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CHEVALLEY GROUPS OF TYPE E; IN THE 56-DIMENSIONAL REPRESENTATION
N. A. Vavilov* and A. Yu. Luzgarev'* UDC 5125

The present paper is devoted to a detailed computer study of the action of the Chevalley group G(Ez, R) on the
56-dimensional minimal module V (zo7). Our main objectives are an explicit choice and a tabulation of the signs of
structure constants for this action, compatible with a given choice of a positive Chevalley base, construction of mul-
tilinear invariants and of equations satisfied by the matrixz entries of elements from G(E7, R) in this representation,
and an explicit tabulation of root elements. These calculations are performed in four numberings of weights: the
natural one and those compatible with the Ag-branching, the Dg-branching, and the Eg-branching. Similar tables for
the action of Chevalley group G(Ee, R) on the 27-dimensional minimal module V (w1) were published in our joint
paper with Igor Pevzner. Bibliography: 142 titles.

The present work, which is a sequel of [138, 135, 18], is devoted to a detailed computer study of the action
of the Chevalley group G(E7, R) on the minimal module V(w7) Similarly to [135, 18], the present paper is of
a technical nature, and its primary objective is to serve as a reference source for subsequent more substantial
works devoted to

e K theory of exceptional groups,

e the study of overgroups of G(E7, R) in the general linear group GL(56, R),

e description of some classes of subgroups in G(E7, R),

e geometry of root subgroups,

e generation problems
The present paper is a fragment of a much broader programme, and we refer the reader to [18, 137] for a more
detailed description of the whole project, and to [133, 138, 8, 20, 10] for some possible applications

Observe that similar calculations in the 27 dimensional module V' (z;) for the Chevalley group G(Eg, R) were

performed in our joint work with Igor Pevzner [18] That paper provided computational background for our
subsequent publications [15, 136, 23, 22, 28, 29, 30, 12]

Our main tools in the present paper are

e realization of the 56 dimensional module as an internal Chevalley module in the unipotent radical of the
standard parabolic subgroup of type Pg in the Chevalley group G(Es, R),

e extensive computer calculations carried through with the help of the general purpose computer algebra
system Mathematica

We take into account results related to the 56 dimensional Brown Freudenthal ternary algebra I, as part of
motivation and background However, we prefer not to invoke these results directly, but rather rely on explicit
calculations with the use of the embedding E7; < Eg The reason is that most proofs in terms of the algebra F
crucially depend on conditions such as 2 € R*, or even 6 € R* This is completely unacceptable to us, since our
broader goal in this series of papers is to state results in a form valid for arbitrary commutative rings

The main objectives of the present paper are an explicit choice and a tabulation of the signs of structure
constants for this action, compatible with the choice of a positive Chevalley base in [135], construction of
multlinear invariants and equations on matrix entries for elements of G(E7, R) in this representation, and an
explicit tabulation of root elements in this representation For convenience of use the resulting tables are
reproduced in the following four numerations:

e the natural numeration,

e the numeration related to the Ag branching,
e the numeration related to the Dg branching,
e the numeration related to the Eg branching

Since even the resulting nonsymmetric invariant of degree 4 has 19768 nonzero monomials in 56 variables, it is
impossible to reproduce here an explicit coordinate expression of this quartic form However, 126 second partial
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derivatives of this form arise as the highest Weyl orbit of equations on highest weight vectors in this representation
(see [9] and references therein) For two of the above numerations, these equations are reproduced in [16] and
[103], in connection with applications therein

1. THE ROOTS OF E;

All the notation pertaining to roots, weights, Lie algebras, algebraic groups, and representations is utterly
standard and follows [2 4, 33, 35 37, 55, 56] (see also [133, 112], where one can find many further references)
We do not recall definitions of Chevalley groups and their subgroups, which can be found, for example, in [1, 2,
35, 39 43, 90, 105, 125, 126, 128, 132 134, 138] In fact, we do not even recall the basic notation used in the
sequel, but refer the reader to the first four sections of our paper [18] There one can find both the notation and
specific references to the background material pertaining to

e structure constants of Chevalley groups [55, 71, 93, 72, 138, 135, 7],

e Weyl modules and weight diagrams [105, 112, 133, 134, 107],

e internal Chevalley modules [45, 113 115],

e hyperbolic realization of the root systems of type E; [27, 86, 135, 18],

e programming in Mathematica language

Also, we do not reproduce from [18, 137] a complete bibliography related to exceptional groups Here we list
exclusively

e papers that are directly cited in the text,

e papers that specifically consider the Chevalley group of type E; and its 56 dimensional representation

e some further works dedicated to calculations in exceptional groups, mostly those that appeared in 2007

2010, and thus could not be included in the bibliographies of [18, 137], and those for which publication details
were not available at that time

In [135] one can find the Mathematica code that generates roots of E; in the hyperbolic base and in the
fundamental base We do not reproduce this code here; it simply translates the above definitions from [18] into
the Mathematica language Instead, we reproduce the resulting list in fact, in [135] positive roots are listed in
the Dynkin notation, but not in the hyperbolic form As a matter of fact, actual calculations were performed in
the hyperbolic form, so that the main object we start with is the following list positiveET7:

{{o, 1,1,0,0,0,0,0},{1,1,1,1,0,0,0,0},{0,0, 1,1,0,0,0,0},

{0,0,0, 1,1,0,0,0},{0,0,0,0, 1,1,0,0},{0,0,0,0,0, 1,1,0},
{0,0,0,0,0,0, 1,1},{0, 1,0,1,0,0,0,0},{1,1,1,0,1,0,0,0},
{0,0, 1,0,1,0,0,0},{0,0 o, 1,0,1,0,0},{0,0,0,0, 1,0,1,0},
{0,0,0,0,0, 1,0,1},{0, 1,0,0,1,0,0,0},{1,1,0,1,1,0,0,0},
{1,1,1,0,0,1,0,0},{0,0, ,0,0,1,0,0},{0,0,0, 1,0,0,1,0},
{0,0,0,0, 1,0,0,1},{1,0,1,1,1,0,0,0},{0, 1,0,0,0,1,0,0},
{1,1,0,1,0,1 o ,0},{1,1,1,0,0,0,1,0},{0,0, 1,0,0,0,1,0},
{0,0,0, 1, o ,0,1},{1,0,1,1,0,1,0,0},{0, 1,0,0,0,0,1,0},
{1,1,0,0,1,1, ,o} {1,1,0,1,0,0,1,0},{1,1,1,0,0,0,0,1},
{0,0, 1,0,0,0,0,1},{1,0,1,0,1,1,0,0},{1,0,1,1,0,0,1,0},
{0, 1,0,0,0,0,0,1},{1,1,0,0,1,0,1,0},{1,1,0,1,0,0,0,1},
{1,0,0,1,1,1,0,0},{1,0,1,0,1,0,1,0},{1,0,1,1,0,0,0,1},
{1,1,0,0,0,1,1,0},{1,1,0,0,1,0,0,1},{1,0,0,1,1,0,1,0},
{1,0,1,0,0,1,1,0},{1,0,1,0,1,0,0,1},{1,1,0,0,0,1,0,1},
{1,0,0,1,0,1,1,0},{1,0,0,1,1,0,0,1},{1,0,1,0,0,1,0,1},
{1,1,0,0,0,0,1,1},{1,0,0,0,1,1,1,0},{1,0,0,1,0,1,0,1},
{1,0,1,0,0,0,1,1},{2,1,1,1,1,1,1,0},{1,0,0,0,1,1,0,1},
{1,0,0,1,0,0,1,1},{2,1,1,1,1,1,0,1},{1,0,0,0,1,0,1,1},
{2,1,1,1,1,0,1,1},{1,0,0,0,0,1,1,1},{2,1,1,1,0,1,1,1},
{2,1,1,0,1,1,1,1},{2,1,0,1,1,1,1,1},{2,0,1,1,1,1,1,1}}.
After this list has been generated once, it is not particularly important where it came from The initial fragment

of this list of length seven

{{o, 1,1,0,0,0,0,0},{1,1,1,1,0,0,0,0},{0,0, 1,1,0,0,0,0},
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{0,0,0, 1,1,0,0,0},{0,0,0,0, 1,1,0,0},{0,0,0,0,0, 1,1,0},
{0,0,0,0,0,0, 1,1}}

has been taken as the system of fundamental roots rootbaseE7 After that, to get the string Dynkin form,
for each of the remaining roots a system of linear equations has been solved, providing their linear expressions
in terms of rootbaseE7 We do not reproduce similar lists positiveE8 and rootbaseE8, which are generated
similarly, but for reader’s convenience in Tables 1 and 2 we reproduce the lists of positive roots of E; and Eg
with respect to the height lexicographic order

TABLE 1. Positive roots of E;

108000 =(0,-1,1,0,0,0,0,0)
018000 =(0,0,-1,1,0,0,0,0)
008100 = (07 0,0, 0, _]-7 17 070)

008001 =(0,0,0,0,0,0,—1,1)

118000 =(0,-1,0,1,0,0,0,0)
016000 =(0,0,-1,0,1,0,0,0)

008110 =(0,0,0,0,—1,0,1,0)

116000 =(0,-1,0,0,1,0,0,0)
00}100 =(1,1,1,0,0,1,0,0)
006110 =(0,0,0,—1,0,0,1,0)
11%000 =(1,0,1,1,1,0,0,0)
01%100 =(1,1,0,1,0,1,0,0)

016110 =(0,0,-1,0,0,0,1,0)

11%100 =(1,0,1,1,0,1,0,0)
01%100 =(1,1,0,0,1,1,0,0)

01T = (1,1,1,0,0,0,0,1)

11%100 =(1,0,1,0,1,1,0,0)
ML (0, -1,0,0,0,0,0,1)

01}111 =(1,1,0,1,0,0,0,1)

12%100 =(1,0,0,1,1,1,0,0)

11}111 ~(1,0,1,1,0,0,0,1)

00?000 =(1,1,1,1,0,0,0,0)

001000 = (9,0,0,~1,1,0,0,0)

000010 — (0,0,0,0,0, ~1,1,0)

00}000 =(1,1,1,0,1,0,0,0)
006100 — (0,0,0,-1,0,1,0,0)

008011 — (0,0,0,0,0,-1,0,1)

01}000 =(1,1,0,1,1,0,0,0)

016100 =(0,0,-1,0,0,1,0,0)

008111 — (0,0,0,0,-1,0,0,1)

100 = (0,-1,0,0,0,1,0,0)

00%110 =(1,1,1,0,0,0,1,0)

006111 =(0,0,0,-1,0,0,0,1)

116110 =(0,-1,0,0,0,0,1,0)

01}110 =(1,1,0,1,0,0,1,0)

016111 =(0,0,-1,0,0,0,0,1)

11%110 =(1,0,1,1,0,0,1,0)

01%110 =(1,1,0,0,1,0,1,0)

11%110 =(1,0,1,0,1,0,1,0)

01%210 =(1,1,0,0,0,1,1,0)
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01%111 (1,1,0,0,1,0,0,1)

8 12%110:(1,0,0,1,1,0,1,0)

H2111 _ 1 0,1,0,1,0,0,1)

9 122210 _ (1 0,0,1,0,1,1,0)

12211 — (1,0,1,0,0,1,0,1)

10 123210 =(1,0,0,0,1,1,1,0)

112221 _ (1,0,1,0,0,0,1,1)

11 123210 =(2,1,1,1,1,1,1,0)

12%221 =(1,0,0,1,0,0,1,1)

12 123211 =(2,1,1,1,1,1,0,1)

13 123221:(2,1,1,1,1,0,1,1)

14 123321 =(2,1,1,1,0,1,1,1)

15 124321 =(2,1,1,0,1,1,1,1)

16 134321 =(2,1,0,1,1,1,1,1)

17 234321 =(2,0,1,1,1,1,1,1)

1 1000000
0

0100000 _
0

0001000 _
0

0000010 _
0

1100000 _
2 0 =

0110000
0

0001100 _
0

0000011 _
0

TABLE 2. Positive roots of Eg

= (07 _17 ]-707 0707 0707 0)

(0707_1717070707070)
=(0,0,0,0,—1,1,0,0,0)
(070707070707_17170)

(07 _17 07 17 0707 0707 0)

= (0707 _1707 170707070)

=(0,0,0,0,—1,0,1,0,0)

=(0,0,0,0,0,0,—1,0,1)

112210 _

1
012211

122111 _
1

012221

122211 _
1

123211

123221
1

123321
1

0000000

0010000::
0

0000100 _
0

0000001 _
0

0010000 _
1

0011000
0

0000110 _
0

(1,0,1,0,0,1,1,0)

=(1,1,0,0,0,1,0,1)

=(1,0,0,1,1,0,0,1)

=(1,1,0,0,0,0,1,1)

=(1,0,0,1,0,1,0,1)

=(1,0,0,0,1,1,0,1)

=(1,0,0,0,1,0,1,1)

=(1,0,0,0,0,1,1,1)

=(1,1,1,1,0,0,0,0,0)

(0,0,0,—1,1,0,0,0,0)
=(0,0,0,0,0,—1,1,0,0)
(0,0,0,0,0,0,0,—1,1)

(1,1,1,0,1,0,0,0,0)

= (07 0707 _17 07 17 0707 0)

