1 (mod p), z= +a 2 N (mod p).
d. Vmeem . .
1.2...2m(p—2m) ... (p—2)(p—1)+ 1= 0(mod p),
(1-2...2m)24+ 1 =0(mod p).

3, a. Ycaosna paspemmMoctm cpasHeHnii (1) m (2) BHBORATCA
tpuBmabHo (f, § 21 k. § 2). Cpasmennme (3) pazpemmMo TOrJa # TOJILKO
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. -3 —3 14 .
, korma ( — )=1. Ho <——>=<~_—>, opaIéM
TOrja it ( P) - 3 p

<£>__ { 1, eciim p mmeer Bup 6m + 1,
3/ —1, ecaum p mmeer Bug 6m + 5.

b. HaxoBn 6pt Hu GHIIM pasj@uHEE OPOCTHE Py, P2, - - , Pj BURa
4m +1, panMenbmuil Upocroil menurTens p wdciaa (2p,ps ... pk)2+1
OynxeT OTIHMYEE OT py, Pz, - - -1 P} B BBAAY (2pyps ... pp)t+ 1 = 0(mod p)
mMeer BHX 4m -1,

c. HakoBn Gul HEH OBIIN Pa3udHKle NPOCTEE Py, Py, ..., p, BAma
6m + 1, HauMenpmEil TPOCTOR nesuTeNb p wuead (2pyps ... PR+ 3

Oymer OTNWYEH OT Py, Pa, ..., P, W BBUNY (2pyp; ... p;)? . 3=0(mod p)
nMeeT Ax 6m 4 1.

4. Cpenm umces1 MEPBOH COBOKYMHOCTH OYyayT WHCJA, CPABHEMEE
ci1.1,2.2, ,p—z— p_z_ , T. €. BCE KBaApPaTHYHEIE BEYETH TOI-
HOM CHCTeME: WHCO, BXOJAIlee IO YrJIOBAIO BO BTOPYHD COBOKYI-
HOCTh, 6ydeT kBanpaTHdabl HeBmueT. HO BO BTOPY0 COBOKYNHOCTBH
BOHMIyT BCe Npou3Be[JeHUS 3HTOrO HeBHYEeTa HA BCE BEIYETHI, T. €.
BOHMIYT BCE KBajpATU4HBE HEBBIYETHI.

5, a. Ilycts B cmcTeMe MCUMCICHAS C OCHOBAHHMEM p

o—1
a=a, ,p + ... taptay
W ACKOMOE pemmeHme (HAMMEHbMWH HEOTPHHATENBHEIH BhIYET)
x—_:xa_;p“_1+...+x1p-i-xo. 1)
CocraBnM Tabaumy:

L) a2y ag as a, ay
2rgr 1 2241, 22,7y 22474 2wy o
21z, _o e 2224 ‘ 2242, x?

_2x2xu_3 ces x2

rae B croulne HoJ @, CTOAT YUCIA, CYMMa KOTOPHX 00pasyeT Ko03¢-
¢unuent npm p® B Pa3NOMKEHAM KBajpaTa npapoit wactd (1) mo cre-
neuaM p. Haxogum z, w3 ycunosus

22 = q, (mod p)
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z}—a,
Monaraa 5 ==p,, HAXOAMM Z; U3 YCIOBHA
p1+ 227y = a; (mod p).
p1t 2zt —ay
P

Nonaraa = py, HAXOAUM Zg U3 YCIIOBASA

P2+ 2x4z5+ 2} = as (mod p),
u 1. A. Ilpn xamsom =z, BBHRY (%,,p)=1 umema z,, z, ..., Ty _q

OUpefeNATcA OXHO3HATHO.
b. 3pecn

a=a,_2°7Y 4 ... 4,284 a2+ a;2+aq,
e=z,_ 2% 4 2,254 222 b 224wy,

—Ya—1

# MH OyzeM uMeTh cJexyiomymo Tabmmny:

2,4 ay a3 as a, a,
ZoZ,_g e Zg Tg Zy Za T X xﬁ
z T, g v z, Zy : xi
Tax, _, e x:

PaccmoTpuM amms ciaysait a > 3. Benny (e, 2)=1 neob6xogmmo ay=1,
IosroMy z,=1. Janee Beo6xogmmo a,=0, ¥ BBUAY Tyx; + £} =
=2z, + 2% = 0 (mod 2) neoGxoanmMo a; =0. [l1a =, BO3BMOKHH ABA 3HARE-
maa: 0 u 1. Yncna @, a3, . ., ¥, _5 ONPEEIATCS OHOSHANHO, & JUIA 2, _,
BosMOHEl fBa 3navenma: 0 mw 1. TloaroMy mpm o >3 HeoGxomumo
a = 1(mod 8), m Torza yxasanHOe cpaBHeHHe HMeeT 4 pemeHwsA.

6. Ouesmamo, P m Q —Lesnle, OpuyéM @ 10 MONYJIO p CPAaBHAMO
€ 9mCcJIOM, KOTOPOE ¥ONy4nM, 3aMeHAA @ Ha 2%, IJA 9ero J0CTATOYHO
V a samennts Ha z. MosTomy Q = 2* “1,2~1mod p); cepoBarensno,

- (Q. p)=1 ¥ Q’ pelcTBUTETLHO MOKHO OLpEJe/IMTh M3 CPABHEHHA
!
QQ’ = 1 (mod p*). UmeeM
PreaQt=(z+ V a)(z—V a)* = (22 ~a)*= 0 (mod p*),
OTKYJa
{(PQ’')® = a (QQ’')%= a (mod p%),

7. Tycrs m=2%py1... p%¥ — KanoHuMIecKOe passIoKeHHe TUCIA M.

Torma m wpepcrapiserca B Qopme m=2"ab, rue (e, b)=1, 2k cuo-
cobamm.
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Iycry a=0, Hs (z—1) (# 4 1) = 0 (mod m) cnezxye'r, 9TO IPH HEKO-

TOPHX a U b
z=1(moda); z=—1(mod d).

Pemas sty emcremy, nbny [M z = x, (mod m), TTosTomy yuaaarmoe
cpaBHeHme WMeeT 2° pernenyi

Iyers a=1. Mpu mexoroprx a u b

z = 1(mod 2a); z =—1(mod 2b).

Pemasa sty cumeremy, nmomyumm z = z, (mod m). IToaromy yKasamHoe

cpaBHeHme nMeer 2° pemexmit.
llycts a=2. YIpu HeKoTOpHX a 1 b

= 1(mod 2a); z=—1(mod ,Zb).

m
Pemas a1y cmereMy, HOJIYYAM x = &, (mod —2—) . Tloatomy yrasanHoe
CpaBHEHHE MMeEeT ok-+1 pemenmii.

Iycets « > 3. Tipm HeKOTOPHX @ X b JIOMKHA BHNOMHATLCH OXHA
H3 CUCTEM

z =1 (mod 2a); @ =—1(mod 2*~');
z=1(mod2* 1a); z=—1(mod 2b).

m
Pemas onHy U3 3THX CHCTeM, HOJYYAM z = , (mod 7). Tlostomy

ykazagroe cpasuenme mmeer 28+ ! pememnmii.
8, a. Onmpegenssa z’ cpaBHeHweM zz’ = 1 (mod p), maeeM

p—1 T p~1 VRSV S I

z(x - xx’ (xx’ z'y RN ( BN x')
2’ ( p ) Z ( P > Z j2 )
x=1 x=1 x=1

Ouepupno, 14 kz’ mpoferaeT Bce BHYETH MOJHON cHCTEME!, KpoMme 1.
OTcrona B clefyeT YKasaHHAS TeopeMa.
b. Yrazantoe paBeHeTBO cnenyeT u3

3 (o GNE(E)-
% (e (@) () (FEED)),

c. meem

S'< X 2 2 Z<(1y1+k)(zy+’f)>

T u

'13
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Yacrw BHpaKeHUA, CTOAMErO COPABA, OTBEYANIAA CAYIAAM Y=Y,
He npesBocxopuT X p¥. PaccMOTpHM 49acTh, OTBeUAIOLIYIO Hape HE paB-
HHX MeHEY c060I0- BHaveHME y; M Y, TPEUSM JJIA ONPeNeSHHOCTH
npeanodokuM, uto y > 0. Ilonaraa zy- k =z (mod p), npuseném
YKa3aHHYI0 43CTh K BULY

5 (e (=)

z2=0

OoTkyaa yOemmmes (BOmpoc &), 4T0 OHAa udcdeEHO < X. ITostoMy
S2< XpY + XY2 L 2pXY.
d, ) Hmeen
p-1Q—1Q~1

S=2 Z 2 ((x+z,;(z+z)>.

x=0 23=02=0

b.¢

Ilpn z,=2 cymmmpoBamme no z jaér p—1. [ipu z,, He paBHOM 3,
cyMMupoBaBHue mo z (Bompoc &) maér —1. Iloatomy

S=(p—1Q—-QQR—-DH=(r—QQ.
8) CorsacHO TeopemMe BOIpOcA &) mMeeM
T Q"M < pQ T<rQH

) Tonaras [V p]=Q, npamenny Teopemy Bonpoca a). lonycrus,,
9TO B YKAa3aHHOM B BONpOCe pANE KBAJPATHYHHEIX HEBEIYETOB HeT,
ybemmmed, qaro | S| >Q—1 mpm x=M, M +1, ..., M+2Q—1 xu,
TakmM 0GpasoM,

00Q-1)<(p-Q0Q 2Q-1P<@+1)*—0Q, &—<0,
9T0 TpH Q > 5 HEeBO3MOMKHO.