=(0,0,0,0,0,—1,0,1,0)



10

1110000
0
0011000

0011100
0

0000111 _
0

1110000
1

0111100 _
0

0001111 _
0

1111000 _
1

0121000 _
1

00111102

0011111
0

1121000
1

0

1

0111111 _
0

1221000 _

1

1111110 _

1

0122100 _
1

0111111 _
1 =

1221100 _

1
1121110
1

0122110
1

1222100
1

1122110
1

0122210
1

1232100

1221111
1

1122111 _
1

= (07 —1, 0,0, ]-;07 0707 0)

= (17 ]_, 1, 0,07 ]-707 070)

= (0,0,0,-1,0,0,1,0,0)

=(0,0,0,0,0,~1,0,0,1)

=(1,0,1,1,1,0,0,0,0)
0111000 _
1

(1,1,0,1,0,1,0,0,0)
(0,0,—1,0,0,0,1,0,0)

=(0,0,0,0,-1,0,0,0, 1)

=(1,0,1,1,0,1,0,0,0)
= (1,1,0,0,1,1,0,0,0)
(1,1,1,0,0,0,0,1,0)

= (0,0,0,-1,0,0,0,0,1)

=(1,0,1,0,1,1,0,0,0)

1111110 _ (0,—1,0,0,0,0,0,1,0)

0111110 _

(1,1,0,1,0,0,0,1,0)
(0,0,—1,0,0,0,0,0,1)
(1,0,0,1,1,1,0,0,0)
(1,0,1,1,0,0,0,1,0)
=(1,1,0,0,0,1,1,0,0)
(1,1,0,1,0,0,0,0,1)

(17 0:07 17 17 07 17 070)

=(1,0,1,0,1,0,0,1,0)
=(1,1,0,0,0,1,0,1,0)
=(1,0,0,1,0,1,1,0,0)
=(1,0,1,0,0,1,0,1,0)

=(1,1,0,0,0,0,1,1,0)

=(1,0,0,0,1,1,1,0,0)

= (17 0,0, ]-; 1; 0707 07 1)

= (1,0,1,0,0,1,0,0,1)

0110000
0111000
0

0001110 _
0

1111000
0

0011110 _
0

1111100 _ (9. _1,0,0,0,0,1,0,0)

0

0111100 _
1

0111110 _
0

1111100
1

1

0011111 _
1

1121100 _
1

L — g —1,0,0,0,0,0,0,1)

0

0121110 _
1

1122100 _

1
1111111
1

0121111 _
1

1221110 _

1

1121111 _
1

0122111 _
1

1222110 _
1

1122210 _
1

0122211 _
1

=(1,1,0,1,1,0,0,0,0)

=(0,0,-1,0,0,1,0,0,0)

=(0,0,0,0,-1,0,0,1,0)

=(0,—1,0,0,0,1,0,0,0)
0011100 _
1

(1,1,1,0,0,0,1,0,0)

(0,0,0,—-1,0,0,0,1,0)

(171707]—70 07170 0)

(0,0,—1,0,0,0,0,1,0)

=(1,0,1,1,0,0,1,0,0)
0121100 _

(1,1,0,0,1,0,1,0,0)

= (1,1,1,0,0,0,0,0, 1)

=(1,0,1,0,1,0,1,0,0)

=(1,1,0,0,1,0,0,1,0)

(1,0,1,0,0,1,1,0,0)

=(1,0,1,1,0,0,0,0,1)

=(1,1,0,0,1,0,0,0,1)

(1,0,0,1,1,0,0,1,0)
=(1,0,1,0,1,0,0,0,1)
=(1,1,0,0,0,1,0,0,1)
=(1,0,0,1,0,1,0,1,0)
=(1,0,1,0,0,0,1,1,0)

=(1,1,0,0,0,0,1,0,1)

201



202

11

12

13

14

15

16

17

18

19

20

21

22

23

1232100

1222210
1

1122211 _
1

1232110
2

1232111::

1122221 _
1

1232210

1233210 _

1222221 _
1

1233210

1233211
1

1248210 _

1232221

1343210

1233221

2343210 _
2

1243221
2

2343211 _

1243321 _
2

2343221

1244321 _
2

2343321

2344321

2354321

2354321 _
3

=(2,1,1,1,1,1,1,0,0)

=(1,0,0,1,0,0,1,1,0)

=(1,0,1,0,0,0,1,0,1)

=(2,1,1,1,1,1,0,1,0)

(1,0,0,0,1,1,0,0,1)
=(1,0,1,0,0,0,0,1,1)
=(2,1,1,1,1,0,1,1,0)
(1,0,0,0,0,1,1,1,0)

=(1,0,0,1,0,0,0,1,1)

=(2,1,1,1,0,1,1,1,0)

=(1,0,0,0,0,1,1,0,1)

(2,1,1,0,1,1,1,1,0)

=(2,1,1,1,1,0,0,1,1)

=(2,1,0,1,1,1,1,1,0)

=(2,1,1,1,0,1,0,1,1)

(2,0,1,1,1,1,1,1,0)

=(2,1,1,0,1,1,0,1,1)

(2,0,1,1,1,1,1,0,1)

=(2,1,1,0,1,0,1,1,1)

=(2,0,1,1,1,1,0,1,1)

=(2,1,1,0,0,1,1,1,1)
=(2,0,1,1,1,0,1,1,1)
=(2,0,1,1,0,1,1,1,1)
=(2,0,1,0,1,1,1,1,1)

=(3,1,2,1,1,1,1,1,1)

1232110

1222111
1

0122221 _
1

1232210

1222211 _
1

1232111

1232211::
1

1232211

1232221

1233211

1233221

1243211

1233321
1

1343211

1233321
2

1343221 _
2

1343321

1344321

1354321

1354321 _
3

2454321

=(1,0,0,0,1,1,0,1,0)
=(1,0,0,1,0,1,0,0,1)

=(1,1,0,0,0,0,0,1,1)

=(1,0,0,0,1,0,1,1,0)

=(1,0,0,1,0,0,1,0,1)

=(2,1,1,1,1,1,0,0,1)

(1,0,0,0,1,0,1,0,1)

=(2,1,1,1,1,0,1,0,1)

=(1,0,0,0,1,0,0,1,1)

=(2,1,1,1,0,1,1,0,1)

=(1,0,0,0,0,1,0,1,1)

=(2,1,1,0,1,1,1,0,1)

=(1,0,0,0,0,0,1,1,1)

=(2,1,0,1,1,1,1,0,1)

=(2,1,1,1,0,0,1,1,1)

(2,1,0,1,1,1,0,1,1)

=(2,1,0,1,1,0,1,1,1)

=(2,1,0,1,0,1,1,1,1)
=(2,1,0,0,1,1,1,1,1)
=(3,2,1,1,1,1,1,1,1)

=(2,0,0,1,1,1,1,1,1)



27/2

25/2

23/2

21/2

19/2

17/2

15/2

13/2

11/2

9/2

24 2434321 (3,1,1,2,1,1,1,1,1)
25 2434321 (3,1,1,1,2,1,1,1,1)
26 2435321 (3,1,1,1,1,2,1,1,1)
27 2435421 (3,1,1,1,1,1,2,1,1)
28 2435431 (3,1,1,1,1,1,1,2,1)

29 2425432 (3,1,1,1,1,1,1,1,2)

TABLE 3. Weights of V(w7)

246543 000001 3 111111 3)

2’2’27272727272

246541 000011 3 11111 3 1)

2’2’2’2’2’2’2’2

246321 001100 3 111311 1)

2’2’2’2’2’2’2’2

244321 11000_ L1811 11y

(*57) =
(571 =
(24 521) 00110_ 311113 1Ly
(457) =
(157 =

1 (244321 010000 1 1 111111
(1 ) 0000 = (1, -1,- 11y

1(224321):110000:(3 L3 1111 1y
2 3 1 272

(224321) 111000 _ — (L, -1 1111y
1 1 277 212

1(024321):100000:(3 3111111

2\ 3 1 2727272527272 2
1(024321)2101000:(1 L1 1111y
21 1 2127 270 212727252
1(222321)2101100:(1 111 111 1)
201 0 21 272725 2727272
1(022321):111100:(1 (SR B S O W
201 0 2720 2025 2727252
1(222121):100110:(1 I O O S U U
21 0 27 720272527 27252
1(002321) _010100_(1 S0 SUE S S S
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TABLE 4. Weights of V(wr) as roots of Eg.

=(0,0,0,0,0,0,0,—1,1)

= (0707 0707 0707 _17 07 1)

= (0707070707 _170707 1)

=(0,0,0,0,—1,0,0,0,1)

=(0,0,0,-1,0,0,0,0,1)

= (1,1,1,0,0,0,0,0,1) 1T —(0,0,-1,0,0,0,0,0,1)

=(0,-1,0,0,0,0,0,0,1) 01%1111::(1,1,0,1,0,0,0,0,1)
(1,0,1,1,0,0,0,0,1) W21 =(1,1,0,0,1,0,0,0,1)
=(1,0,1,0,1,0,0,0,1) 01%2111 (1,1,0,0,0,1,0,0,1)
=(1,0,0,1,1,0,0,0,1) 11%2111 (1,0,1,0,0,1,0,0,1)
(1,1,0,0,0,0,1,0, 1)

=(1,0,0,1,0,1,0,0,1) 11%2211 =(1,0,1,0,0,0,1,0,1)
=(1,1,0,0,0,0,0,1,1)

=(1,0,0,0,1,1,0,0,1) 12%2211 (1,0,0,1,0,0,1,0,1)
(1,0,1,0,0,0,0,1,1)
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The fundamental weights of the root system of type E7 are now generated in exactly the same way as in
[18, §5], for the case of E¢ By definition, the base of fundamental weights weightbaseE7 is dual to the base of
fundamental roots rootbaseE7 As in [18], the only subtlety is that in the hyperbolic realization the roots of E;
live in an 8 dimensional rather than in a 7 dimensional space To get rid of an extra dimension, in constructing
with respect to the usual Euclidean inner product!

1232111 _

2
1222221 _
1

1232211 _
2
1232221

1233211 _
2
1233221

1243211 _

2
1233321 _
i1 =

1343211 _

2
1233321

2343211 _
2
1243321

2343221 _

2
1244321 _
2

2343321

2344321 _
2

2354321
2354321 _
3

2454321 _
3

2464321 _
3

2465321 _
3

2465421 _
3

2465431
3

=(2,1,1,1,1,1,0,0,1)
=(1,0,0,1,0,0,0,1,1)

=(2,1,1,1,1,0,1,0,1)
=(1,0,0,0,1,0,0,1,1)
=(2,1,1,1,0,1,1,0,1)
=(1,0,0,0,0,1,0,1,1)

=(2,1,1,0,1,1,1,0,1)
(1,0,0,0,0,0,1,1,1)

=(2,1,0,1,1,1,1,0,1)
=(2,1,1,1,0,0,1,1,1)

=(2,0,1,1,1,1,1,0,1)
=(2,1,1,0,1,0,1,1,1)

=(2,0,1,1,1,1,0,1,1)
=(2,1,1,0,0,1,1,1,1)

=(2,0,1,1,1,0,1,1,1)
=(2,0,1,1,0,1,1,1,1)
=(2,0,1,0,1,1,1,1,1)
=(3,1,2,1,1,1,1,1,1)
=(3,1,1,2,1,1,1,1,1)
=(3,1,1,1,2,1,1,1,1)
=(3,1,1,1,1,2,1,1,1)

=(3,1,1,1,1,1,2,1,1)

=(3,1,1,1,1,1,1,2,1)

2. THE WEIGHTS OF E7

the weights it is necessary to check the orthogonality
of the resulting vectors to the following test vector:

testvectorE7={3,

1, 1,1, 1, 1, 1, 1}

Thus, the fundamental weights oy,

1232211

1233211

1232221

1233221

1243221
2

1343221 _
2

1343321

1344321

1354321

1354321 _
3

2454321

=(1,0,0,0,1,0,1,0,1)

=(1,0,0,0,0,1,1,0,1)

=(2,1,1,1,1,0,0,1,1)

=(2,1,1,1,0,1,0,1,1)

=(2,1,1,0,1,1,0,1,1)

=(2,1,0,1,1,1,0,1,1)

=(2,1,0,1,1,0,1,1,1)

=(2,1,0,1,0,1,1,1,1)
=(2,1,0,0,1,1,1,1,1)
=(3,2,1,1,1,1,1,1,1)

=(2,0,0,1,1,1,1,1,1)

, w7 are solutions of the following systems of linear equations:

omegaE7[i ] :=LinearSolve[Append[rootbasebisE7,testvectorE7],
Table[If[j==i,1,01,{j,1,8}1] /;
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The list rootbasebisE7 differs from the list rootbaseE7 in exactly one position Namely, its second compo
nentis { 1,1,1,1,0,0,0,0} The objective is to ensure that the solution is orthogonal to s in the sense of the
hyperbolic inner product Since all other «;’s do not contain eg, for them it does not matter whether we take
the Euclidean or the hyperbolic inner product, so we do not have to modify them Now the evaluation of

weightbaseE7=Table[omegaE7[i],{i,7}]
returns the coordinates of the fundamental weights in the orthonormal base of the space R7:':

{{2,0,1,1,1,1,1,1},{7/2,3/2,3/2,3/2,3/2,3/2,3/2,3/2},
{4,1,1,2,2,2,2,2},{6,2,2,2,3,3,3,3},
{9/2,3/2,3/2,3/2,3/2,5/2,5/2,5/2},{3,1,1,1,1,1,2,2}},
{3/2,1/2,1/2,1/2,1/2,1/2,1/2,3/2}}

A dominant (integer) weight is precisely a linear combination of fundamental weights with nonnegative in
teger coefficients Equivalently, one could stipulate that all of its inner products with fundamental roots are
nonnegative integers The following function gives a test for a weight to be dominant:

dominantE7Q[u ] :=And@@Table[Block[
{xxx=hip[u,rootbaseE7[[1]1]11},
xxx>=0&&IntegerQ [xxx]],{i,7}].