9, a. Ecam m npepcrasnAeTca B gopme (1), TO pelennme

2 = 2y (mod m) ®)
cpaBHeHNA z = zy (mod m) ABIAETCA TAK)Ke ¥ pemeHneM cpaBHenuA (2).

Mn Gynem roROpuTh, 4T0 YKAa3aHHOE IPEICTABIEHHe cBA3AHO € peme-

HEeM (5) cpaBHenua (2).
* C raskamM pemenHem (5) cpapHeHEA (2) CBA3aHO He MeHee OJHOTO

npeacrasienus (1). [leiictBuTessHO, B3AB ':=1/m, uMeeM
29 P ] -
D b — 1 (P,Q)=1,0< QLY m, |08 <.

Hoatomy z,Q=mP +r, rne|r| <y m. lanee, u3 (2) cilegyer, uro
jr12+Q%*=0 (mod m). Orciona m u3 0 < | 7|24 Q% < 2m HaxomUM

m=|r*+ Q. )
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Tipr eroM (j 7}, Q)=1 BBUAY

— " _;Q:z (24Q —mP) z;;lQ-—rmP-l—Q’ =—rP (mod Q).

Ecnu |r|=r, 10 BBERY © = 2,Q (mod m) npexcraBaenne (6) cBAzaHO
¢ pemenmeM (5). Ecau |[r|= —r, 1o BBERY 22Q = zor (modm)
Q =3y |r\ (modm), npegcrapnenue m=Q>2>+ |r|® cBAzano ¢ pemwe-
HneM (9).

C raapv pemenneM (5) cBsAzaHO He (o0Jiee OJHOTO TPEACTaBJIe-
g (1). [lelicTBHTesbHO, ecnm @Ba TnpedcTaBieHna m=az*+ y*
B m=2z}+y} uacna m B dopme (1) cBABAHH ¢ OjHMM M TeM JKe pe-
menneM (35), TO M3 z = zpy(modm), z = z,y,(nedm) clepyer
zyy; = 71y (mod m). IlostomMy =zy,==z;y¥, orkyaa BBEAy (z, Y)=
=(z;, ¥))=1 cueayer z=u=,, y=y,.

b. Eciu m mpepcrasaserca B gopMe (3), To pemenue

= 2, (mod p) M
cpaBHeHHA z = zy(mod p) sABHIAeTCA TAKME H pENIeHHEeM CpaBHe-
Hrda (4). Mu 6yneM roropaTs, WTO yKasasHOe NpeiCTaBlieHue CBA3AH0
¢ pemenneM (7) cparHennsa (4).

3naa pemeHnne (7) cpaBHennd {(4), HAWIEM He Memee OJHOTO Ipef-

crapnenus (3). HeficreutensHo, paap t= ) p, nmeem
2 P 0

= tgys o=t 0<Q<Vp, (8l<1t.

Moatomy 2,Q = r(mod p), toe |r|<p. I'amee wa (4) ciemyer, 4910
[r|*+aQ? = 0(mod p). Orcioga m m3 0< |7 |2+ aQ* < (1 +a)p cne-
AyeT, 9TO0 IpH a=2 [AOMKHO OwTH BWin |r|2+42Q*=p, wna |r |+

+2Q%*= 2p. B mocnenmem cayuae |r |—uérnoe, | r|=2r;, p=Q%+ 2r5.
Tlpn a==3 mommuo 6HITL MyH |r |2+ 3Q%=p, unu | r |2+ 3Q*=2p, vim
|72+ 3Q*=3p. Bropoif ciyyaii HeBOaMOMKeH: IO MOAYII0 4 neBas.
bacTh cpapamMa ¢ 0, a mpaBas—c 2. B TpeTheM ciayuae |r| KPaTHO
3, |7|=3r, p=Q*+3r.

ONyCTHB, 4TO [Ba TpefcTaBleHUss p=2z2+ay?® W p=2z?+ayi
yrcna p B fopme (3) CBA3AHE ¢ OFHAM M TeM jKe pemeHHeM
cpabHenma (4), HadmaémM x=i,, y=y,. HomycTEs, uT0 3TH upex-
CTABICHUA CBA3AHL C DA3JAN9HBIMA DPEMICHAAMI CpPABHEHHS (4),
Haumém z = zy(mod p), «; = —zy,(mod p), OTRyma =zY,+ &,y =
= 0(mod p), uro smuAY O < (zy+ 2,9 < (22+y?) (2} +93) < p°
HEBO3\ OJKHO. :

¢. o) CnaraeMuie cyMMsl S (k) ¢ z=2; ¥ z=—2, PaBRH MEXRILY
¢06o10.
B) Nmeem

p—-1
' Skny=Y (ﬂz‘%__f’“z)):-.(-;-)sm).
_ 5=0 ;



PEHNIEHVA K IJIABE V 155

1) Nonaras p-—i=2p1, AMeeM
P

P (S (1) + Py (S (n))* = Z (S (r£2)* + D) (S (mer)r=

t=1 t=1

p—1p—1p—1

~Sewr-3 33 (Heben ),

x=1{y=1k=1

HOpr y, me PABHOM & MM p—, PE3YABTAT CYMMHPOBAHMA MO k

Oynet— 2 (—) Opu y=gz WIN y=p—z OH Oyner (p—2) (zy)
TloaTomy

PSP+ nE@r=top p=(550) +(F5m)".
10, a. Mmeem

Xz——:DYz-——(Zl'Hh 1/-5) (xz:‘:yz' 1/-5) (1‘1'—y1 Vﬁ) (xz:F?/z Vl—))=k2-

b. Baa mwoGoe v, ¢ ycnosuem t; > 1, HalinéM menwme =z, ¥,
1 .
¢ yCJIOBHAMHI |y1 ]/D—-xl [ < —, 0 <y<<m, OTKyAA, YMHOMAA HO-

anenno Ba y, V D+ ;<2 1/D+1 nomysmst | 23— Dy | <2V D+ 1.
1
BaaB =, >T; ¢ yclaoBEmEM | Yy VD—zl | > —, Ha#jgéM HOBEIC

nense x,, ¥, ¢ yeosueu |zi— Dyi| < 2 ]/D+1 aT. A

Ouesnapo, B murepaite —2Y D—1 < k< 2V D41 cymecTByeT
TAROE LeJoe, HE PaBHOE HYJIO k, 9TO cpeld Nap zqy, ¥ L., Ya; -
-Haitpéres GecuncieHHOe MHOMKECTBO Hap x, ¥ © yenoBueM z? — Dy? —k
CpelH e TOCIeQHEX HABEPBO BalifyTca ABE Waphl &, 7 M &,, 7,
¢ yenosmeM &, = ¢, (nod | k?), 1 =7, (mod | k]). Onpemensisi nenne

€5, Mo paBemcteom E + 1V D=(& 4+ V' D) (E,—n, V D), umeem
(Bomlpoc a) i

B—D=|k[% & = % —Dn? = 0(mod | k|);
o= —i + & = 0 (mod | k).
Nosromy £,=¢ [k|, no=1|%k|, rne § m n—menke u &2— D?=1.

e. Uncna z, y, ompenefiseMble pPAaBEHCTBOM (2), YROBJIETBOPAIOT
(Bompoc a) ypasrenmio (1).

JlomycTHB cyu.ecTBORAHWE TIADH INeJIBIX TONOKHTENBHEIX &, Y,
YAOBJIETBOPHIOIAX ypaBHeHNIO (1), HO OTAHIHOH OT nap, owpegense-
_ MHEX paBeHCTBoM (2), MH IpH HekotopoM r=1, 2, GyaeM mMeTH

(zg+w VD) <z+y VD < (g+y VD),
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Otciona, pens mounerno ma (24 +y, V' D)7, momyamu
1<X+YVD<z+y VD, 3

rpe (ompoc a) X n Y —mpense, ompefessdeMele PaBeHCTBOM

H_e+yVD _ B (2 v V)
X+Y VD_(x.,+yoV1'J)' (z+9 VD) (zg—vo V' D)

4 yAOBIETBOPAIOILAE ypPaBHEHMIO
X:—DY?=1. . (4)

Ho m3 (4) cmepywor mepasesectBa 0 < | X |—| Y VD[ < 1, woTOpHIe
B COBJMHEHAN ¢ OePBEIM HEPAaBEHCTBOM (3) NOKAa3mBawT, 410 X
1 Y —nonoxuTensnaee. IIoaToMy BTOpoe HEpaBeHCTHO (3) HIPOTHBO-
pednT ONPEeNeSICHNI0 YHCEl Zy, U ¥,.

11, a, o) Hmeem

p~1p-—1 ax(t

UepP=UapTup=32 3 (7))

t=1 x=1

2ni 2~

Ilpu t=1 cymMmmpoBaHme mo z paér p—1; mpm t > 1 oHO jaér

¢
—~{—=). I
( - ) 0sTOMY

p-—-1

t .

s pl=p=1=3 (%) =p. Wap|=V7,
t=2

uian
p—ip—t 21\:1—

|Us, p?=Us,p Ua,p—22<x+t>< )

Mpr t=0 cyvwMnposamme mo z paaér p—1; mpu ¢t > 0 oo naér
2mi & .
—e P, TMosromy
p—1 " .1
IUa,l)Ia:P'"1 2, "—P- IUa,pI—VP

~ B) Nlpu (a, p)=p TeopeMa oueBupHa. IIpm (a, p)=1 omna cie-

ayer u3
er=()3 () 5= (D) o
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b, ) Ilycrs r npoGeraer KBafpaTHYHBE BHMETH, & n-— KBafpa-
THYHBIE HEBEMETH, ~ BAKNIOYEHHBIE B IOJIHOK CHCTEMe BHIYETOB.
Nyeenm -

Zm —

Sap=1+2 Je

r »

BuiuuTas orcona IO4YJIeHHO

ani
0=1+2e p+2e L
r

MBI ¥ NIONYYNM YHKaszaHHOe PAaBeHCTBO.