Here, as in [18], the function hip denotes the hyperbolic inner product in Rt

As in [18], the set of weights A(w) of the representation with the highest weight w is generated by the following
clumsy code:

weightsE7[u ]:=Block[{i,j,list={u},len=hip[ul,we},
For[j=1, j<=Length[list], j++,
For[i=1,i<=7,i++,we=1list[[j]] rootbaseE7[[i]];
If [hip[wel<=len&&!MemberQ[list,we],
list=Append[list,wel]l]l];
Return[list]] /; dominantE7Q[u]

As we noted in [18], such a procedural algorithm is dreadfully inefficient, so that the generation of 56 weights of
the representation V (wr7) requires preposterously long time of 0 05 seconds Since we only do it once, we decided
to leave it as is, for the time being

3. THE 56-DIMENSIONAL MODULE FOR Er

Now the evaluation of
minimalE7=weightsE7 [omegaE7 [7]]

returns the list of 56 weights of the minimal module These weights are listed in Table 3, together with their
expression in Dynkin form with respect to the base of fundamental roots and to the base of fundamental weights
These expressions are obtained as solutions of the following systems of linear equations:

rootformE7 [u ]:=LinearSolve[Transpose[rootbaseE7] ,ul
weightformE7[u ] :=LinearSolve[Transpose[weightbaseE7],u].

Observe that, as opposed to the positive roots, the weights of V (wy7) are listed in this table not in increasing
order, but in the decreasing order, starting with the highest weight w7, which has height 27/2, and ending with
—wr, which has height —27/2

However, usually it is more convenient to use for calculations the realization of V' (w7) as an internal Chevalley
module in the group G(Eg, R) Namely, consider the standard parabolic subgroup Py < G(Es, R) The commu
tator subgroup Gg = [Ls, Ls] of its Levi subgroup is the simply connected Chevalley group of type E7, and the
conjugation action of Gg on the abelianization Us/[Us,Us] of the unipotent radical Us makes Ug/[Us, Us] into
a G(E7, R) module V(w7) Now, Theorem 1 of [134] implies that the elements z,(1)[Us,Us], a € ¥ = Xg(1),
corresponding to a positive Chevalley base, form a crystal base of the module V(wy) It follows that we can
read off the action structure constants simply by picking out the rows corresponding to the roots of E;, and the
columns corresponding to the roots from X, from the structure constants table for Lie algebra of type Eg

Choose among positive roots of Eg those belonging to E7, and those belonging to X:

positiveE7insideE8=Select [positiveES,
Last [rootformE8 [#]]1==0&]
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Select [positiveE8,Last [rootformE8[#]]==1&]
Observe, though, that the roots of E; inside Eg in the same order could be obtained simply by appending 0

to the roots of E7, in the usual order:

minimalE7insideE8

Map [Append[#,0]&,positiveET7]

positiveE7insideE8

The weights of V(wr) as roots of Eg are listed, in accordance with increasing height, in Table 4 Clearly, this
table is much more convenient for further use, since now both in their expansion in the fundamental base of Eg,

and in the corresponding hyperbolic base all the coefficients are nonnegative integers

TABLE 5. Structure constants of G(E7, R)

N O
OO r

-0

-0

-0

-0

Or A r i
OrArdArA——O
OrAr-1N—OO
O A= O
A OO

-0 -0010 —

-0 -0010 —

OO
OO—H—H——O
OO0
OrArA—— OO
—HOAA—AOO

-—-000

-00-0]0-000

-—-000

—000+(0-0001{00

-0000j00000

—-000+(00000O010 +
—00+0(0+0001{00

—HreEA A O OO
OO r—rr
OOO—H—H—HO
OO—H—H—OO
O—HO——OO

-—-000

-004+0/]00—-00{+000—-(00

-—-000

-00+4+0|0 —=00]000—-=—=(00

-000-(00000(+000 —]0 +

-000-{00+00(+000010 +

Or—Ar—A—O OO
—HO——OOO
OO
OOoOOoOoO——O
OOoOOoO—=—HOO

—-0000

—-0000

OO—H—HOOO
O—HO—HOOO
—O—OOoOoO
OO
OCOOOOoO—HO

-0000/0-000Jj00~-00j00 ~--0]0-0-0100

OCOOO—OO
OOO—HOOO
OCO—HOOOO
O—OOOoOO
—OOoOOoOOoOoO

10000000 0 +0 00000 +/0000 +{0+000|0+0+0]|00++01|+0
01000000 0 0 +0{0 000 +|+00+0|0 ++00|{+00 ++|0+0001|+0

0010000 -0 0 +0{000 +0|+0000|+0+00{00+0+/0000 +|0 +

00010000 - -0 +|00 -00(0 +000]j000+0(0+000}|+00+0|00

000010010 0 0 -0{+00 — =00 +—-—={0000 —-{00000{000001]00

0000010{0 0 0 0 —|0 +0 0 O

0000001{0 0 0 0 O

101000010 0 0 +0(0 00 +0{+0000{+0+00|00 +0 +|00 -0 +(0O0

0101000{0 0 -0 +|{0 0 =000 +000|0 -0 +0
0011000 ——-00 +{0 00000 +000

00011000 -~ -00|+0-00(00+0 —-j0000—-/00000(000—-0100

oooo110f0 00 -0j0 +0 - =000 -—=|0000 -00000}00 —-00]0 —

0000011{0 0 0 O =0 000 O

1011000|10 -0 0 +(00000|0 +000
0111000{-0 00 +|0 0000 |+4+0001]00 ++0

010110010 0 =00 |{+0 -0 +|0 0 ++0(00000{0O00 +0

0011100|-=-000|+00 +0(00+00|0000 —-|00+00

00011100 = =-00|0 +-00(0000 -j0000 -0 +000|+00001|00

oooo111y/0 00 -0j000 -—-{000 -——=|0000 —-00000}00 —-00]0 —

1111000|/0 00 0 +{00 000 |++000 (0 +++0{0 00 ++|00000|+0

1011100/0 -0 00 |(+00 +0({00 +0+{00000|00+00|000O0
0111100{-00 -0|{+0000|/00 ++0(00 -00{0000 —|0 +0

0101110{/0 0 -0 0|0 +-0 +|0 00 +0 |0 -0 0 O

0011110} - -0001{0 +0 +0]0 000 O

00011110 - -00Jj00 -00j0000 —-j00O0O00 -0 +000|+00—-0100

111110010 00 -0 |+000 -0 0O +00{00 -00j000 -—=|0000O0

10111100 -0 00|0 +0 +0{0000 +{-0000|0 -000]00 -0 —-(00
0112100|-0000|{+0+00|/0 ++00(000+0|00000|0+0001]00

0111110{-00 =00 +000|(+00 +0]0 0000
010111110 0 -0 0|00 -0 +|/0 0 0 +0 |0 —0 0 O

0011111{--000]0 00 +0(0 0000

1112100|10 0 =00 (+0 0000 ++00{000 +0]000 —-0]000 -0

208



Table 5 (continued)

110012100111 011(j10111f11111(11111/|2

101111111111 111)11111(211211(21222|2

11112)11112(11122)112211(22222|22223|3

11212(21222(22222(22322/33233[3334414

11111)1112111(212211222221(22222|23333|3

11110(11111(11111112112(11212(22222|2

01010(01010j01101(11011)01111)J11111|1
10000000 0 ++0{00 +4+0|0 0 +00|0 +000/00000(|0000 +10
01000000 +000(00000Jj0O0000(0O0+00{0+00+|0+00010
0010000{0 0000 |+0000|++000(+000+{00000|0O00+010
0001000{+0 0 +0 (0 +000(000+0(000+0(00+00|00+00 |0
0000100{0 0 +0 0 [+00 ++|0 +00 +/{00000|0000+|+0000O0|0
00o0010{0 000 -{00000J00+00(+00+0{0+0+0]|00000O010
0oooo01{-0 -00|{-0 -0 ~-|-00-0(00~-00|-0000|0O000O010
1010000|{0 0 =0 0|00 —=0(00 -00]0 -=000(0O0000(000+0 |0
01010000 -0 0OOOOO0O0O|0O00+0|000+0|00+00|0—-00010
0011000{+0 0000 +000|-0000|-000—-{00000|00+4+0010
0001100{-0 0 -0|0 —00+|0000+|00000|00 -00|+0000O0{|O0
0ooo110(f0 000 =000 =00 =00 —-{00O0000|0+0+0|0000010
0ooo011jf0 000 -0 0 -00|-00-000—-00|-=0000|00000O010
1011000|10 0 0 =000 +00)0 0 +00|0+000/00000(00+0010
01110000 100000000 |-0000|(-000—-{00000|0 —-00010
01011000 +0 000000 +|0000+|00000|00 -0 —-00O0O0O0(|O
0011100{-0000|--000]0 =000(0O000+|00000|+000010
0oo1110{/0 0 0 +-{0 +000j0 000 -{000 —-0{000+0|00000O010
000011140 0 +0 -{+000+j000O0O0f00 ~-00|-0000|0O0000O010
111100010 0 00O 0|00 +00|0 0 +00|0+000j00000|0—-00010
10111000 0 ++0(0 00 +0(00000J0 -000(0O0000}|+0000 |0
01111000 +000|{-0000}j0 -=000(0O0O000+{0000—-|0O000O010
01011100 =00 -f00000Jj0000 {000 -0{0-000|00000O010
0011110{/0 0 00 0|0 +000]|0 +000(+0000{0004+0|00000O010
0001111{-000 -0 000 +(000+0(00000|-=0000J0000O0 |0
1111100{0 0 +0 0000 +0(00000J0 -000(0O000 —-]0000O0 |0
1011110{0 0 0 =00 00 =000 -00|]00O0O0O00(0O00+0(0000O0 |0
0112100{++000{0 +000j00000(0O000+|00+00|00000O010
01111100 =0 00(00000|0 +000(+0000{0 -=000|00000O010
0101111{10 0 00 -0 000 +(000+0(00+00j00000|0000O0|0
0o11111{-0000|(-0000|-0000(00000|-=0000|00000O010
1112100/0 0 0 =00 00000 0000]J0 00000 +00(00000 |0

As a matter of fact, we performed all calculations precisely in this realization In particular, to construct
the action structure constants it suffices to pick out the rows with indices corresponding to the positions of
members of positiveE7insideE8, and the columns with indices corresponding to the positions of members of
minimalE7insideE8, in the list positiveE8, from the structure constant table for Eg, constructed in [135] The
result is reproduced in Table 6 Since cytq,—a = Ci,o, the action structure constants for negative roots are also
read off from this table

As it happens, in many practical calculations it is more convenient to use not the table of action structure
constants, but rather the matrix of signs of the representation V(wr), whose rows and columuns are indexed
by weights of this representation The entry of this matrix in the position (A, ) equals the constant cy ,—»,
with which the root element z,_,(1) adds v* to v*, or 0 if g — X is not a root The matrix of signs for the
representation V (wy) for the numbering of weights as roots of Es is reproduced in Table 7
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What we call the natural numbering of weights is obtained from the list positiveE7insideE8 by an application

of Reverse:

minimalE7natural = Reverse[minimalE7insideES8];

The reason is that we number weights starting with the highest one, as is customary in algebra, rather than

starting with the smallest one, as is typical of Computer Science

Table 5 (continued)
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1122110|0 0 0 0 —|0 +0 0 O

11122100 0 =000 +00 +{00 +0 +/00000|00000{00000/|+0
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11222100 00 -0 |0 +0 =000 +00(0O0000(0OO0O00—-{0000 —|00O0

112211110 0 0 0 —j0 0 0 0 O

111221110 0 —=0 O

0112221{-0000|00+00(000 -0|]0000—-|+0000|4+0000 |0+

1123210|10 -000(0 +000|00+00|]000+0{00000(0000 —|00

112221110 0 0 -0

111222110 0 -0 00000 +{0000 +|0-000{0 —-000(00—-00100

122321010 00000 +000|00+00|000+0{0000+(000001|+0

112321110 =0 0 0

11222211000 -0(000 -0{+0000|+0000{00000(00—-0010 —
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112322110 -00 -(00000{00000|+0000{0 +000(+0000100

122322110 0 0 0 —{0 0 0 0 O

112332110 -000(000+0/0000+|0000+{00000(0O000O0100O0

122332110 00 -0(0000 =000 -0(00000(0OOO000(0O0O00O0O0]0O0
122432110 0 -00|00 -00j000O00(0O0O0000(OOO00O0(0O0O00O0O0]0O0

1234321|-0000(00000Jj00000(0O0000(0OOO00O0|0O00O0O0]0O0

223432110 0 000{00000J00000|0O0O0000]|]00O0000{000001]00
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Table 5 (continued)