8) Hmeem
m—1{ m—1 ;@ (t +2tx)
| S, m 2= D) 2 "
t=0 x=0
21\:1‘EE

ITpu passom ¢ cyMmmmpoBanme mo z maér me ™ umam 0, B zaBHcnm-
MOCTH OT TOrO, JeauTca 2t Ha m wWad Her. IIpm HenéTHOM m HMeeM

. a-0°
¢ m
| Sa, m|>?=me =m,
IIpu yérHOM m=2m; nMeeM
2 2
. a-m
( 2ni U
|Se,m|P=m [ e ™4 m

3nech mpaBas dYacTh paBHA HY/J0 IPH HeYyéTHOM m; W PaBHA 2m
upa 4€THOM my.
y) Ilpm noGoM menmoM b mMMeeM

Ax Ax”+2Abx

ISAmI—’E o I,

o x==0

OTKYyZa, Buibmpas b ws ycaosma 2A4b = a(modm), MH ¥ HOTYyYHEM
(Bompoc B) yKasaHHBII pe3ysbTAT.
12, a. lmeem

M+Q—1 m—1 omi a{z—s)

mE CI)(z)—Z DD 2@ "o

t 8=M g=0
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Yacts cyMMH, croamedt cupapa, orBevaioman a==0, paBEa Q Do (3);
z

gacTh, OTBEYAIOINAsA OCTABIIAMCA B3HAYEHWAM @, YHACJCHHO (BOHPOC
11, ¢, ra. III)

m—-1 M+Q—1{ P
<A Z l Z e ™ ‘< Am (In m—8).
a=1 s=M

b, «) Crnepyer m3 Teopemsl ponpoca 11, a, ¢) u TeopeMut Bonpoca a.

B) Hepasenctso Boupoca a) maér R—N =48} pln p. Kpome roro,
odepuaHo, 12+ N=0Q.

7) Ua teopemnr Bompoca 11, b, §) cneunyer, 4ro ycnorms TeopeMH
poripoca & GymyT cobniofieHH, ecnd nonomuMm m=p, & (z)=1, npuuém
3actaBEM z npoGerarh 3navenms z=a? z=0, 1, ..., p—1. Ho cpenn
3HA4EHHWH Z MMeeTcA ORXHO cpaBHHMMOoe mOo Mopayalw p ¢ 0 ¥ mo gBa
CPaBHEMEIX IO MOAYJIO p ¢ KayKAHM KBAZPATHYHEIM BEIYETOM NOJHOH
cucTeMel. IloaTomy

’
2 ® (z)=2R, 2 ® (3) =p,
z z
H MBI TIOJIy9dM
2R=%—p+ 8y pInp.
%) Crnexyer ms reopemnl Bompoca i1, b, y) m TeopeMH ®Bomlpoca a.
e) VI3 TeopeMH Bompoca &) clexyer, uTO YCJIOBHA TeOPeMHl BOMpOca
a OyayT cobmonensl, ecan nojoxuM m=p, ¢ (z)=1, npraém sacrasum z
npoGerats 3nawenud z=Ax? x=M,, My+1, ..., Mo+ Qy—1. Ilo-
9TOMY

Sae@=1, Y2=q,

OTKY/Ia W cieflyeT YKasamHas B BOnpoce fopmysma. )
[o4
¢. YacThp CyMMH, cofepamag cJaraeMele ¢ ( > =1, pasua

p(R*+ N?), ocraswmasaca gacth pasua —2pRN. TlostoMy Bea cyMMa
paBHa p(RB—N2

Yacts cyMMHl, cojeprarias ciaraeMele ¢ =0, pasma 0. Ocras-
magcs 4acTh uMciieHHO Menbime {Bompoc 11, ¢, rm. III):.

p—1 M-+Q-—1i 21\:iE p—i M+Q-—1 zni—-t;ay
AP DI I | <7 anpn
a=1 =M a=1 y=M

CreoBaTeNbHO, p(R-——,N)* < p*(In pp?, |R-_-N[ < ]/1_’ Inp.
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Pemenns & raase VI.

1, a. Ecnr g—mnpocroe meuérHoe M ¢ =1(mod g), To & mo mo-
RYN0 ¢ NPEHAJJIERAT OZHOMY H3 lOoKaszaTeneid §=1; p. Iipm &==1
BMeeM a = 1 (mod ¢), upn §=p uMeeM ¢ —1=2pz; z— nenoe.

b. Eeam g—npocroe meadrHoe u @’ 1=0(modg), TO
a?? = 1 (mod ¢). IoaToMy a 1m0 MORAYII0 ¢ HPHHAJJIEHAT ONHOMY Wu3
mokasareneii 6=1, 2, p, 2p. Cnyiam ¢=1; p mHeBoaMOuml. ITpu
6=2 mmeeM a’=1(modg), a+1=0(modg). Ilpu ¢=2p wumeem
g—1=2px; x— nenoe.

c. TipocteiMu BuAa 2px +1 6ynyT, HAUpmMep, WPOCTHE HeTHTEIH

vucaa 2P —1. Ilyets py, py, ..., Py~ Kawme-nmGo &k NPOCTHX gHCE]
puaa 2pz - 1; uncao (p;ps ... pk)”-—i uMeeT NPOCTOM JieJIATellb BHAA
2pz + 1, OTAMUHBNA OT pipy ... Pg.

d. Ecsm ¢—mnpoctoe 1 22" 11 = 0(mod ¢), TO 22'1-H =1 (mod g).
ITloaToMy 2 1O MORyAi0 ¢ NPUHALIEIKAT HOKA3ATEIIO 2?+t1 g, cneno-
Batenpno, q —1=2""1z; z— nemoe.

2. Ouesnano, a w0 Mogyiwo a"—1 DPUHANTEKAT HOKAZATENO N.
MoaToMy n-— pgenatens ¢ (a™—1).

3, a. [TycTs mocie ki Omepamu| cHOBA IIOJy4aeTcd HCXONHEIA
pan. OueBupno, k- omepamus PAaBHOCHIbLHA CJENYIOHIeUd: B Prme

, 2, ...,n—1,n,n n~-1, ..., 2,1, 2, ...

.on—=4Ln,n,n-1 ...,2, 1,2 ...

OepyTca unena, crosmue Ha 1, 1+28, 14 2-2’”, ... MecTax. IToaToMy
ma 1+ 2F mecte B mcxonmoM pANE AOMKHO CcTOATH wmcao 2, Ciexo-
BATENIBHO, YKA3aEHOe B Bompoce ycjosme Heo6xopmmo. Ho omo u
AOCTATO4HO, TAK KAK IpPH ero HAJAYMH HMeeM cliefyloliue CpaBHe-
HAA 10 MOmyno 2n—1:
1=1, 14+28=0, 1+2-2F=—1, ...

=1, 1+2¢=2, 14+2.2v=3, ...
b. Pemenne amasormupno PemIeHHIO BOIIPOca a.
4. Pemenne cpapgenus z° = 1(mod p) UPHHAANEKAT HOKAZATEIIO

ANd Xe

6 .
BEAA -, TAe &' — nesmrens 8. ITpu atoM 6” KpaTHO ¢ TOrjga W TOIBKO
3 .
torma, ®orfa z% = 1(nod p). Brmucas Bce ¢ 3maveHmit &' W B3AB
f=1, nonyunm §’' = 2 p(d) Sy, The S’ ~—HcKoOMOe YHCIO Sd=g— .
AR

5, a. 3pecs (§ 3; npmMep ¢, § 5) nomxEO OHITH <2ng 1) =1,
+

9ro TpefoBanme BHNOJNHsercs IpH §=3.
b. 3gecy He momxHO OHTH (ﬂg——I> =1, g®=1(mod2p+1).
910 TpefoBaHNE BHUONAHACTCA OPH YKA3AHHLIX BHAUCHAAX g.
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. ¢. 37ech He MROJIKHO OHITH <4 1) 1, gt= 1(m0d4p+ 1).
910 TpebopaHme BHOOJHAETCA NPH g = 2

n

d. 3pech He moMMHO GHTH (2 g 1\/-— 1, g2 =1(mod 2"p+1).
910 TpeGoBaHMe BHINOIHAETCHA mpH g 3.

6, a, a) lipu n, KpatHOM p—1, Teopema oueBmnaHa. IIycTs n He
menuted Ha p—1. Yuena 1, 2, ..., p—1, ecim oTBIAEULCHA OT IO-
pﬂ;ma WX CJIel0BaHUA, 1O MOleJlIO P CPaBHUMBH C YHCJAMH g, 2, ...

, (p—1)g, tne g—nepnooGpasan KOpeHb 10 MORYJO p. IloaTomy

S, =g"S, (mod p), S, =0 (mod p).

B) I/ImeeM
Z(x(zz-i—ﬂ) Zx 2 (x2+1)—2—(modp),

o'rKyua (Bonpoc a)) u nonyqaeTcﬂ YKa3aHHEIH pesy;ibTar.
b. lipx p > 2 uMmeem
p—1

1.2 ... (p—1)= g“ 24t —t o g—z— = —1 (mod p).

7, a. Hmeem glindglas a (mod p), indg1 aind; g, =ind a (mod p—1),
ind”-1 e =caind, a(mod p—1).

b. U3 ind e =s(modn), indg1 e =aind; e(mod p— 1) cnenyer
ind; a=as=s, (modn).

8 Nyers (n, p—1)=1. Haiigsa u u3 ycmosusa nu = 4 (mod p-1),
OOJIyYMM pemenme x == a (.nod p).

Ilyers  n-—mnpoctoe, p—1=n"t, a—mnemnoe uonomn'rem,noe,
(¢, n)=1. Ecan cpaBuenue BOSMO?KHO, mveem o™ ! = 1 (mod p);
‘ecnu a > 1, TO, 3aMeuas, uro z = g" tr (mod p), r =0, 1, ..., n—1,
CyTh Bce pemeRus cpasEenms z" = 1 (mod p), npu HeROTOPOM
r,=0,1, ..., n -1 nmeem

anu—Ztgn“”

117'1'
= 1 (mod p);
ecam a > 2, T0 mpa HekoropoM ro=0, 1, ..., n—1 mMeeM

a—3; n®2ir_+n%lir
) a®’ g 1 2=1{(mod p),
H T. [.; HAKOHEI[, IPH HEKOTOPOM ru_1=0, 1, ..., n—1 nmeeM
ntr +nltr +...4n0—1tr,_
alg vHin =1 = 1 (mod p).

Haiigs u ¥ v U3 ycioBus tu-—~np= —1, DOJyINM 7 peIIeHMI:

i e a—2 d—-it
Ea”gu (g Arg gt nET 50 gt 0 r(mod p);, r==0,1,...,n—1
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Hyets upocroe n; meaut (n, p—1), n=nyn,, ny > 1. Coorser-
CTBEHHO KAKJIOMY pPeleHMI0 cpapHeHHsA Y™ = a (mod p) passickmBaem
peuleHus cpaBHEHHA 2 = y (mod p).

9, a. YKazaHHEIM NYTEM DOTYUHM CCCy - - . Ck = ¢ (M) Xapaxrepos.
Hyers y nByx xapawTepoB %,(¢) R JYa{e) He paBHH Memny cobom
saavennsg R’ w R” waxoro-ma6o wma wopued R, Ry, R,, ..., Ry; gau
umeNa ¢, y KOTOPOTO Bee MHueKCH paBHH 0, Kpome ey OJIHOTO,
OTBEJAIONETO YKasaHHKM R’ u R”, paBHOrO 1 mMeeM

X1 (al)‘=R', Ya (a)=R
b, o) Umeem ¥ (1)=R" ... Ri=1.

B) lyets v, .., 13 7>« +» Y~ CHCTEMBI HHJXEKCOB MHCCN a3 M
ay; rorga Y+, o Tt x;—-cucxrema HMHIEKCOB YHCIIA a,a5 (¢, § 7).
1) Ilpu a; = a; {mod m) munerxcsl 49Mces] a; H d; CPABHAMBL Me-
Ky c000K0 COOTBETCTBEHHO IO MOZYJAM ¢, ..., Ck.
¢. YKasaHnoe CBOCTBO CJeIyer W3
m~—1 c—1 cp—1
"
. . Y k
E /'((.'.)_42 RY ... 2 R,
a=0 Y=0 T)="0

d. YxazanHoe cBOMCTBO cjleiyeT M3
Ty
Sy @=E ... SRk
y) " R Ry

e. Hycts ;(a;) == 0. Torma ¢ (a,) =1 (a;) ¢ (1). MosTomy 4 (1)=1.
Hailigg e’ 13 yenosus ae’ = 1 (mod m), mmeem ¢ (a) ¢ (a’) =1. Hosromy
Y (@) =0 npu (¢, m)=1.

ITpu (a,, m) =1 nMeeMm

o) rlee)  rile) N Lle)
% ¥(a) 2 +(ala)_¢(al)§ b(a)’

TIO3TOMY 1151 Z %:O, miu we Y (ay)=1y(a;) npm Beex a;. Ho
a

nepBoe IPejnoJIoyKeHue He MOMKeT ONPABAEIBAThCA HPH BCeX 7: TOT/A
6u10 601 H=0, a mepy TeM H=4%(m), Tak Kag, CyMMOpys HpH
NaHHOM a U0 BCeM xapaKTepaM HMeeM

2 Lia) v (m), ecau a == 1 (mod m),
¢ \a) L 0 B mpoTwBHOM cJiyuac.
f, o) Ecnu R, ..., By m R”, ..., Rj—suavemun R, ..., R

oTBevanuue xapamepaM % (@) 1 % (a), 0 Y1 {a) 1a(a)— XapaKTep,
y KOTOPOTO COOTRETCTBYIOMME 3Hademusa cyts R'R”, ..., RiRy.
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Korpa R, ..., Ry npoGeraoT Bce KOPHHM COOTBETCTBYIOIMX
p P Y
ypasHemmii, To R'R, ..., R R, npoGeraioT B HeHOTOpOM NOpARIe

TE K€ CaMble KODHI.
v) Ompepensia I’ m3 ycxosusa (I’ = 1 (mod m), Ayeem

(al’ .
2 ;(5; E y/gl; =2 1),
b v

a0 pasuo ¢ (m) mi 0, B 3aBRCHMOCTH OT TOTO, Oyaer 11 ¢ = I (mod m)

HIH HeT.
10, a. a) Ompenensa «’ cpasHenuen vz’ = 1 (mod p), mMeeM

p—1 9 il ind (x+k)—!lindx p—1 i lind (14 k")
™ n n
> =3 ——1
x=1
B) Maeem

p—1 Q-1 Q-1 omi lind(x+z1)—~1 ind(x+2)
n
=22 2 e :
z

Ilpy z; =z cymMmmpoBadme 5o xz Jaér p—1{, npu z;, HE paBHOM z,
cymMMupoBanse no z (Bompoc ) aaér —1. Tlosromy

§=(p—1)Q—-QQ—1=(p—QQ.

1) [Iycrs Qu—vumemo umcen pama z+z z2=0, 1, ..., @—1, He
RedAMXcs Ha p, a T’ ,~—1ACIO YUCET TOTO JKe PANA, NPUHAJYIC-
WHAMUX s-H cOBOKYNHOCTH. JlycTh, HAKOHCH,

p—1t

Qz: 2
Un,x:—7+Tn,x’ S=Z Un,«.
x=0
Umeem
n—1Q omi ! (11_1d (x+z)—8) n—1 _2_”2_
1 — a1 "o
) Z € “n ¢ L,n, x’
=1 2z=0 I=1
n—1

=Y e~ e

2 1
- Un,x<ﬁ(n-—1)2 {Sl,n,.’tP’
I=1
Ilonaras Q=[n 1/17] M J0nyCKas, YTO B YKA3aHHOM B BOHDpOCE psije

. —1
yheesl s-i COBOKymHoctTHm Her, ybepmmes, 9TO |Un,xl>Qn npn
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r=M, M+1, ..., M4+Q—1, u, raxam oGpasom,

(D =(5) v—0Q V-2 < PV R

9T0 HEBOBMOKHO.
b. llycrs p, —NpOH3REJCHHE PA3IIHUHBIX IIpOCTI:DL nejuTeNel
gucya p—1, Qg—umcio umcen pama z+z; z=0,1, ..., Q—1, He
IeJAIMXCA HA p, a G, -—4YHCJIO YHMCeJI TOro ke pAJA, | ABTAIONHEXCH
1epBooGpasHEIMH KODHAMH IO MOxy/o p. Ilycrs, HakoHer,

p—1
_ w(@d\_ p—1 ro_Q O 2
(B -y e -G 13
ol\jo0 x=0
Bsas f(f)=1 wu sactasiax £ npoGerars sHadeHwd E=ind (z+ 2);
2=0, 1, ..., Q—1, noxyumm S’:E w(d)S;.  3mecy ST —uymeao
a\p,
spauennit £ ¢ yemosmem (3, p—1)=1; mnosromy S’'=G,. [lamuee,

$g—uucio 3navennd €, KpaTHRIX d; nosromy Sy=T) . (Boxrpoc a, )
npu s =0. CiegoBaTeiLHO,

1tvx=-—7"+ 2 B (@) Ty, = 2 () Uy g

d\p, AN\ Dy
2 ok Z Ui, ©<2(p—QQ
a\p,
flonarasa Q:[PZk ]/;] H [ONycKasd, 4YTO B YKA3aHHOM B BOmpoce
pAfle TepBOOOPABHEX KOpHEH HeT, yOexumMcs, 94T0 | wy| >Q—;~1
pn =M, M+1, .... M+ Q—1 m, rakum obpasonm,

- . . — pok
o(G) = o—ae ¢ Vi-vt<(rtvi-22)
SITO HEBO3MOMKHO.