11001(11001(J11011f10111)11111(11111|2

1011111111111 11(111111(21121(21222|2

11112(11112)11122(112211|22222(22223|3

11212(21222122222(22322|33233|33344\(4

11111(112111212211(22222|22222(23333|3

11110(11111)11111(12112)11212(22222|2

01010Jj]01010}j01101)11011j01111J11111}1
1111110|{0 0000|000 =000 -=00(0O0O0000|0 —000{00000/|0
1011111{0 0 +0 000 +0 00000000000 |-=0000{00000|0
01121100 -000|0 -000|/00000(+00+0{00000(00000]0
01111110 0000 |-0000|-0000{00+00(00000{0000010
1122100{0 000 0|00 000|]00000(0 -00 —-]00000{00000|0
1112110{0 0 0 +0{00 0 00|00 -00(0O00+0]00000{00000|0
111111110 0 +0 000 +0 0|0 000000 +00]00000{00000|0
01122100 -000|0 -=000|0 =00 —-{00000(00000{0000010
0112111{+0000j00000|-00 —-0{00000(00000{0000010
1122110|{0 000 0|00 000|000 -00|(-0000]00000{00000|0
1112210|0 0 0 +0|{00 0 +0]0 000 -{0O0000|00000{00000|0
111211110 000 0|00 +00]0 00 -0(0O0000|00000{00000|0
0112211{+0000|+000+(00000{000O00(0O0000{0000010
112221010 000 0|00 0 +0]0 +000(0O0000|00000{00000|0
112211110 00 0 0|00 +00|+0 00000 000|00000{00000|0
111221110 0 =0 00000 +/00000(0O0O0000|00000{0000O0|0
011222110 0 00 +{00000(0O0000{0O00O0O0(0O0000{0000O010
1123210|10 00 -0|0 -0 00|00 O0O00(0O0O000|00000{00000|0
112221110 0 -0 0|-0000]00000(0O0O0000|00000{00000|0
111222110 00 0 +{0 0000|0000 0(0O0O000|00000{0000O0|0
122321010 +0 0000 000|j000O00(0O0O0000]00000{00000|0
1123211|+0 00000 000J]000O00(0O0O0000]00000{00000|0
112222110 000 0{00000|]00O0O00(0O0O000]00000{00000|0
122321110 000000 000|000O00(0O0O0000|00000{0000O0]|0
112322110 000 0|00 000|]00O0O00(0O0O0000]|00000{00000|0
122322110 000 0(00000|]000O00(0O0O0000]00000{00000|0
112332110 000 0(00000|00000(0O0O0000|00000{0000O0]|0
122332110 000 0(00000|00000(0O0O0000|00000{0000O0]|0
122432110 000 0(00000|00000(0O0O0000|00000{0000O0|0
123432110 00 00(00000{00000|{00000|00000{00000(0
22343211000 00{00000|00000|00000(00000{0000010

4. THE WEIGHT DIAGRAM OF V (w7)

An important tool in the study and use of representations of exceptional groups are their weight diagrams A
detailed discussion of weight diagrams and many further references can be found in [133, 112, 134, 105, 126]

Recall that the weight diagram of a representation 7 is a marked oriented graph or, in Kashiwara’s
terminology, a color graph, constructed as follows

e Its vertices correspond to the weights of the representation 7, usually with multiplicities

e Two vertices A and p are joined by an arrow with mark i = of color i directed from p to A, provided that
A — i = «; is the ith fundamental root

The arrowheads are usually not set, but the whole diagram is read in positive direction, usually from right to
left, and bottom up
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TABLE 6. Structure constants of V(7).

L banIa\ [aplal Int In\ L]
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Lam B It I [t K o B o

+00+0|++0

00000)j000O0

-000 —(+00

-00—-—-100 —

— = NI O —
Or=r— NN —
— OO N
— e NN AN
Or—Ar— NN

-00 -0

-00-0(000001|+00

-00-0(000-01]00 —

-00-0(+000+|000

A OO
e NN e
Or—Ar— N
= O\ ]
O r i

-0-00

-——0-0(0000+{00+00100 —

-0-00(000+0|00+001]000

— e —
Orr— = r— i
O = =
OO rr—rrr
OO r—rrr

-000+/0000—-|/00—-00(0-0001]000

-00-000+00}|+00+0{000001]000

-000+/0+00+/00000{0—-+001]000

-00 -0

OO A
OCOOOr—Ar-r-r
OO0
OO OO—r
OO OoOOoOoOOoO

1000000|10 0 00 0|0 +0 +0|{+0 +00|+00 +0]0000O0|00O0

0100000(/0 0O 0O +/0 ++00{00000{0000+|000+0 |0 ++

0010000(0 000 +{+0000{0 +00 +{00+00|0+000(0O0O0

00010000 00 +0/000++/00000{0+000|+000+(0O00O0

0000100{/0 0 +00{00000|++0+0{00000]J000 +0|+0 +

00000100 +0 000000000 +0 +{0 +00 +|00 +00(0O0O0

0000001|+0000{00000J0O00O001|+0+00

1010000{0 0 0 0 +|+0 00 O

01010000 0 0 +0{0 —==00j00000(04+000|+000 +(0 =0

0011000/0 0 0 +0

00011000 0 +0 0000 -——=]0 00 +0(00000O0

0000110{0 +000{000O0O

0oooo11y+0000|00000|00 -0 —{0 =00 —=|00-=0010+4+0

1011000{0 0 0 + 0

01110000 0 0 ++{00 -00{0000 —-{00 —-00|0—-000(0 -0

01011000 0 +0 0|0 ++00{000 +0]j0000O0

00111000 0 +00|{+000 -|0 —000(00+00|0+000(+00

00011100 +0 00000 ++/000 -0{0 -000|00+0+(0O00O0

0000111{+0000j00000|++0+0(0000 —{00 ——0

1111000{0 0 0 ++|0 +0 00|00 +00|+00 +0{00000]0 —0

1011100{0 0 +0 0 |+0 0 +0|+0 00 O

01111000 0 +0 -0 0 +00|0 -000({00+00]0 +0 —-01(00 —

01011100 +000{0 —=00]j000 -0(0 =00 —-|0O0 00 +]0 0 +

0011110{0 +0 0 O

0001111/+0000{0 00 —=|0004+0(04+000|+0 —=00

11111000 0 +0 —|0 =0 0 0 |+0 00 0O

1011110{0 +0 0 O

01121000 0 +4+0{0 0 +0 +/00000(00+00|++00+(000

01111100 +0 0 +/00 -00|0 +00 +{0 000 —|0 =000 |00 +

0101111{+0000{0 ++00{000 +0{0 +00 +|+00 +0 (0 +0

0o11111y+0000{+000 -0 =00 -{00 -00]00 =00

1112100{0 0 ++0]|0 -0 —0]0 000 O

Obviously, for multiple weights A and/or i, one must give precise sense to what exactly is meant by the above
equality Generally the solution of the multiplicity problem is highly nontrivial and was obtained only in the

famous works by Lusztig and Kashiwara in the context of quantum groups Soon thereafter Littelmann invented

a strikingly beautiful elementary but rather ingenious approach to the construction of these graphs

the path

model However, for microweight representations all multiplicities are equal to 1, so that there are no further

hurdles
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Table 6 (continued)
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-00
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-0000(00000|+0000(000
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AN <HNO AN —
= OO —

-0000/00000|0++00{00—-001]000

-0000(0000 —-{00+0+(0000O01]000

-0000(j0000 -0 -0 —-0]000001]000

— AN —
—ONANN<HN AN —
— =AM —
— AN —
— AN —

1000000{0 0 0O 00 +000|+00+4+0]04+0+0{+0000(000O0

01000000 0 +00|+0000(00000{000++(00+00]j000O0

00100000 0 0 +0{0 0 +00|0+00 +{0000+|0+0001000

0001000/+0 00 +|/00 0 +0(00000{0++00(000+01]000O0

00001000 +000{00O000|0+0+0{+0000(0O000+|000

00000100 0 +0 +{0 0 +00|+0 +00(00000|0000O0|+00

0000001|+0 0 +0|0 +00 +{00000(00000(0O000O0]0+0

1010000{0 0 O +0 |00 +0 0|0 +00 +(000 -0

010100010 0 —0 O

0011000/+0 00 +|/00 0 4+0{0000 —-{004+00(0-0001]000

00011000 +000{000 -0(000+0{+0000(0O00—-01000

000011010 =0 00|00 +00]|+0+00(00000|0000 —-{000

0000011|+0 0 +0|0 400 +(00000(00000I0O00O0O0

1011000{+0 0 0 +{0 00 +0|0 000 —-|0 =000|{+0000(0O00O0

011100010 0 —0 O

01011000 00O 0O|{+0000(000+0{+0000(0O0+001(000O0

001110010 +0 00|00 0 =00 =000|+0000(0+000j00O0

00011100 =00 -{00000|+0+00(00000|000+01(000

00001110 0 0 +0{0 +00 +(00000{000O00(0O000+(000O0

1111000{0 0 —0 O

1011100{0 +0 00000 -0|0 =0 =0]00000

011110010 000 0|+0000(0 -000|{+000 —-{0000O0J00O0

010111010 0 +00{00000|+0+00(00000|00 —-001(000

00111100 -0 0 -{00 -00(00+00{00000|0-0001(000O0

0001111|-0000|0 400 +{00000{00O0000(000—-01]000

1111100{0 0 0 0 0 {+000 0|0 -0 =000 0 +0{00000(0O0O0

10111100 -0 0 —|0 0 -0 O

011210010 00 00 |+00 +0(00000|+04+00(00000J00O0

01111100 0 +00{0 0 -00(00 +00{0000+(0O00001(00O0

0101111/0 000 0|0 +00 +{00000{00O0000(00+00]000O0

0011111y-00 -0j00 00 +(00000{00000(0+0001]j000O0

1112100{10 0 000 |+00 +0|0 00 -0]0 —=000{00000(0O00O0
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Weight diagrams are often used as a shorthand graphical imprint of the corresponding weight graph The
vertices of the weight graph are again the weights of the representation m, but now the arrows correspond to

all positive roots and not just to the fundamental ones, as in the case of a weight diagram In other words, the

weights A and p are joined by an arrow with mark « € ®*, directed from p to X, provided that A — u = «

Weight graphs possess some very strong regularity properties and crop up in an immense number of publications

in combinatorics, finite geometries, sphere packings, and all that (see [49] and references therein)

Table 6 (continued)
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111221010 ++0 0|0 +0 +0|{+00 -0(000 +0{0000 —(00 —

1112111{+0 0 +0 ({0 =0 =0 |00 +00|+—-000

0112211{+0 -0 0|00 +0 +{0 +0 +0]|00 -0 0

1122210|10 ++0 —|-0000|{++000(000+0{0+000(00 —

1122111|+0 0 ++(+0 00000 +0 +{+0 +00]j]0 0000 |0 +0

1112211|+0 -0 0|0 =0 =0

0112221{++000{00 +0 +{0 +0 ++{0 +00 +{0O0 +001(0 0O
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1123221+ +0 -0 (+00 ++|00 -0 —|0 -0 00|00 +00(000
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1123321 |+ ++00 (+00 ++|++0+0(00000Jj00+00(+00

1223321|\1+++0 -0 —-00|++0+0(0000 —{000 —-0|(00 —

1224321 |+ +++00 - —~—-—-|000+0(0+000|+000+(000

1234321 |+ ++++|+0 -0 -0 —00 —|00 —-00|0 —-000(000O0

2234321+ ++++|++0 +0|+0 +00|+00+0(0O0000{000
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Table 6 (continued)

11111(11112(112111(21212/|12222(222

22122|122221(22222(22222|33233|333

22222123223 (32332(33333|33444|444

33343(34434(44444(144455|55556(666

32333133333(33334(34444)|44444|555

222221322321(23233(33333(|33333|344

122121(212211(22222(222221(22222(223

11111j11111f11111{11111}11111}111
1111110{0 0 40000 =00 |-0000(0 00 —-0(00000(000
1011111{-00 -0 {0 =0 000000000000 |=0000(000
01121100 0 +0 +|{0 000000 +00|00 -00|0 0000|000
01111110 00 =000 00 +{00 0000000 —-|0 0000|000
1122100{0 00 0 0 [+0 0 +0 {0 +00 +|0 00 0 0|0 0000|000
1112110{0 0 +0 +{0 0000 |-=000 00 +000(00000(000
11111110 0 0 -0 {0 -0 00|00 000|000 +0(00000(000
01122100 -0 00|j00000(00+00|+0000|00000(000
0112111{+0000}j0 000 +{00000|00+00|00000(000
11221100 0 +0 +{0 0 +0 0|00 00 -0 0000(00000(000
1112210{0 -0 0000000 |-00—-0(00000(00000(000
1112111{+00 00 {0 -0 00000000 -—000(00000(000
011221110 0000|0000 +{00000|-=0000)J00000|00O0
1122210{0 -0 0000 +00{0 +000|00O0O0O01|00000|000O0
1122111{+0 0 +0(0 0000|0000 +{00000(00000(000
111221110 00 000 -0 00{000+0|000001]00000{00O0
011222110 0000|0000 +{004+00(00000J00000|00O0
1123210{0 -0 0 -0 OO0 -0|0O00O00(00000(00000(00O
112221110 0 0 +0{0 00000 —000(00000(00000(000
111222110 0 0 00 |0 -0 00 |-0000}(00000(00000(000
1223210{0 0 +0 0 (+00 00|00 000(00000(00000(000
1123211|-0 000000 +0|0O0000(00000(00000(000
112222110 0 0 +0 {00 +00|0O0000{00000(00000(000
122321110 0 000 |-0000|0O0000(00000(00000(000
1123221|-000 -{00000|0O0000}(j00000(00000(000
122322110 0 +00(00000|0O0000(]00000(00000(000
112332110 +0 000000000 000{00000(00000(000
122332110 00000000000 000{00000(00000(000
12243210 0000000 00{00000|0O00001]00000{000O0
123432110 00000000000 000(00000(00000(000
223432110 0 00 0|00O0000(0O0000{00O000|00000(000