11, a, o). Vmeenm

1p—1 o kmdt 2“ia(t—i)_§

D LT

1 2Mkindt
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B) Npu (a p)=p Teopema oqemmua Ilpu (a, p)=1 ona cne-
AyeT Hs

21“-& ;nda p—1 Zui. mg azx 2,‘;“_: 2mi -k 1’1:da
Ugp=c¢ Ee e =¢ Ui,p'
2=1

1 Ouesujuo, A u B-—neinne, upuquJS |2 =424 B2 lipu Hexo-

TOpHX 8, 37, ¢¥ ¢ veaoumeM |s|=]s’ |=|s’|=1 mMeeMm (Bompoc B))
p—1ip—1p— —un 4ind z3+ind 2z 2“izlx+z(x+i)
22 Z e T
al/P Ve

21=12=1 =0

Ecau z,+2z He paBHo p, cymmuposanue 1u0 z paér nyrb. losrtomy

p—1 . 2m‘ip _
« 2 (7)‘5 ="Vp, |S|P=p.
z=1

b, o) llpu jlandoM z cpasnenne z" = = 2(mod p) BUIMOXHO JIMIEL
b caysae, Koraa ind z neaurca Ha §, mpuuéM TOrja BTO CpaBHeHue
umeer & pemenuit. ITostomy mpu 3=1 mmeem $,.,=0. Ecan we
¢ > 1, 10 umeem
it ’”"’ 31»&"———-”;‘“ omi S
=1+ 2 el - ¢
k=032=1

Hpu k=0 cymmuposanue no z gaér—1; npa k > 0 oHo jaé1 Beau-
auMAy, MOAydb KoTOpoil pasen V p. Orciopa u cienyeT pesyibTar,

YKa3aHHBI# B BODpOCe,
3) Ilonaraa
— s—1,,. =0 s—1 1 =0 —1
x-—u'f‘P v; Uu=4, ..., p -1 v=0,...,p '
¥MeeM

ax?

2ni —— .
fa — g2nio uhp—tpnunr—ip=1in)

€

1lpu (u, p)=1 cymmupoBadme mo v paér mynb, IloaToMy
3—1_1

_ Aniap™8al _  a—1 s —
8o pe= 2 € 0 =p', S pe=0.
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7) Uyeres p° — namonsmian cTemeHb p, AelAman n. Mmeem
s>t + 3. lonaraa

s—-1-<

z==u-+p v, u=0, ..., ps—i—'s—i, v=0, ..., p""““—1,

HaxoopM
. ax?

021“ p? _ 2ria (up %4 nu

A1y — 1y

Ilpu (x, p)=1 cymmmposaume no v yaér mHyas. IloaTomy
8-1 123
e )
—L —— pt—1 j—
Sq, pe= e P =PTSg pen S g, ps=0.

xo=0

3) Nyere m=p7 ... p;k—~xaﬂounqecrcoe PasJiosKeHUe uHuCHAA m,
Ilonaraa

o ~14y .
Ta,m_m Sa,m*

1 .

‘J::—n— , m :M,P‘?: e =Mkpc;cl‘
o onpeness ay, ..., dp A3 YCIOBHA a = Mya;+ ... + Myay (mod m),
umeeM (Bompoc 12, d, ra. III)
T, n=T

a,

o T e
arr pq ag> p

Ho npm s=1 mnMeeMm
1

| Tq, p#l<p™ ' " 'n¥Vp<np ©.
TIpu 1<s < n, (n, p)=1 umMeem
[T, pel=p"""Vp 711,
Ipn 1 < s n, (n, p)=p BAMeeM

[T pel <P TP L p <,
1

Cayuait s > n spupy Ty p3=p—s+”p"_i.5' s-n=Ty pn CBOMUTCH

a, p
K cirydao s<<n, [losromy

| Tg | <C=nm"+n,

OTHYJA ¥ I0Jy9aeTCA YHA33HHOE B BOIPOCe HEPaBeHCTBO.
12, a. Caemyer m3 Teopemsl Bompoca 11, a, a) m TeopeMH
Bonpoca 12, a, ra. V.
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‘b. Ameem
M+Q—1n~{ k (ind x—s)
-3 N
x=M k=0

Ilpe k=0, cymmapya mo =z, moayaav Q; opu k> 0 nodyguM wumcJo,
Monyne koroporo < J plnp. Orciona u cllefyeT YKasagHagd B BO-
mpoce QopMyJia.

c. Baap f(x)=1 m 3actapnAs z mnpoGerars smauenmA z=ind M,

ind(M4-1), ..., ind (M +Q—1), monyamm (Bonpoc 17, a, ra. II)
8 = 2 p(d)Ss. 3pecs S’ —umeno BEaveHHE Z ¢ ycaoBHeM
d\p—1

(z, p—1)=1; mosromy §'=7. lanee §;—d9ucao 3HaUCHWHA %, KPaT-
HEX ¢, T. €, YHCIO BEYETOB cremcHE d B pame M, M +1,
, M+ Q@—1. CaenopareisHO,

B= 3 v@ (F40 Vil )i ltl< 1, 0,=0.
d\p—1 ‘ :
d. I3 TeopeMH Bompoca & cAeRyeT, YTO YCIOBHA  Bompoca
12, a, ra. V OyayT cobmoneHsl, ecnn DodokmM m=p—1, & (z)=1,
npmdEM 3acTABEM z MpoGeraTs 3Havenua z=ind z; x=M, M +1,
. M+ Q—1. Torga nonyumM (@, BMecTo Q)

Nem=r Fe@=0 J=-20+1V "

z

13. IMomycTnM, 46TO HeBHYeTOB, He NPeBOCXOAAMAEX h, Her.
Uncsi0 HEBHUETOB CTeNeHH n cpefm gwmceld

1, ..., @ Q=Vp(npy )
MOKHO ONeHWTH ABYMA crocoGamMu: mexoAd m3 (opdMyssl BOIpPOCA
12, b m WexogA W3 TOro, WTO HEBHYETAME MOTYT OHITH JWUIb THCIIA.
JeNAMuEecs HA MpocTHe, Gompmume k. TlonyuuM

1 N\«
+0 (111 p)*

-;—lnp—l—Zlnlnp

é—lnp+2]nlnp

1—-1—<1n
n

1‘4_4]nlnp

0<ln —————— (————)
1120102 ln]np Inp
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HeBo3MORHOCTh® TIOC/IeHET0 HEPaBeHCTBA NPA BceX HOCTATOYHO
GonbmAX p M JOKA3HBAET TeopeMy,
14, a. lmeem

m—{ m—1 m—1 21‘iax(y1—y)
X\ “ ;
lsp<x X ¥ e e @e "

x=0 yp=0-=0

{Ipn pnamEHX y, " ¥ cyMMHpOBaHHe'no z paér Xm)o(y)|® wm 8yss,
B 33BUCHMOCTH OT TOTO, Oyjiler I Y=y niau Her. llosTomy
|SPE<LXYm, |SIKYV XTm.
b, @) Nnmeenm
.qut®

5= fn)}_,a?/(uwwezm e

rie u 1 v upobe: aloT mpuBeqSHHLIE CHCTEMEl BHYETOB IO MOAYAI0 M.
Orciona

q ” 21\:1%11
§= —m}_, 2 @e@e ™
v (z) = ¥ @ ew= Y 2.
ut = x (mod m) vB =y (mod m)

Ho naveeM (Bompoc 11, ra. IV)

m~1

2 V@ PLHg(m), N o)< Ky (m).
x=0

y=0

IoaTtomy (Bompoc a)

1S 1<5m )VKf(m)KP(m)m =KV m.

, B) Iycrs m=2"p{t... Ppk — KAHOHWYECHOE Das/OKeHHE 9H-
caa m. Cpasrenue z = 1 (mod m) paBIOCHIBEHO CHCTEME
#" = 1 (mod 2*), z" = 1 (mod p{?), ..., 2" = 1 (mod pgk).

Iycts ¢ (z) A Yy () —HHAEKCH umeaa x no Moxymo 2* (g, § 6). Cpaere.

ame 2z =1 (mod 2%) paBmOcHneHO cueteme ny (z) =0 (mod c),
nye () = 0 (mod ¢.). IlepBoe cpaBmeHue 91Ol cUCTEMH AMeeT He Gonee
2 pemenmii; BTopoe—He OGosee n pemenmit. I[losTomy cpasHeHme

2" =1 (mod 2*) wumeer ne Gonee 2n pemenmir. Cormacmo b, § 5
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Ka)kloe U3 CpaBHeHmA z7 = 1(mod p}l), ..., 2% = 1 (mod pyk) mmeer
e Gonee n pemenmit. CJIeXOBATENLHO,
l_n_n
K L2(c(m)?%; K =0 (m*).
15, a. Hmeem
p—1 p—1 ﬂ‘.a(t"—i)x"-{»b(t—i)x

Sp=3 3 ¢ ’

t=1x=1

Ecin t" =1 (mod p), To cyMmuposaHme mno z paét p—1 npm
t=1(mod p) m —1 B ocrampHHX ClyuasgX. B ImporuBHOM ciydae,
Gepa z (t—1)"' BMecTo z, COOTBeTCTBYIOMYIO BHIOpAHHOMY ¢ 4aCTh
mBoifHON CyMMEI mpeacraBuM B $opme

P R T Gl VY (o Vi
2 e Po )
z=1
TlosToMy
p—ip—t .auv
; \! Znt—p—
lS\2<P—1+ 2' Z V(“)P('U)e '
u=1v=1

rie v (») paBHO 4uCITy pemenuii cpaaenus (¢ —1) (¢ —1)" =u (mod p),
a |p(v)| He DPeBocXOXMT WHMCIA PemeHm# cpaBHemus z7 = v (mod p).
Tloaromy v (v) << 2ny, |0 (V) | <y,

p—t p—1
D v@P<e=12n, D @<=
u=1 v=1

TlpuMenaa TeopeMy Bompoca 14, a, nomyunu
3

IS 2<p—1+V (p—1) 2n; (p—1) n;p < 2n,p%

b, «) Cnepyer =3 TeopeMH BOIpPOCAa & ¥ TeOpeMBl  BONPOCA
12, a, rn. V

B) s TeopeMBl BoHpoca o) CHeLyeT, dUTO YCJIOBHA TeOpeMH
poipoca 12, a, ra. V Oyayr coONIOBeHH, ecad IOJOKAM m=p,
@ (z)==1, upuuém 3acraBaM 5 npoberats 3HAUEHHA z=Az";, z=M,,
My+1, ..., Mg+ Qy—1. loaromy

S e@=1 Jee=0,

z

OTKy/la U CiiefyeT YKasaHHasg B Bonpoce (GopMyia.
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e, a) Ilycts y = 4ay, (mod p). Mmeem (Bompoc 11, a, ra. V)

p—1 Jdaryx
(i) s:E <4a2z2+4abx+4ac> ez’“ P _
P p
x=0
p—1 p—1 z(4arx2+ habx+ hact havyxz )
1 ( z ) Tl o
= —_— [ =
o2 (5)2
z2=1 x=0

2 -1
p—1 omi —(bﬂ—éac)z—2bn—~flz

=3 7

3
3 3
Tlocnieansiss e cyMma (BOHIPOE a) 4HCJIeHHO <5pP.

g) Crefiyer #3 TeOpeMH Bompoca o) W TeopeMu sodpoca 12, a,
ra. V.