The weight graph of type (E7,w7) or its complement! is usually called the Gosset graph It first appeared
in the study of algebraic surfaces Namely, consider the algebraic surface obtained from the complex projective
plane P? by blow up of | points in general position [38] The Gosset graph describes a configuration of 56
nonsingular curves with self intersection —1, occurring on this surface in the case | =7

5. RESTRICTIONS TO Ag, Dg, AND Eg

The case of E; is somewhat harder than that of Es In particular, this is due to the fact that in the process
of reduction to smaller ranks, subgroups of three distinct types Eg, Dg, and Ag naturally arise, rather than of
two types, as was the case for Eg

Therefore, in many calculations it is necessary to understand how the 56 dimensional Eg module branches
upon restriction to subsystems of types Ag, Dg, and Es How the restrictions of V (w7) to subgroups of these
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types decompose into irreducibles, is well known, and is easy to compute As is explained in [112], it suffices to
strike out the edges marked by 2, 1, or 7, respectively, in the weight diagram
Hence,
V(E7,@7) | Ae = V(As,w6) ®V(As,w2) ®V(As,ws) & V(Ag, 1),
V(E7,@7) | Dg = V(Dg, 1) ® V(De,ws) © V(De, w1),

V(E7,Tﬂ7) l EG = V(Eﬁ,O) EB V(Eg,wl) @ V(EG,Wﬁ) @ V(EG,O)
Note that for the first two cases, the numbering of the fundamental roots and weights on the right hand side is

their usual numbering in the root systems of types Ag or Dg, respectively, rather than their numbering as the
fundamental roots of E; Expessing this in a more down to earth fashion, the 56 dimensional module V (ww7)

decomposes as follows

TABLE 7. The matrix of signs of V(7).

oooo0o0f00101(01011j01101f1 1111111

oooo00f10011f1111111111(11211(211

oooo0oo0ofo1111f1112112112(21222|222
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o0o111f1r1111f11111(21221(22122/2232
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o111+ ++++j000 ++|--+0 +|-0 -+0]0 ++00|-00
oo1111ilj+++++00 ++0|{-0++0|--0+—-|+00 +—|0 + —
0111111\ +++++{0 +00 +{0 -0 = +|0 + -0 +|—=+0 —+|0 — +
o111+ +++0|++00 +{+0 —=0|++0 -0|—-0 -0 +|+00
11111111\ ++++0|+0 ++0(]0 +0 + -0 = +00|+—-4+0 —|—=00
ori21111{+++0 +|--0+0/0 ++-0|-00 ++/00 +—-0|—-0 +
11121111+ ++0 +{-0 -0 +/+00 ++|0 0 -0 —|0 +—=4+0 |+ 0 —
01122111{++0 + —-|++0 -0 |+000 +{+—-0 —4+(0 0 4+00 |0 =0
11221111\ +++00{0 +-—-+|-+000(0+00 +|-0 +—-+4+|—-0 +
11122111|++0 +-|+0 +0 -0 ++0 0|0 +4+0 —]0 = =00 |0 +0
01122211{+0 + - +|--0+0|-0+00|00 +4+0|(-00 +0|+-0
11222111|++0 +0{0 = ++—-]00 —=++|0 000 +{+0 +0 -0 =0
11122211|+0 + -+|{-0 -0 +|0 =00 +|+0000|{++4+0 -0 |—=+0
0112222110 + -+ —-|++0 -0|+0 -00}{+0000(0 +00 —|0 0 +
11232111|++00 +|/0 —+00 |+ —++—-]0 +0 00|00 ++0 |0 + —
11222211|+0 +-0{0 +--=4+/000 =0 |=++00{0 00 +4+|+ -0
1112222110 + -+ —-{+0 +0 -0 +00 —-|0 0 +4+0{0 000 +|0 0 —
12232111|++000 (+00 —+|+—++—{0 +00 +|0 0000 |+00
11232211|+0 +0 -0 +-00|-+0 -0 |+0 =0 +|+000 0 |+ + +
1122222110 + -+0{0 = ++—-]000 +0|0 =0 =0 |+4+0001(0 0 +
12232211|+0 +00|-00 +—-|-+0 -0 |+0 -00|{+0++0(000
11233211|+0 0 +—-{0 +-00(/00 -0 +|-==+0 +{-00 +01]0 00
1123222110 + -0 +|0 —+00|+-0+0(000 +—-{0 -0 ++(000
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Table 7 (continued)
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1011111110 0 +0 0 |+0 0 0 +|0 0 -0 O

01111111+ -00 =0 =0 =0 |+00 +0 (0 +0 0 0

11111111 - +00 +{10 0 0 + -0 0 +0 0 |[+0 +0 0|0 -0 -0 (00 O

01121111{0 +0 +0 |0 + -0 0

1112111110 =0 =00 0 +0 +|0 + -0 0

01122111{-0 +-+|0 = +00|{+000 —|0 -0 -0

1122111110 +000{0 -0 0 —|+0 ++0|+0000{00 +++(000

11122111|+0 - +—-{00 -0 -0 0 +0 +|0 0 =0 —{0 =0 0 O

01122211|-00 -0 |+-0+0|0 +0 ++|0 +0 +0|+000 0|0 +0

11222111|-0 +0 +{0 +00 +|-0 -=00|0 ++00{0 0 —=0 1400

11122211|+0 0 + 0

0112222110 + -0 —|+0 —+0

1123211110 0 —-010 —+0 —|+0 +00(000 ++{00 +0 —|—-00

11222211|-000 0 |++0 ++|0 00 -0

1112222110 - +0 +{-0 +-01/0 — =0 —|+0 +0 +{0 +0 0 0|0 O —

12232111+ -0 +—-{0 + -0 +|-0 -00|0 0000 |{++0 ++|+00

1123221110 0 0 — O

1122222110 + -0 —|+00 +0|+0 +—-0

12232211+ +0 +0 {0 +0 —+1]0 —=0 =0

11233211|+0 +-0|{+-00 -0 000 +|0 ++++{00 +00 |++0

1123222110 ++0 O

e By restriction to Ag it decomposes into four irreducible summands: the 7 dimensional covector represen
tation, the 21 dimensional representation, which is the exterior square of the vector one, the 21 dimensional

representation, which is the exterior square of the covector one, and, finally, the 7 dimensional covector repre

sentation

e By restriction to Dg it decomposes into three irreducible summands: two 12 dimensional covector represen

tations and the 32 dimensional semispinor representation

e By restriction to Eg it decomposes into four irreducible summands: two trivial ones and two contragradient

minimal ones
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Table 7 (continued)

ooo0o0joo101j01011|01101Jj11111(111

oooo00fr0011f11111j1r1111411211(211

ooooofo1r11r1f1112112112(21222|222

oooo1fr111122222(22223(22332(333

ooo1r1ir1111(11212(22222(22222|232

oo11r1fr111r1fr1111(21221(22122|222

o01111yr1111fr1111y1r1121(12112(112

11111}j11111}]11111}11111}11111]111
12233211|+0 0 +0|{-00 +—-/00 -0 +|==+00{-0+00 |++0
1223222110 +-00|{+00 —+|+-0+0(000 +0]0 —=0 +|{+0 +
1123322110 +0 - +|0 —+00|00 +0 —{0 +0 ——=|0 +0 0 — |0 + +
12243211|+0 00 +{-0000 |{+—-—-0 +{-0+0 —-|00 +-0|+—-0
1223322110 +0 -0 |+00 —+|00 +0 -0 +0 —0|0 +—-0 —(00 O
1123332110 0 + - +{0 —+00/00000|+0 —4+0|{+—-0 —+1|0 +—
12343211|+0000{0 +0 -0 |+0 —==0|=4+00 —{+0 +—-0 |+ -0
1224322110 +00 -|+0000|{-++0 {000 —+|0 +-00 (00 —
1223332110 0 +-0{+00 - +|00000|+0 —4+0{+-00+|-00
22343211{+0000]00 +0 -]0 +0 = =]0 + -0 =|+0 + -0 |+ -0
1234322110 +000{0 -0 +0|-0 +4+0|0 -0 —+{00 -0 +|{0 0 —
1224332110 0 +0 -|+0000|-+000|+0 —+0]0 -0 +0 (-0 +
2234322110 +000|00 =0 +/]0 =0 ++]|0 =00 +|0 —=0 +]|0 0 —
1234332110 0 +0 0|0 =0 +0|-00 4+0|+00 +0|-=00 4+—|—-0 +
1224432110 0 0 + —-{+0000(0 0 =0 +|+0 —=4+0{0 =000 10 +0
2234332110 0 +00|00 -0 +/]0 =0 +0{00 +00|=4+0 +—-|—-0 +
1234432110 0 0 400 =0 +0|00 =00 |+4+0 +0|-000 —|0 +0
2234432110 00 +0|00 -0 +|0 000 —=|0 ++00|=4+00 —]|0 +0
1235432110 0 0 0 +{0 =000 |+0 =00 |+00 ++{000 =010 +—
2235432110 000 +/100 -001{0 +00 —|00 +0 +|0 +0 —0|0 + —
1335432110 00 0 0 |+00 =0 |+0 =00 |+00+0{00+00(|-=00
2335432110 000 0|+000 -0 +00 =00 +00|0++00|-00
2245432110 00000 +-00|10004+0{0 =00 4+|{+00 —+|0 + —
2345432110 0000000 +—-/0004+0{0 -000|+0+4+0+|-00
2346432110 000000000 |+—-0+00000 —-|00++0|-0 +
2346532110 00 00|00000|00 +0 -0 +00 —{00+00]0 +0
2346542110 00 O0O0O0O000|00000|+0—-00(+00 —-0|++0
2346543110 0 0000000000 000{000+0(0—-00+4+|00 —

Considering V(w;) as an internal Chevalley module in the Chevalley group of type Eg, we can detect these
decompositions as follows The Ag, Dg, Eg components can be told apart by the value of the coefficient at as,
aq, or ay, in the expansion with respect to the fundamental roots For the weights of V(wz), the coefficient at
s can only take the values 0, 1, 2, 3; the coefficient at «; can only take the values 0, 1, 2; the coefficient at ay
can only take the values 0, 1, 2, 3 Thus, to get the weights in an order compatible with the required branching,
it is sufficient to select weights with a prescribed value of the respective components of its rootformE8, from the
list of weights, combine the resulting lists again, and finally invert the resulting list using Reverse, so that the
highest weight comes first:

minimalE7branchA6=Reverse[Apply[Join,Table[
Select[minimalE7insideE8,rootformES8 [#] [[2]]1==1i&],
{1,0,3}111]
minimalE7branchD6=Reverse[Apply[Join,Table[
Select[minimalE7insideE8,rootformE8 [#] [[1]]==i&],
{1,0,2}111]
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minimalE7branchE6=Reverse[Apply[Join,Table[

Select[minimalE7insideE8,rootformE8 [#] [[7]]==1i&],
{i,0,3}111]

Table 7 (continued)

11111(11112(11211(21212|12222|222

22122(122221(22222\(22222(33233/333

22222123223(32332(33333|334441(4414

33343(34434(44444/44455|555561(666

323331(33333(33334/344441444441]555

22222132232(23233(33333|333331(34414

122121212211(22222(22222|22222|223

11111311111}11111}j11111}11111J111
1223321110 0 0 ++/0 +0 ++|0 000 -0 —=00|{++0 +0 |——0
1223222110000 +00 +-0|+-+-0|-0000|--0—-—-(00 +
1123322110 0 0 0 +{+0 -00 |-0 -0 +|0 ++++]|0 0 +0 0 |+0 +
12243211|+0 000 |0 ++0 +{0 +00 +{0 00 ——=|==00 +|++0
12233221+ ++00{0 0 ++0|+0 +0 -0 ——-00|++0 +0|—-0 —
1123332110 0 +0 0{0 00 +0 {0 =0 —+ ++++(00+00]0 +—
12343211|+00 +0(0 000 +|+00 +0|0 +0 +0|{+0 —=—|——=0
1224322110 + -++/00 000 |+++0 +/000 —=|—==00 +|{+0 +
12233321+ -00 +|+0000|0 +0 +—-|+—-—-00|++0 +0 |0 —+
22343211{+0 0 +0|0 +000]00 +00|+0 +0 +|0 ++++|++0
1234322110 + -0 +|0 ++00{00 ++0{0 +0 +0|+0 ——=—|—=0 —
1224332110 -0 +0|{-0++0/000 ++|+00 —=|==00 +|0 + —
2234322110 + -0 +|00 +0 +|+0000{+0 +0 +|0 ++++|+0 +
1234332110 -000 |-+0 +0|++000 |++0 +0|+0 ——=—|0 —+
12244321/ -0 ++—-|+0 +-0{0+000{0 +4+—-—|——=000 |+ —+
2234332110 -000|-00 ++|10 +++0|00 +0 +{0 ++++|0 + —
12344321 -0 +0 —|{++0 -0 |+00 ++|0 0 +4+0|{+0 — =0 |—+ —
22344321|-0 +0 —|+00 —+|00 +0 +|++00 +|0 +++0 |+ —+
1235432110 0 + -0 |+ +—-00{+—-0+—-{0 +0 0 +|+0 =0 — |+ —+
2235432110 0 + -0 |+0 -0 +|/0 —+0 —|+0 ++0 |0 ++0 +|—+ —
13354321|+ -0 - +|0 +—-+0 |+ -0 +—-|0 +0 +0 {0 +0 — +|—+ —
23354321|+ -0 —+|00 —++|0 =+0 —|+0 +0 +|+00 + —|+—+
2245432110 0 +00 |+-00 +|-0 +-0 |+ —-+—-+[000 + —|+—+
23454321|+-00 +|0 -0 ++|-0 +-0|+—-+00 |—++0 +|—+ —
2346432110 -0 +0|0 —4+0 +|-++-0|+00 —+|+——+0 |+ —+
23465321 -0 ++ -0 —+0 +|-0 +0 +|0 —++—|—++—+|0 + —
23465421|-00 +0 |+—-0 —+|0 +0 == |+ +——+|+——+ —|+0 +
2346543110 ++0 —|-0 ++0 |- —+++|—-—++—|—++—+|—+0

From Table 3 one sees that the set of weights of V(wy) is symmetric This observation is transcribed into
the language of internal Chevalley modules as follows Every weight A has a symmetric counterpart A such that
their sum A + X equals the maximal root of Eg Thus, it will be more convenient to us to number the weights
not by the numbers from 1 to 56, but by the numbers 1,2, ,28 —28, -2, —1 For notational convenience
we often write n instead of —n  The resulting weight numberings are collected in Table 8

6. THE MATRIX OF SIGNS

Now we are all set to explicitly calculate the tables of action structure constants for the represnetation V (wr)
and the shape of root elements in this representation In [135], we calculated the structure constants of the
Lie algebra of type E; twice, via an inductive algorithm mu[1,i,j] and by means of the Frenkel Kac cocycle
kac[1,i,j] The resulting table of structure constants for E; is reproduced as Table 5 As was noted in Sec 3,
the table of action structure constants for the module V(wy) is obtained simply by extracting the requisite part
from the table of structure constants for Eg:
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minimalE7insideE8sign=Tablel[
nu[8,positiveE7insideE8[[i]] ,minimalE7insideE8[[j]1]1],
{i,1,63},{j,1,56}]1]

The function nu[8,x,y] defined in [135] expresses the structure constants for Eg It differs from the function
mu in that its arguments are the roots themselves rather than their positions on the list of positive roots The
resulting table is reproduced as Table 6

As in the process of our work on [18], we have not directly borrowed tables from an electronic version of [135]
Instead, we calculated all necessary signs afresh This was dozens of times faster than the same calculations in
the 1990s We gather that such an acceleration cannot be plausibly explained by a higher clock speed of the
hardware itself, and owes to the increased performance and functionality of computer algebra systems

Actually, usually it is more convenient to use the table of signs in a slightly different form, not as the table of
action structure constants but rather as the matriz of signs:

signtable=Table[
nu[8,minimalE7insideE8[[j]] minimalE7insideE8[[i]],
minimalE7insideE8[[i]]],
{i,1,56},{j,1,56}1]
As opposed to the table of action structure constants the rows of which are indexed by roots, and the columns
are indexed by weights, here both the rows and the columns are indexed by weights of the module V(ww7) The
entry of this matrix in the position (A, x) equals the coefficient with which the root element e,, where a = A — p,
adds the number of the column to the number of the row The matrix of signs is reproduced in Table 7; all
subsequent tables rely on this one
Below we reproduce the results in four numerations of weights: the natural one, the one related to the Ag
branching, the one related to the Dg branching, and the one related to the Eg branching As we have already
mentioned, Table 8 establishes the correspondence of these numerations
Recall that we number weights starting with the highest one This means that apart from the numbering
of rows and columns!  the matrix of signes reproduced in Table 9 is obtained from the matrix in Table 7 by
passing to the transpose with regard to the skew diagonal Therefore, with the exception of some typographic
dainties various \vrule, \tablerule,etc  Table 9 is the table form of the following matrix:

minimalE7naturalsigntable=Reverse[Transpose[Reverse[signtable]]]

Tables 11, 13, and 15 are obtained thereof by renumbering weights in accordance with the Ag numeration,
Dg numeration, and Eg numeration, respectively This can be done in many ways, for example, by calculating
the corresponding permutations However, since we work with tiny lists, and the entire calculation takes fractions
of a second, it does not make any sense to strive for efficience The following function returns the position of y
on the list z:

search[x ,y ]:=Nest[First,Position[x,y],2]

Recall that the built in function Position returns the list of positions formatted as a list, so that we must get
rid of two pairs of braces It remains only to pass from the natural numeration to the A; numeration This can
be done, for example, as follows:

minimalE7branchA6signtable=Table[minimalE7naturalsigntable
[search[minimalE7natural ,minimalE7branchA6[[i]]],
search[minimalE7natural ,minimalE7branchA6[[j1]1]1]1],
{i,1,56},{j,1,56}]

For the Dg numeration and the Eg numeration one does exactly the same, but the weights are taken from the
lists minimalE7branchD6 and minimalE7branchE6, respectively

We decompose the resulting matrices into blocks in accordance with the Ag branching, the Dg branching, or
the Eg branching, respectively, to emphasize their structure patterns

For instance, in the North West and South East corners of Table 11 one clearly sees two 7 dimensional
representations of SL(7, R) corresponding to the subsystem (o, as, a4, as, g, ar), the vector and the covector
ones On the other hand, in the North East and South West corners one sees the action of SL(2, R) corresponding
to the highest root §

In turn, in Table 15 one clearly sees that, in the Eg numeration, for any element of the Lie algebra L of type
E7 the last 28 components of the first column are all equal to 0 It is precisely this fact that underlies the PROOF
FROM THE BOOK for this case (see [13, 14])
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7. ELEMENTARY ROOT UNIPOTENTS

Now we are all set to calculate root unipotents for the four root numberations above First, we calculate the
root elements e, of the corresponding Lie algebra:

rooteE7natural[h ]:=Table[
If [minimalE7natural [[i]] minimalE7natural[[j]l]==
positiveE7insideE8[[h]],
minimalE7naturalsigntable[[h,j]],0],
{i,1,56},{j,1,56}]

For the natural numbering the resulting elements e, are listed in Table 10 Observe that here 1 < h < 63 is
the number of a positive root However, we know that the root element €_, corresponding to a negative root is
just the transpose !, Hence, the remaining 63 root elements are just the transposes of 63 elements listed in the
table

The matrices

rooteE7branchA6[h ], rooteE7branchD6[h ], rooteE7brandhE6 [h ]

are defined similarly The results are reproduced in Tables 12, 14, and 16

Now, we can easily describe the remaining root elements as matrices For example, since V(w7) is a mi
croweight representation, one has €2 = 0 Hence, z,(£) = e + fe, Thus, root unipotents can be defined as
follows:

rootxE7natural[h ,x ]:=IdentityMatrix[566]+
xxrooteE7naturalE8[h]

Obviously, defining the elements

rootxE7branchA6[h ,x ], rootxE7branchD6[h ,x 1,
rootxE7branchE6[h ,x ]
one should use

rooteE7branchA6[h ], rooteE7branchD6[h ], rooteE7branchE6[h ],

respectively, instead of rooteE7natural [h]
As usual, we set wy(g) = 24 (€)7o (— )24 (€), where e € R* Thus, we can now define w, (¢) as a matrix:

rootwE7naturall[h ,x ]:=rootxE7naturallh,x].
Transposel[rootxE7natural [h, Power[x, 1]].
rootxE7natural[h,x]

Finally, the semisimple root element h,(g) = wa(e)wa(1)™!, where e € R*, can be expressed in terms of
We (5)7
roothE7natural[h ,x ]:=rootwE7naturallh,x].
rootwE7naturallh, 1]

or, at wish, directly in terms of root unipotents z,(§) themselves

However, in the calculations that invoke only a few of root elements, we prefer to store and use e, and z, (§)
as sparse matrices in the format SparseArray In that case, we draw 56 x 56 matrices only at the very last stage
of a calculation, and only when we actually need such a matrix We do not reproduce the codes needed for such
calculations Since at this point we are already in the possession of the matrix of signs, anyone familiar with the
basics of Mathematica language, can easily write such codes for herself

8. AN INVARIANT QUARTIC FORM

Another paramount tool in the study of Chevalley groups of type E; in the 56 dimensional representation is
the invariant quartic form ) and its partial derivatives That the group of type E7 in characteristic 0 preserves
a form of degree 4 in 56 variables, was first noticed by Elie Cartan' This form was first explicitly described by
Leonhard Dickson in 1901, [64], in the context of 28 bitangents and, thus, of the Weyl group of type W (Er)
Apparently, Dickson failed to notice a connection with the Chevalley group of type E7 itself Or else, Chevalley
groups would have been discovered 50 years earlier

LAs it stands, the explicit construction of the form in Cartan’s paper contains an error, but most probably this is merely a
misprint.
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Later the form @) was studied in depth by Hans Freudenthal, Jacque Tits, Robert Brown, Michael Aschbacher,
Bruce Cooperstein, Tony Springer, Skip Garibaldi, and others (see, in particular, [73, 74, 75, 76, 129, 130, 51,
52, 44, 62, 122, 78, 79] and references therein) Usually, one assumed that 2 € R*  and oftentimes even that
6 € R*

An extraordinarily elegant explicit construction of the form ) over a field K of characteristic distinct from
2 was proposed by Hans Freudenthal Namely, he interprets the 56 dimensional space V as the space A(8, K)?,
where A(8, K) is the space of antisymmetric 8 x8 matrices On this space V', he considers the following symplectic
inner product:

h((a1,by), (az,b2)) = ;(tr(albg) - tr(azbg))

Further, he introduces the following quartic form ) on this space:

Q((a,b)) = pf(a) + pf(b) — 1 tr ((ab)?) + ILG tr (ab)2

4
Then in all characteristics distinct from 2 one can identify the isometry group of this pair with the simply
connected Chevalley group G of type E7 over K (see [44, 62])

The construction of the form ) in papers [44, 62] is somewhat different In fact, Michael Aschbacher in
[44] constructs the form @ in terms of Ag The essence of this construction is expressed by the partition
56 =7+ 21+ 21+ 7 More precisely, the space V is expressed as the direct sum

V=UaoANUe NU)oU*

for a 7 dimensional space U, while the form @) is constructed in terms of exterior products, and duality

On the other hand, the construction of the form by Bruce Cooperstein [62] is closer in spirit to the original
Freudenthal’s construction, and is phrased in terms of A7, where 56 = 28+ 28 The isometry group of ) alone is
spanned by G and a diagonal element of order 2 (see [62]) In characteristics p > 5 everything works smoothly,
whereas some additional complications occur in characteristic 3

However, this approach runs into insurmountable difficulties in characteristic 2 the above constructions do
not work, and apparently in characteristic 2 there are no interesting G invariant symmetric four linear forms on
V at all (see [44]) This is due to the fact that in characteristic 2, the four linear form

fu,v,2,9) = hu,v)h(z,y) + h(w, 2)h(v,y) + hu, y)h(v, ),

obtained by squaring the symplectic form h, becomes symmetric Clearly, this is not the case in characteristics
> 3 Since the dimension of the space of invariant symmetric four linear forms equals 1, independent of the
characteristic, this uninteresting form f takes the place of the genuine four linear invariant F' As a matter of
fact, Aschbacher [44] constructs a four linear G invariant form F in characteristic 2, which is symmetric with
respect to even permutations

There are further constructions of the form (), notably the celebrated construction by Robert Brown [50 52],
which works in characteristics # 2,3 Let V' be a space that supports a nondegenerate inner product Then to
define a three linear form on V' is essentially the same as to give V' an algebra structure By the same token, to
define a four linear form on V is essentially the same as to give V' the structure of a ternary algebra Indeed,
there exists a remarkable ternary algebra F of dimension 56, constructed in terms of the exceptional Jordan
algebra J (see [52, 68] and references therein) The algebra consists of 2 x 2 matrices over J with scalar diagonal
entries, 56 = 1+ 274+ 27+ 1

It is natural to ask whether one can give an elementary and characteristic free construction of the quartic form
@, where @ is from the outset invariant with respect to the extended Weyl group W (E7) Such a construction
of the invariant cubic form for Eg is discussed in our papers [133, 134, 15, 22, 23] In that case, everything works
smoothly, independently of the characteristic A similar construction of the form () is indeed possible, but it is
noticeably more complicated, and still breaks down in characteristic 2 Let us very briefly explain what goes on
here, according to [134, 16]