OTBETHI K YUCJEHHLIM IPUMEPAM.

Oteetnr K raase I.

1, a. 17.
b. 23,
5 19, 8
2y a0 d=rpi B e=qtirage
80 1002 8
b, o) S=gg: B e=<z5 3000

3. Bcero momyaum 22 ppobu.
5, a. 28.35. 113,
b, 23.33%.5%.73.112.17.23.37,

Orsetm Kk rasse II.

1, a. 13142,
b. 2119 . 359 . 581 . 718 . 1412 . 4139 .177 . Q8 . 238 . 204 . 344 .37% X
X 413 . 43% . 472 . 532 . 592 -612.67-71 - 73 - 79- 83-89.-97x%
x 101 - 103 - 107 . 109 - 113.
2, a. ©(5600)=236; & (5600)=158624
b. © (116 424)=96; & (116 424) = 410400
3. CymMa Bcex 3HadueHuil pamHa 1.
4. a) 1152; B) 466 400,
5. CymMma Bcex sHaveHHmI paBHA 774.

Otpersr K raase 1II.

1, a. 70. ‘
b. Jenures.

2, a. 3% - 5%.112. 2999,
b. 7.43.37-73-101.137.17:19.257.

OreeTnt K raase IV.

1, a. z= 81 (mod 337).

b. = 200; 751; 1302; 1853; 2404 (mod 2755).
2, b. z = 1630 (mod 2413).
3. x=94-+111t; y=39+47t, rpe t— moboe menoe.
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4, a. z = 170b, + 52b, (mod 221); x =131 (mod 221);
z =110 (mod 221); =z =89 (mod 221).
b. z = 11 151b, 4 11 800by - 16 875b; (mod 39 825).
5, a. z=91 (mod 120).
b. z = 8479 (mod 15 015)
6. x =100 (mod 143); y =111 (mod 143).
7, a 3xt4 2234 322+ 2:1:—— 0 (mod 5).
b. 254524 4-32%+ 3z+ 2 =0 (mod 7).
8. x84 4ad+ 2224 + 7628 + 702% 4 52z + 39 = 0 (mod 101).
9, a. z=16 (mod 27).
b. = 22; 53 (mod 64).
10, a. z = 113 (mod 125)
b. z =43, 123, 168, 248, 293, 373, 418, 498, 543, 623 (mod 625)-
11. a. 2= 2, 5, 11, 17, 20, 26 (mod 30).
b. =176, 22, 176, 122 (mod 225).

OrBeTrbr K raaee Vi

1, a. 1, 2, 3, 4, 6, 8, 9, 12, 13, 16, 18,

b. 2, 5, 6, 8, 13, 14, 15, 17, 18 19, 20, 22, 23, 24, 29, ¥,
32, 35.) 0 B) 2
2, a. a) 0; .
"'b. o) 0 B) 2
3, a a) 0; B)y2

b. a) 0; B) 2.
4, a. o) z= + 9 (mod 19); B) z = 4 11 (mod 29);
7 z= 4 14 (mod

b. a) z= 1 66 (mod 311); B) z= 4 130 (mod 277);
Y) = + 94 (mod 353).
5, a. z= 4 72 (mod 125).

b. z= 1 127 (mod 243).
6, a. z=13, 19, 45, 51 (mod 64).

b. z=41, 87, 169 245 (mod 256).

OTteernt K raase VI.

1, a. 6.

b. 18.
2, a. 3, 3, 3.

b. 5, 5, 5.

c. 7.
5, a. a) 0; B) 1' *() 3.

b. a) 0; B) 1 g
6, a. o) x=40; 27 (mod 67), B) x = 33 (mod 67),
7) z =38, 36, 28 59, 31, 39 (mod 67).

b. a) z= 17 (mod 73), B) z = 50, 12, 35, 23, 64, 38 (mod 73),
1) z =3, 24, 46 (mod 73).
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7, a. a) 0; B) 4.
b. a) 0 B) 7.
8, 8. a) z =54 (mod 101). B) z=>53, 86, 90, 66, 8 (mod 10%).

b. z=59, 11, 39 (mod 109).
9, a.a) 1, 4, 5, 6, 7, 9, 11, 16, 17; 3)17811 12, 18.
b. o) 1, 6, 8, 10, 11, 14, 23, 26, 21, 29, 31,
B) 1, 7, 9, 10, 12, 16, 26, 33, 34

s

0, a. o) 7,37, §)3,5, 12, 18, 19, 20, 26, 28, 29, 30, 33, 34.
o) 3, 27, 44, 52;
B) 2, 6, 7, 10, 17, 18, 26, 30, 31, 35, 43, 44, 51, 54, 55, 59.
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TABJAOBI HHIEKCOB.

Hpocroe wmeno 3.

173

0 6|7|8(9 I4o 3‘4567 9’?
of1 |
Tipocroe umeno 5.
0 6|718|9 Ijo 3|41516]7 9
of1 3
HpocToe smacao 7
0 6|7/8l9] |1]o0 3)4|5(6|7[8|0]
3 01 6|45
HpocToe wmcao 11.
0 6(718|9 1o 314(5(6(7 9
971316 0|1 815[10]97)3|6
5 1
IIpocroe wacao 13.
0 6|7]s{e| |10 3l4(5/6|7]8]9}
5111138 041 813(6|12(11]/9|5
10 110
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IpocToe wucao 17.

N012345'6789 101‘2!3456‘78'9

'15 11 |10] 2 0 113 9‘1013 5 15}11 16‘14
8

-
[e=)
—
B~
-
-
[\]

IIpoctoe wncixo 19.

k=]
=]
=
[
5
[ 3%

17)12i15] 5| 7

Ipocroe yucno 23.

0 0| 2/|16| 4| 1|18 19| 6|10
113} 9/20|14/21 117 | 8| 7 |12 |15
2 311

O

1
9|22/18|21|13 19| 3|15| 6| 7
2|14 -

IIpocroe wacao 29.

] =

'N|i0[1]2|3|4 (0|67 |8|9 I|0{1]2(34|5|/6]7/8]9
il

0 0] 1| 5 2]22| 6(12] 310 01 1) 2/ 4| 8/ 16| 3| 6] 12|24{19
1 [23|25| 7|18113 (27| 4(21 11| 9 1 || 9]18| 7 |14] 28 27| 25| 21| 13|26
, 2 1[24117(26|20| 816 (19 [15 14 2 123117) 5|10] 20| 11| 22 15

%

Ipocroe wmcno 31
Ni0/1{2/3]4(567 |89 Ij0|1{2134(5(6|7|8/9
0 0|24) 1/118120)25/28|12|2 0 1| 3} 927 (19]2616|17|20|29
1 |114)23(19|11]22 21 6] 7|26 | 4 11125 [13 | 812410 [30{2822| 4{12
% 829(17/27|113 (10| 5| 3[16{9 2| 515 (14 (11| 2| 6118)123| 7|21
15
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IIpocroe wmacio 37.

2|34|5|6/7|8]9 1{o|1(2(3|4l5(6|7]|8l9

W= O

1] 21 4 8|16/32[27|117
25113 26{15(30]23, 9183(%3%
33129121 5(10120 3| 6(12(24
111221 7|14|28|19

1(26] 2]23|27|32| 3|16
28{11|33|13| 4| 7]17|35
31(15129(10{12| 6(34(21
5201 8/19/18

W= O

IIpoctoe umemo 41.

=

LN O

26|15|12122| 1{3938|3
27|31:25|37|24/33|16

10[18(19[21( 232135

1] 6]36(11|25(27/39|129|10]|19
32|28 42421 3|18[26(33|34
30(16{14| 2|12/31/22
9| 13| 37(17)20;38(23|15| 8| 7

DN O
WO
B
o
w
Gt
o

IIpoctoe umcao 43.

=

WO

27| 1)12|25|28{35|39] 2 01 1] 3| 9|27|38/28|41{37125/32|
13|32|20|26(24|3825(19 1 [110130| 4|1236/22{23(26{35{49
15{16140| 8|17| 3| 5|41 2 [1141 42140 |34/16] 5|15] 2| 6F

9(31(23(18(14| 7| 433 3 (11(33(13 (39/3¢| 7(21{20{17| 8
21 4 (124)29

WO
Gwmqo

1] 5] 25[31|14[2321|14

18l2c136] 1!38(32] 8j40 0

10[11] 4|21|26|16{12[45 1 (112113 | 18}43[27/41[17{38
25! 5128 2|29[14122|35 21l 3115] 28|4642|2216/33
44127134)33130]42{17|31 3(136(39| 17|35|34{29] 420,
24|134341/23] 4| 9145]37/44132(19] 1~
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Ilpocroe wmcao 53.