The cubic form for Eg was constructed in terms of the quadratic form for D5y on the 10 dimensional space
Supposedly, E; stands very much in the same relation to Eg, as Eg itself does to D5 This philosophy immediately
suggests that one should try to construct the quartic form @ in a similar fashion, in terms of the cubic form for
Eg on the 27 dimensional space
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Let us fix a base vector v* € V' Then the base vectors v*, d(\, 1) = 2, span a free module U of rank 27, which
carries the cubic form related to Eg Let us define tetrades as quadruples (A1, A2, A3, A4) of pairwise orthogonal
weights Let © and ©g be the sets of ordered and unordered tetrades, respectively Clearly, |©| = 56 - 27 - 10,
whereas |Og| = |0/24 = 630

Tentatively, one can define a quartic form Qent as

Quent (T) = Y +T0, Tr, T, T,

where the sum is taken over {\;, A2, A3, \s} € Op, and the signs are defined by the condition that the resulting
form is invariant under the action of the extended Weyl group W (E7)

From the outset one should be slightly more cautious than for the case of Eg In addition to the two cases
occurring in a similar construction of the invariant cubic form for Eg, the next case may occur Namely, w, may
move all four weights of a tetrade, two in positive and two in negative direction, in which case the sign of the
monomial does not change

However the expression for the sign in terms of the distances h(A;, p;) in the weight diagram still works This
is essentially the same as to define a four linear form Fie, by setting

Fﬂtent(v)\1 ) U/\z ) U/\a ) U/\4) = (_l)h()\17/\27/\37)\4)7 ()‘17 )\27 )‘37 )‘4) S 97

and Fien (v, 022,022 v*) = 0 otherwise Here, h(\1, A2, A3, A4) denotes the sum of pairwise distances of these
weights in the weight diagram (see [134] for precise definitions)
By construction, the form is invariant under the action of the extended Weyl group W(E7), and it remains
only to check that it is preserved by the root subgroup X4, for some root a € ®
Indeed, it is easy to see that for any tetrade (A1, A2, A3, 1) and any elementary root unipotent g = x4 (§),
one has
Ftent (gvl\l ) gv)\z ’ gv)\:s; gUA4) = Ftent (U/\l ) UAZ ) UAa ) U/\4)

Unfortunately, there exist quadruples not tetrades! of weights, for which the right hand side is zero, whereas
the left hand side is not For instance, take four weights A1, A2, A3, Ay such that Ay + a, Ao + @, A3 + a, Ay — «
are weights, and the above eight weights form a cube In other words, the corresponding weight diagram is the
tensor product of three copies of (Aj,w;) (see [112]) Then one of the weights A1, A2, A3 is adjacent with the
other two weights, say, d(A1, A2) = d(A1, A3) = 1, so that

A A A A
Ftent(v 171} 271} 3,1} 4) =0

On the other hand, expanding Fien (gv*t, gv*2, gv*s, gv*4) by linearity, we get 8 summands Exactly one of these
summands, namely, Fiene (07, 072 023 924) | corresponds to a tetrade and is equal to £1 Thus, the form Fieps
is not invariant under the action of X,, contrary to the expectations

In itself this is not tragic Omne could hope to repair the situation by throwing in another Weyl orbit of
monomials This is precisely where the real trouble starts In the above example, throwing in another orbit
immediately begets two additional nonzero summands, which either cancel, or amount to twice something Thus,
we could not have started with the value of the invariant form on tetrades to be £1, but should set 42 instead
Clearly, in characteristic 2 this does not make sense

Nevertheless, in characteristic # 2 the above construction is essentially correct, in the sense that it describes
the relevant part of the quartic form, the one that accounts for reduction to Eg Let us fix a base vector v*
Then F(v*, %, *,*) consists of two parts, the form Fiepn, as defined above, and another summand thrown in to
make the resulting form G invariant This summand has the form F(v*, v}, %, %) and reveals nothing new as
compared with the fact that the group G preserves a symplectic inner product

9. AN INVARIANT QUARTIC FORM, CONTINUED

The difficulties occurring in characteristic 2 have been completely surmounted only recently, in the works by
Jacob Lurie [102], and the second author [24] The basic idea is not to require the invariant form to be symmetric
Instead, one should consider the whole 4 dimensional space of invariants of degree 4 on V' These invariants only
differ by summands of the form h(u,v)h(z,y), where h is the invariant symplectic inner product on V' Thus,
inside the symplectic group Sp(56, R), the Chevalley group of type E; can be characterized as the stabilizer of
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any such quartic invariant We refer the reader to [24, 16] for detailed constructions, precise statements, and
proofs

Here, we reproduce one such construction of a nonsymmetric four linear invariant form on the module V (w7),
which works without any restrictions on the characteristic of the ground ring R In the case of a field of
characteristic # 2, the quartic form associated with the symmetrization of our form coincides with the form
constructed by Cartan, up to a scalar multiple

Let g be the Lie algebra of type Eg Recall that the ag height of a root is the coeflicient at ag, in the expansion
of the root with respect to the base of fundamental roots of Eg Since the highest root of Eg equals

p = 2465452

the ag height can only take the values —2, —1,0,1,2, and thus defines a Z grading of length 5 on g:

0=02909-1Dg0D g1 DY

Namely, the subspace of g spanned by e, falls into g; if the coefficient of « at ag equals ¢ Furthermore, go
contains the Cartan subalgebra h Observe that the 56 dimensional space g; has the base of root elements
€, Where « runs over all roots of ag height 1, or, what is the same, the weights of the representation V (wor)
Moreover, the spaces g_» and g are one dimensional, and generated by e_, and e,, respectively

Take any four weights a, 5,7,0 of V(wy) and consider the commutator [[[[e—,,eq],es],e,],e5] The root —p
has ag height —2, whereas the roots a, 3,7,d have ag height 1 It follows that the resulting element lies in g,,
and, thus, is a multiple of e, Define c¢(a, 3,7, ) by

[[lle~p; eal, €5, €51, 5] = e, 5,7, 0)e,

It is easy to see that c(a, 8,7,0) € Z The coeflicients c(a, /3,7, d) define a four linear form g on V (wr) as follows:

g(w,o,w,2) = > cla,B,7,6)u v w2
a,B,7,0€A

By construction, this form is invariant under the action of E7 on the module V (w7) In other words, ¢(u,v,w,z) =
q(gu, gv, gw, gz) for all u,v,w, z € V(wr) and all g € G(E7, R)
Denote by F' the symmetrization of the form g,

F(uy,ug,us,us) = Y q(Ua(1), Uo(2), Ua(3): Uo(4))s
gESa

and by @ the associated quartic form,
Q(u) = F(u,u,u,u)

Clearly, all the coefficients of the form @) are divisible by 6 Formally dividing the form @ by 4! = 24, we get a
form whose coeflicients may possibly contain 2 or 4 in the denominators This is precisely why the characteristic
3 does not lead to serious problems in the analysis of symmetric quartic invariants

Recall that

ha ifa+p8=0;
[eases] =1 Nogearp if a+B€Es; [ha,es] = (a,B)es = 22;2; es;
0 otherwise

Observe that if a quadruple of weights («, 3,7, ) is such that ¢(a, 3,7,d) #0, then a+ 3 +v+0 =2p Let
us call quadruples such that
a+f+y+6=2p, a+ B #p,

regular For a regular quadruple, the semisimple elements h, do not occur in the process of calculating the
commutator used to define ¢(a, 3,7,9):

[[N*p7ae*p+m 65]7 67]7 65]
[N—p,aN-pta,8€-pta+8; €], €s]

= [N—p,aN-pt+a,8 N—p+a+B,€—pt+atB+v €]
=N_paN-pta,sN-prats,7N-ptatp+y.6€p

[[[[6*97 ea]: 66]7 67]7 65]

= |
=

224



It follows that in this case,

o, B,7,6) = Nop,aN-pta,sN-ptat8,yN-ptatotg,s

Quadruples of weights such that
a+f+y+6=2p, a+pB=p,

will be called irregular In other words, an irregular quadruple has the form (a, p — a,7,p — ) We perform a
similar calculation for irregular quadruples:

[[[[e—/’v €als ep—a]a 67], ep—’y] [[N_p ae_p+a, €p— al)s €], €p— W]
[V ptas€y]s €p—r]
N_p <_/) +a,7)e,], e,

= N—pya<_l’ + &, 7) Ny, o€

[
=
=

It follows that for irregular quadruples, one has

c(a767776) = N—p,04<_p + CY,’7/>N7”0_—Y = N—p,OéN—p,’Y<_p + Oé,’}/>,

Now, we can start computing the coefficients of the form ¢ To this end we generate the list of all roots of Eg,
both positive and negative, and the corresponding membership test:

negativeE8=Map[ #&,positiveE8]

rootsE8=Join[positiveE8,negativeE8]

isrootE8:=MemberQ[rootsES8,#]1&;

Also, we will have to compute Cartan numbers («, 5) = 2(«, 5)/(5, 5):

cartanmatrixE8={{2,0, 1,0,0,0,0,0},{0,2,0, 1,0,0,0,0},
{1,0,2, 1,0,0,0,0},{0, 1, 1,2, 1,0,0,0},{0,0,0, 1,2,
{0,0,0,0, 1,2, 1,0},{0,0,0,0,0, 1,2, 1},{0,0,0,0,0,0

cartannumberE8[u ,v ]:=rootformE8[u].cartanmatrixE8

rootformE8[v]

1,0,0},

1,2}}

The position of the root p on our list rootE8 is 120, whereas the position of —p is 240:

rho=rootsE8[[120]]
minusrho=rootsE8[[240]]
Finally, we are in a position to compute the complete table of coefficients
coefftable=SparseArray[{},{56,56,56,56}]
We start filling this table with the coefficients corresponding to the regular quadruples:
For[a=1,a<=56,a++,
alpha=minimalE7naturall[al];
For[b=1,b<=56,b++,
beta=minimalE7natural[[b]];
If [Not[isrootE8[ rho+alpha+betal],Continue[]];
For[c=1,c<=56,c++,
gamma=minimalE7natural[[c]];
delta=2*rho alpha beta gamma;
If[Not[isrootE8[deltall,Continuel]l];
d=search[minimalE7natural,delta];
coefftable[[a,b,c,d]]=nul[8,minusrho,alphal
*nu[8,minusrho+alpha,betal
*nu[8,minusrho+alpha+beta,gammal
*nu[8,minusrho+alpha+betat+gamma,deltal]]]

Next, we fill in the coefficients corresponding to the irregular quadruples:
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For[a=1,a<=56,a++,
alpha=minimalE7natural[[a]];
For[c=1,c<=56,c++,
gamma=minimalE7natural[[c]];
coefftable[[a,57 a,c,57 c]]=nu[8, rho,alpha]
*nu[8, rho,gammal

*cartannumberE8[ rho+alpha,gamma]]]

The resulting form has 19768 nonzero coefficients, 18144 of which correspond to regular quadruples and 1624
correspond to the irregular ones Obviously, we cannot reproduce the explicit coordinate expression of this form
here, since for each of the numerations we use!  this would take about 130 printed pages

In many applications, it is essential to have an explicit coordinate expression of the second partial derivatives
of the form ), which define the highest Weyl orbit of equations determining the highest weight orbit in the 56
dimensional representation, see [99] In particular, these equations naturally occur in the context of the theory
of standard monomials [120, 97, 48, 96, 100, 101] Oune can find a detailed bibliography in our papers [134, 11,
25]

As observed in [60, 84], these quadratic equations are intrinsically related to Groebner bases Some of these
equations are reproduced in [111, 142] In connection with the study of Freudenthal varieties, in [16] and [103]
we reproduce an explicit form of the second partial derivatives of the form () for two of the above numerations

TABLE 8. Weight numerations: the natural one, Ag, Dg, and Eg

natural Ag branching Dg branching Eg branching

1 2465431 2465431 2465431 2465431
3 3 3 3
o 2465421 2465421 2465421 2465421
3 3 3 3
3 2465321 2465321 2465321 2465321
3 3 3 3
4 2464321 2464321 2464321 2464321
3 3 3 3
5 2454321 2454321 2454321 2454321
3 3 3 3
¢ 2454321 2354321 2454321 2454321
2 3 2 2
7 2354321 1354321 2354321 2354321
3 3 3 3
g 1354321 2454321 2354321 1354321
3 2 2 3
g 2354321 2354321 2344321 2354321
2 2 2 2
1354321 1354321 2343321 1354321
10
2 2 2 2
11 2344321 2344321 2343221 2344321
2 2 2 2
19 1344321 1344321 2343211 1344321
2 2 2 2
2343321 2343321 1354321 2343321
13
2 2 3 2
14 1244321 1244321 1354321 1244321
2 2 2 2
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15