Nlilol1{2]3|4al5]6|7|s{9] [zfo]|1]2]3|4|5|6|7|8]0
0 0 417 2(47/18{14] 3|34 O 1| 2| 4| 8/16/32{11(22|44i35
11481 6| 19(24/15(12| 4/1035|37 111734 15|30] 7{14|28| 3| 6|12
2 1491311 7139(20142/25(51|16]|46 2 (24| 48| 43|33]13)|26/52(51[48]45
31113133 5|23[11| 9/36/30]38|41 3137121 |42{31| 9118(36|19/38|23
4 11501 45| 32[22| 8129{40|44121/28 4 146 | 39| 25(50147)41(29] 5[10(20
5114312726 5 140127

Ilpocroe umcao 59.
NIO0|11213i4]516|7(8|9 IN10]|112(3|4|5(6|718/|9
0 0| 1/50| 2| 6|51i18| 3|42 0O 11 2] 4] 8/16{32] 5{10{20]40
1] 7]25](52[45(19|56] 4|40)43|38! 11124 | 42 | 25|50141/|23146133] 7l14
21 8]10]26(15[53|12146|34|20|28 2 1128156 | 53[47135|11|22{44/29(58
3157149 5|17\41124|44|55(39137 3 {57 {55 51143{27(54{49(39119!38
4 914]11133|27|48)16/|23154(36 4 (17 34| 9118/|36/13(26(52145[31
5 113132 47122{35(31/21]30{29 Sl 3| 6]12]24/48/37(15[30

IIpocroe umcno 61.
NIlO|1123|4]5(617!8{9 It0(1123(4/5/6/718/|9

0 o] 1| 6| 2[22] 7la9] 3120 | o] 1| 2| 4| 8l16[32] 3| 6|12]24
1123115/ 840/50|28| 4|47|13]26] | 1 48|35 9|t8(36(11|22/44/27]54
2 24155116 57| 9\44la1]18/51{35] | 2 47 |33] 5/10}20]40]19(38}15/30
31129|59] 5|21/48]11|14|39|27|46] | 3 |60 |59 57|53]45]29(58|55/4937
4 1| 25| 54 |56 [43[17|34]58(20/10(38] | 4 [ 13 | 26 | 52]43(25/20]39(17|34] 7
5 {145 | 53 |42 [33(19]37|52[32|36131] | 5 | 14 | 28 | 56|51|41|21]42]23)46|31
6 |30 |
{Ipocroe uncao 67.
Nlol|1|2]3|alslel7]8]|e 110123456789

0 1|39] 2|15/40/23| 3[12
16 | 59| 41|19|24|04| 4|64{13(10
17| 62 | 60/28|42|30|20{54|25[44
471 5132/65/38[14(22/11(58
181531 63| 9|61{27(29|50(43}46
311 37| 21157|52| 8|26/49|45|36
56| 7148/35| 63433

11 2| 4| 8]16/32|64|61|55|43
1938 9/18/36] 5{10(20(40(13
26 [ 521 37| 7|14|28|56|45/23|46
25501 33(66]6516359|51/35| 3
6| 12| 24/48/29]58(49(31|62|57
47| 27 | 54{41]15|30]60{53]39|14
22| 44 21]42/17|34 :

¥
U NSO
o
w
SR WNA,O
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HpocToe amero 71.

B

213]4|51617|819 I|0|1]2]3}4](5]{6/7(8(9

N W RO

6126(12/28/32} 1|18i52
38|39| 7]54|24|49|58|16
37]15[44(56|45| 813|68
30157|55|29|64|20|22165
33148|43110j21} 9(50| 2
51|23|1459]19]42| 4/ :
17|53{36|67|63|47|61/41

11 7|49159|58|51| 2|14{27]47
451 31| 4(2854(23|19(62| 8{56
371 46 | 38|53|16/41| 3121} 5|35
32|11 6[42110|70|64(22|12{13
2069 | 57|44/|24|26|40167|43|17
48152 9163]15|34|25|33/18|55
30| 68 | 50/66/36(39/60|65/29|61

U WN RO

HpocTtoe umeno 73.

=

21314|5(617:8.9 If40|112)3|4(5,6(7/8}9

N W= O

8 616 1|14|33|24{12 01 1| 5)25|52141{591 3|15 2{10
2259|41] 713221/20]62 1 150131 | 9|45| 6|30] 4|20|27|62
6346/30| 2167|18/49(35 2 (|18 17| 12|60| 840|54(51(36(34
40(61]29(34{28164|70|65 3 || 24| 47| 16] 7|35|29(72|68|4821
47]51|71]13]54/31]38/66 4 1132 | 14 70)58)71|63|23|42:64|28
3|53|26|56|57|68|43| 5 5 ||67 {43 | 69)53|46|14i55[56(61(13
19/45|48|60/69|50|37{52 6 |65 33| 19]22(37|39149{26(57/66
36 7 138 |44

IIpocroe umeao 79.

=

213|4|5/6,7(81]9 1012345‘6789

SOOI O

1| 31 9|27 2 6l1854 4|12

4 1) 862| 55312| 2 0

9/34(5763|16|21] 632 11/36|29] 8]24/7258/16]4865/37
72126/13|46|38} 316111 2 (13217 | 51|74]64134:23/69|49|68
20]69{25(37|10{19|36|35 3 1461591 19|57(13]39:38|35126(78
58|49|76|64/30|59/17|28 4 476|70|52{77|73|61125|75/67[43
42/77) 7)52/6533]15|31 5 (|50 | 741 55| 7/21/63:31(14142/47
60|55(24118{73|48{29(27 6 1162 |28| 5{15/45/56/1030111{33
14144)23 47I40 43139 7 |20 60 | 22/66|40|41{44|53




178 TABJININE HHOEKCOB

Hpocroe gmcao 83.

N[O|1]2|3]4]|5]6]7|8(9 I(011]213|4|5|6{7(8(9
0 0| 1j72| 2|27/73} 8| 3|62 0| 11 2| 4| 8|16|32 64| 45{ 7|14
1 1128124/74] 77) 9| 17| 4| 56/63|47 1 |28|56|29| 58} 33| 66| 49| 15]30{60
2 1129|80(25| 60] 75| 54 78] 52(10(12 2 ||37|74|65] 471 11} 22| 44| 5|10/20
3 ||18|38| 5| 14| 57| 35| 64| 20148|67 3 |40|80(77| 711 59| 35| 70} 57131|62
4 |30140181; 717 26} 7| 61| 23(76|16 4 4182|881} 79| 75| 67| 51| 193876
5 15514679 59| 63| 51| 11| 37{13(34 5 (69(55|27] 54| 25| 50| 17].34(68153
6 |19/66|39( 70| 6| 22| 15| 45]58|50 6 123146| 9] 18] 36| 72| 61| 39]78|73
7 |136/33|65| 69| 21| 44| 49| 32]68(43 7 |63[43| 3| 6| 12| 24| 48| 13,26]52
8 |31142/41 8 ||21(42

IIpocroe auciuo 89.
Nj0|1(2|3}4|5[/6[{7|8|9 T(0(1]|2]3|4|5]6]|78]9
0 0|16] 1|32|70] 17| 81|48| 2 0| 1! 3| 927 81| 65| 17| 51|64114
1 186(¢4|33| 23| 9| 71| 64} 6!18|35 1 1142/37|22{ 66| 20| 60| 2| 61854
2 [11482|12] 57| 49 52| 39| 3|25|59 2 |173141|34| 13| 39 28| 84 74144(43
3 |87|31|80| 85| 22| 63| 34| 11|51124 3 |401311 4] 12| 36[ 19} 57| 8268126
4 30121110 29| 28] 72| 73| 54|65{74 4 ||78/56|79| 59| 88| 86| 80| 62| 8[24
5 168) 7155| 78| 19| 66| 41) 36/75/43 5 ||72|38)|25] 75| 47) 52| 67| 23:69(29
6 115169147/ 83| 8| 5| 13| 56!38,58 6 [|87(83|71| 35| 16| 45| 55| 76150(61
7 (7916250( 20| 27| 531 7| 77|40|42 7 | 5{15|45| 46| 49| 58 85| 7753|70
8 |146] 4{37| 61] 26| 76| 45| 60|44 8 32| 7|21} 63| 11| 33| 10| 30

Ipocroe gamcao 97.
NIO|1|2|3]4]5]6]|7]|8|9 1)0|1{2{3)4|5/6]7(8]|9

1| 5|25| 28| 43| 21| & 40| 6|30
53|71|64| 291 48| 46| 36| 83/27(38
03|77|94| 82| 22| 13] 65| 34(73|74
791 7135 78| 2| 10] 50| 56/86/42
16(80{12| 60| 9| 45[ 31| 5&96/92
69(54] 76| 89| 57[ 91| 67144126
33|68|49| 51] 61| 14| 70| 59| 4|20
3|15|75| 84{ 32| 63| 24| 23118190
62/19/95| 87{ 47| 41} 11] 55/81|17
85|37(88| 52| 66{ 39

0[34] 70| 68| 1| 8| 31| 644
35/26142| 25| 65| 71| 40| 89(78|81
69{ 524 77| 76| 2|59; 18| 3|13
9/4674! 60| 27| 32 16{ 91{19/95
85|39( 4| 58| 45| 15| 84{14i62
36/63/93| 10| 52| 87| 37| 55|47|67
43|64/80| 75| 12| 26} 94| 57|61|51
66|11|50| 28| 29| 72| 53| 21/33(30
41/88(231 17| 73| 90| 38| 839254
79156|49| 20| 22| 82| 48
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TABJIAIA POCTHX 9HUCEI 179

TaGanua npocteix wncen <4000 m mx HamMeHLIIMX repsoobpas-
' HBIX KOpDHeii.

p (& p (&) P (g P |g| P g’ P (& P (&
\ »

2 {4yl 179 |20 419 | 2| 661 | 2 947| 2111229 21523{ 2

302 181 | 2) 421 | 2|-673 | 5] 953]3(1231| 3|1531| 2

5 12| 191 19l 431 | 7| 677 | 2{ 967]5(1237| 2|1543| 5

7 (31 193 | 5) 433 | 5) 683 | 5l 971| 61249! 7/1549] 2

1§21 197 | 2| 439 |15| 691 | 3| 977 3{1259| 2]/1553| 3
13 2| 199 | 3| 443 | 2| 701 | 2| 983] 5[1277| 2| 1559{19
17 13 214 [ 20 449 | 3 709 [ 2 991 61279 3{1567{ 3
19 | 2| 223 | 3| 457 [13] 719 [11| 997| 7||1283| 215711 2
23 | 5| 227 | 2| 461 | 2| 727 | 5)1009|111289| 61579 3
29 |24 229 | 6| 463 | 3| 733 | 6)1013|3)1291{211583] 5
31 | 3 233 | 3| 467 | 2| 739 | 31019 2|/1297]10]1597 |11
37 | 2| 239 | 7| 479 [13] 743 | 5[1021(10{1301| 2[1601| 3
41 [ 6| 241 | 71 487 | 3] 751 | 3}{1031{14(1303| 6{1607| 5
43 130 251 | 6| 491 | 20 757 | 2{1033]| 5{1307| 2/1609] 7
47 | 5 257 | 3] 499 | 71 761 [ 6]1039| 3)1319(13(1613]{ 3
53 [ 21 263 | 5| 503 | 5| 769 (1101049 3|1321131619] 2
59 | 2| 269 | 2| 509 | 2] 773 | 2|{1051| 7]1327| 3[l1621] 2
61 |21 271 {6f 5214 | 3| 787 | 2(1061]| 21361] 3]1627| 3
67 |2 277 | 5 523 | 2§ 797 | 2|/1063{ 31367 5(1637| 2
71 | 70l 281 | 3| 541 | 2f 809 | 3/1069| 6[1373] 2[1657] 11
73 | 514 283 | 3| 547 | 2| 811 | 3|/1087| 31381 2[1663| 3
79 (31 293 | 2| 557 { 2| 821 | 2(/1091| 2139913(1667| 2
83 |2 307 | 5| 563 | 2| 823 | 3}1093| 5(1409] 3{1669| 2
89 | 3| 311 [7) 569 | 3f 827 | 2]1097| 3||1423| 3[[1693| 2
97 | 5 313 (10{ 571 ( 3| 829 | 2(1103| 51427 2{1697] 3
101 | 2 317 | 2]| 577 | 5| 839 [11{1109| 2| 1429 6]1699| 3
103 | 51l 331 { 3] 587 | 2| 853 | 2|1117| 2|[1433| 31709 3
107 | 2 || 337 (10| 593 [ 3{ 857 | 3|1123] 2(1439( 7{1721( 3
109 | 6| 347 | 21l 599 | 7{ 859 | 2| 1129|11|1447] 31723} 3
113 | 3| 349 | 2| 601 | 7 863 | 5[ 1151 (17||1451| 2|{1733] 2
127 (3 (| 353 | 3| 607 | 3| 877 | 2(/1153{ 5[ 1453 21 741( 2
131 [ 2|l 359 | 7| 613 | 2| 881 | 3[[1163| 5| 1459| 5[1747| 2
137 | 31 367 | 6] 617 | 3| 883 | 2|1 171| 2{{1471| 6| 1753} 7
139 | 2| 373 | 2| 619 | 2( 887 [ 5[1181] 7T(1481| 3[[1759| 6
149 {2 379 | 2| 631 | 3| 907 | 2|l1187| 2[[1483] 21777 5
151 | 6| 383 | 5| 641 | 3[ 911 |17\11193] 3111487 5[ 1783110}
157 [ 51 389 [ 2{ 643 [11( 919 | 7|1201 |11]1 489 [14( 1787 2}
163 | 2 || 397 | S| 647 | 5{ 929 | 3| 12131 2[1493] 2| 1789] 6}
167 | 5| 401 | 3| 653 | 2| 937 | 51217 3[ 1499 2|1 80111
173 | 2 (| 409 [21] 659 (2| 941 | 2{{1223( 5(1511{11( 1811 6f




480 TABJIMIIA TIPOCTHIX YHCEN
I podoasscerue
P g P |8 P |& p |&g]l p |8 P |8} P |8
1823 51| 2129 3|| 2417| 3] 2729} 3|]3049{113373| 5(13691 2
1831] 3|t 21311 2 2423| 5] 2731| 3||3061| 6(3389| 33697| 5
18471 511 2137]10| 2437] 2| 2741 2113067 | 2|3391] 33701 2
1861 21l 2141| 2| 2441| 6| 2749| 6[3079] 613407 53709 2
1867 21| 2143) 3| 2447| 5| 2753| 3||3083| 2|[3413} 2[13719) 7
1871114 || 2153 3| 2459} 2| 2767 3]]3089| 3[3433| 5[|3727| 3
1873110 || 2161123} 2467 2| 2777] 3||3109| 6)3449] 3(3733| 2
18771 2| 2179 7[| 2473 5{ 2789| 2||3119| 7| 3457| 7|3 739 7
1879] 6 || 2203] 5{ 2477| 2|| 2791 | 6||3121| 7)3461| 23761 3
1889| 31 2207| 5| 2503} 3| 279%| 213137 | 3||3463| 3| 3767 5
1001| 2| 2213 2l 2521(17| 2801 | 3[|3163| 3||3467| 23769 | 7
19071 2 [l 22211 2]l 2531 21| 2803 | 2|13 167| 5|3 4692|3779} 2
1913| 3| 2237] 2| 2539| 21 2819 21|3169| 7]3491| 23793} 5
1931| 2| 2239| 3| 2543| 5| 2833| 53181 | 7|[3499| 23797 | 2
1933] 5 || 2243| 2| 2549 2 2837| 2|/3187| 23511 | 713803} 2
1949] 21l 2251| 7| 2551 | 6| 28431 2||3 1911113517 23821 3
1951] 3 || 2267 2| 2557| 21| 2851| 2{3203} 2|3527| 53823 | 3
1973| 2| 2269 2| 2579| 2| 2857 {11(|3209| 33529173833 | 3
1979] 21 2273| 3{ 2591 | 7!l 2861| 23217} 5[3533] 213847 | 5
1987| 2|l 2981 7| 2593 | 7] 2879| 7||3221]1013539| 2|3851) 2
1993] 5 || 228719) 2609| 3|l 2887| 5([3229]| 6(3541| 7|/3853 | 2
1997 21 2293 2|l 2617 5| 2897| 3||3251| 6] 3547 | 2} 3863 5
1999( 3 [ 22971 5| 2621] 2|/ 2903 | 5||3253| 2113557 23 877 2
2003] 5| 2309| 2| 2633| 3] 2909| 2{3257| 3|3559 | 3388113
2011| 3 | 23111 3{ 2647| 3]} 2917| 5]3259| 3|3571| 2| 3889 |11
20171 51 2333| 2| 2657 3| 2927 5||3271| 3||3581| 2113907 2
2027| 2 || 2339| 2 2659 2| 2939 2|[3299| 213583 3|13 914 13
20290 21 2341| 7/ 2663| 5[ 295314313301 | 613593 | 3|3 917 2
2039 71 2347| 3| 2671 7| 2957| 2(3307| 23607 513919 3
2053| 21| 2351 [13] 2677 21| 2963 | 23313 (1013613 | 2|3 923 2
1 2083| 5112357| 2| 2 6831 21 20691 3113319| 613617| 3||3929| 3
2069| 2| 2371 2| 2687 5| 2971(10}3323| 2(3623)| 5] 3931 2
2081] -3 || 2377 5]| 2689 |19]| 2999 (17| 3329} 3|13 631 21]}3 943 3
12083| 21 2381 3|l 2693| 2| 3001|14[3331| 3|3637| 23947 2
2087| 5 || 2383| 5| 2699} 2| 3011| 2{{3343| 5(3643| 2/13967| 6
2089! 71 2339 2| 2707 2| 3019 2|/3347| 2|[3659| 2| 3989 2
2099 2 2393! 3 2711 7| 3023| 5{3359 (1111367113
to111| 71 2399(11| 2713 | 5| 3037} 2||3361[2213673| 5
121131 5 || 2411| 6] 2719 3} 3041 313371 2113677 2




3aMeueHELE OnedaTRI
(QORYIeHE IO BUHO TUIOTpadmil)

Capanpna | CTpora HameuaraHo Crepgyer umTaTh
23 11 cB. Korja TOrJR
93 13 cn. | (zy)®*—1 (mod m) (2y)™ = 1 (mod m)
5
100 1cu| g —qc— = 1 (mod m) g? = 1(mod m)
116 15 ¢B. 3InN) < N Bn Nk < N
123 1 cH. X
a*\e, L B
124 -5 cH. a 1 oo+ 1
152 (e 2 2k

3ak. 1362