16

17

18

19

20

21

22

23

24

25

26

27

28

—28

—-27

—26

—25

—24

—23

—22

—-21

—20

-19

—18

—-17

—-16

1343321
2

2343221
2

1243321
2

1343221
2

2343211
2

1233321
2

1243221
2

1343211
2

1233321
1

1233221
2

1243211
2

1233221
1

1232221
2

1233211
2

1232221
1

1233211
1

1232211
2

1222221
1

1232211
1

1232111
2

1122221
1

1222211
1

1232111
1

0122221
1

1122211
1

1222111
1

0122211
1

1343321
2

2343221
2

1243321
2

1343221
2

2343211
2

1233321
2

1243221
2

1343211
2

1233221
2

1243211
2

1232221
2

1233211
2

1232211
2

1232111
2

1233321
1

1233221
1

1232221
1

1233211
1

1222221
1

1232211
1

1122221
1

1222211
1

1232111
1

0122221
1

1122211
1

1222111
1

0122211
1

1344321
2

1244321
2

1343321
2

1243321
2

1343221
2

1233321
2

1243221
2

1343211
2

1233321
1

1233221
2

1243211
2

1233221
1

1232221
2

1233211
2

1232221
1

1233211
1

1232211
2

1222221
1

1232211
1

1232111
2

1122221
1

1222211
1

1232111
1

1122211
1

1222111
1

1122111
1

1221111
1

1343321
2

2343221
2

1243321
2

1343221
2

1233321
2

1243221
2

1233321
1

1233221
2

1233221
1

1232221
2

1232221
1

1222221
1

1122221
1

0122221
1

2343211
2

1343211
2

1243211
2

1233211
2

1233211
1

1232211
2

1232211
1

1232111
2

1222211
1

1232111
1

1122211
1

1222111
1

0122211
1
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15 11%2111

s 1221111
1

13 0122111

1o 1121111
1

1 0121111
1

1o 1111111
1

9 0111111
1

B 1111111
8 0

B 0111111
7 0

6 0011111
1

N 0011111
5 0

4 0001111
0

3 0000111
0

s 0000011
0

. 0000001
0

1122111
1

1221111
1

0122111
1

1121111
1

0121111
1

1111111
1

0111111
1

0011111
1

1111111
0

0111111
0

0011111
0

0001111
0

0000111
0

0000011
0

0000001
0

1121111
1

1111111
1

1111111
0

0122221
1

0122211
1

0122111
1

0121111
1

0111111
1

0111111
0

0011111
1

0011111
0

0001111
0

0000111
0

0000011
0

0000001
0

1122111
1

1221111
1

0122111
1

1121111
1

0121111
1

1111111
1

0111111
1

1111111
0

0111111
0

0011111
1

0011111
0

0001111
0

0000111
0

0000011
0

0000001
0

TABLE 9. The matrix of signs of V(wr7): the natural numeration.
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€100000
0

€000000
1

€010000
0

€001000
0

€000100
0

€000010
0

€000001
0

€110000
0

€001000 =

1

€011000 =

0

€001100 =

0

€000110 =

0

€000011 =

0

€111000 =

0

€011000 =

1

€001100
1

€011100
0

€001110
0

€000111
0

€111000 =

1

€111100
0

€011100
1

€001110
1

€011110
0

€001111
0

€111100
1

€111110
0

€012100
1

€011110
1

€001111
1

€o11111
0

€112100
1

TABLE 10. Root elements: the natural numeration.

=ér8 T €910t €11,12 T €13,15 T €16,18 T €1922 T €55 75 T €316 T €1513 T 61217 T €100 T Cs7
=e56 €79t €810+ €20,23 + €2426 + €987 + €97.38 + €36,21 + €33.30 + €10,8 + €97 + €6,5
=eé57 1 €69t 1214 T €1517 tC1821 + €225 T €555 tearg T er5 tea1e T €96 1675
=645t €911+ €1012 T €17,20 T 21,24 + €2528 + €3535 + €757 T €577 + €310 T €110 T C54
=e34 t+e€11,13 t€1215 + €14,17 + €2427 + €98.76 + €96,78 + €37 37 + €17 11 + €15,12 + €13.11 + €43
=e23 1+ €13,16 + €15,18 + €17,21 + €20,24 + €36,33 + €e23,26 + €31.30 + €31.17 + €13,15 + €16,13 + €39

= €12+ €16,19 T €1822 T 21,95 T €2498 T €57 55 T €y557 t €33357 H €537 T €338 T €575 T €21

—€58 —€6,10 T €11,14 T €13,17 + €16,21 T €19,25 — €35 75 — €776 — €17,13 — €1411 T €106 T Cs5
—e46 t €711 + €812 — €17,23 — €21,26 — €95 37 + €y7.35 + €36.31 + €3317 — €128 — 117 + €64
—€4,7 t €6,11 — €10,14 T €15,20 T €18,24 T €22.28 — €35555 — €3775 — €35,75 T €140 — €116 T €7
—€3,5 T €9,13 1+ €10,15 — €14,20 T €21,27 + €9555 — €3635 — €737 T €3517 — €150 €130 T C5.3
—€24 t €11,16 + €12,18 T €14,21 — €20,27 T €y353 — €3335 + €3755 — €3777 — €15 13 — €T6,11 T Ca2
—€1,3 1+ €13,19 T €1522 + €1725 + €20,28 — €5753 T €9357 — €3355 — €377 — €3375 — €193 T €31
€48 —€6,12 — €9,14 T €1320 + €16,24 T €1928 + €35 75 T €3776 T €353 — €119 — €136 T €34

€4,9 1t €511 — €814 — €1523 — €18,26 — €3237 — €733 — €358 — €33,75 — €148 T €115 T Cou

=e€36 T €7,13 T €815 T €14,23 — €51 35 — €y557 — €435 — €337 T €377 T €158 T €137 T €63

€3,7 1 €6,13 — €10,17 — €12,20 T €18,27 T €39 35 + €35 35 T €37 75 —€3573 — 7770 T €136 T €73
€251 €9,16 T €10,18 — €14,24 — €17,27 T €y533 + €33 55 — €37 77 —€3777 T €570 T €160 T €50
€14t €11,19 + €12,22 + €1425 — €59355 — €433 — €337 — €230 T €3517 T €312 T €19,1T T €41
—€4,10 — €5,12 — €7,14 — €13,23 — €16,26 — €19 37 + €37.19 + €36,16 + €33.13 + €117 + €135 + €194
—€3,8 —€6,15 — €9,17 — €11,20 + €16,27 T €955 — €265 — €3776 T €30,1T T €170 T €156 T €53
—€3,9 1t €513 — €817 T €1223 — €153355 — €37 T €yy33 T g5 — €333 T €175 — €135 T €3
—€2,6 T €716 T €8,18 + €14,26 T €1755 — €955 T €2035 ~ €277 ~ €36,14 — €188 ~ €T6,7 T €62
—€2,7 1 €6,16 — €10,21 — €12,24 — €1527 T €9y 353 — €y355 T €37 75 T €373 + €37 19 — €156 T €70
—€1,5 T €9,19 +€10,22 — €14,28 — €735 — €21 33 T €337 T €677 T €3577 — €2370 — €190 T G50
€3,10 ~ €5,15 — €7,17 T €11,23 — €158 ~ €1937 — €2475 — €286 T 633,17 ~ €177 — €155 T €T3
€28 — €6,18 — €921 — €11,24 — €1327 T €953+ €93 75 — €3773 — €177 — €319 — €Tg,6 T €32
€3,11 T €4,13 T €820 + €10,23 T €335 T €3957 T €31 533 T €575 + €375 T €355 T €734 T €773
€2,9 T €516 — €8,21 + €12,26 + €555 — €2255 — €2037 T €28 15 T €36,17 — €318 T €65 T €02
€16 terigtesateysrterteyatTeynsTteyimtenatenstem,teg,
€1,7 + €6,19 — €10,25 — €12,28 — €555 — €1333 — €238 — €26,75 — €38,12 — €35,70 T €196 T 7,1

—€3,12 — €415+ €720 T €923 + €1555 T €957 — €51 75 ~ €576 — €330 — €207 T €154 T €123

231



232

€111110
1

€111111
0

€012110
1

€011111
1

€122100
1

€112110
1

€111111
1

€012210
1

€012111
1

€122110
1

€112210 =

1

€112111
1

€012211
1

€122210
1

€122111
1

€112211
1

€012221
1

€123210 =

1

€122211
1

€112221
1

€123210
2

€123211
1

€122221
1

€123211
2

€123221
1

€123221
2

€123321
1

€123321
2

€124321
2

€134321
2

€234321
2

—€2,10 — €518 — €721 T €11,26 T €355 — €935 T €2075 — €28,73 ~ €36,77 T €317 T €185 T €70,
—€1,8 — €622 — €925 —€1128 — €355 — €1533 T €375 T €T3 T €317 T €359 T €336 T €51
—€2,11 1 €4,16 T €8,24 + €10,26 — €535 T €277 — €733 T €575 — €36.70 — €24, — €T64 T €112
—€19te519 —€825+ €57t €557 T €335 €078  €2u 5 a7z T €38 €5 T €
€314 T €417 T €520 T €623 —€16355 — €198 — 1879 — €22,76 T €336 T €305 T €174 T €743
€2,12 — €418 T €7,24 + €926 — €355 T €977 T €775 — €253 T €359 T €377 — €154 T €132
€1,10 — €522 — €725 T €157t €357t €555 T €075 T €24 T3 T €27 77 — €357 — €335 T €101
€213 T €316 — €827 — €038 — €235 — €2273 — €1433 — €2577 — 2870 €378 T €163 T €132
€111 T €410 + €828 +€1957 — €1557T ~€1377 ~ €178 ~ €21,15 T €ar 70 €2 T €194 T €T
—€204 €421+ €524+ €626 T €355 ~ €195 T C15T5 ~ €213 T €36,6 — €315 €214 T €12
T€2,15 ~ €318 ~€7,27 €955 ~ €1135 ~ €19 Ta T €1aT9 T €517 T Cos 9 T €377 T €153 T €75
—€112 ~ €422+ €728 T €957 — €357 — €577 T 1776 T €213 T €279 ~ €357 T34 T €T3,
—€1,13 + €319 — €355 —€1937 — €127 T €18,77 ~ €148 T €21,12 T €2470 T €26,8 ~ €103 T €131
€217 + €321 — €527 ~ €5 T €133 T €193 T €115t € TT ~ €as6 ~ €375 T €a1,3 T €70
€1,14 T €425 t €528 + €557 H €315 T 1615 T €1576 T €153 T €276 T €255 T €354 + €111

€1,15 — €322 — €735 —€o57 — €157 T €167 T €476 — €21,7T — €240 — €267 €333 T €151

=e116 Tt €219+ €33 T €35t € 17T €577 T €475 T €773 T €070+ €238 T €52 1 €161

—€220 — €324 — €427 T €335 T €955 — €979 T €19Tg ~ €229 ~ €56 T €374 T E373 T Ex5
—€117 1t €325 — €555 — €637t €175 €162 T €126 — €187 T €246 T €265 — €353 T €171
—€118 — €222+t €53+ € gt €y 7T €377 — €473~ €177 — €200 ~ €237 T €332 T €131
€223t €326 t €35 €555 €33 T €9t €375 1T €op7t€y55+€x5, €353+ €53,

€120 — €328 — €35 T €537 T €915 T €160 T €106 T €18,0 T €216 — €26,4 — €353 T €301
€121t €225 T €553+ €355 — €175 — €372 €1213 €157 T €206 T €235 T €352 T €371
—€123te3r e 5yt et €r 75 €68 1T €576 €187 €215~ €aa4 — €a73 T €334
—€124 — €228 T €455 — €77 — €15 T €375 — €10,73 T €159 T €176 — €234 T €350 T €371
€126t €57 — €435 — €577 — €715 €138 €13 €157 €175 €204 T €272 1T €35,
€127t €35 T €333t €17+ €13t €1 70T €107 T €12,0 T €146 T €233 T €360 T €37
—€138 " €237 €330 T €17t €r T3 €lig T EsTT €27 — €las €03 T €y T Eg
st et e te 77 €710 € €39 €07 T CrlaatCir3tT oty

€135 €18 €315 €112 €10 €8 T €6 T €05 TClaatC53 T €150t Cny

e te gt esmte T tesgtergtesrTestey ytezsteg,teny;



TABLE 11. The matrix of signs of V(wr): the Ag numeration.

R
\\7
N

7

1

1111111(11112(22222]|222
12345(67890(12345(67890|12345]|6738
10+-+-|+-+-+|+--++|+-=-0+|(+0 -0 +]|000
2| +0 +-+|-+-+—-|-++-——-|0+0+—-]0 -0 +0 |=+0
3|l -+0 +—-|+—-+—-+|+-0+0|+0 —+0|+—-——+0|-0 +
4/+-+0+|{-+-+—-00+0 —|++—-—4+0[+—-0 +—-]0 — +
5|-+-+0|+-+00|+—-—+0 —|+0 —++|0 —+0 — |+ — +
6|+-+-+|10+0+0|+0 +-0|+—-0++|-0+——|+—+
7"N-+-+—-|(+000 +{0+0 —+|0 =40 +|—-F++—-—|+—+
8+-+-+000 +—-|+-+0 —-|+0 —+0]0 -000(000O0
9|-+-+0|+0+0 +|{+0 +-0|+-0+0|-00 —-0(000O0
10|+-+-00+-+0|0+0—-+|0-+00|—-—+0-0(00020
mnm+-+0+(+0++0|0+++0|+00+—-]00-00|-00
2{-+-0 -0 +-0+|+00 ++|00+0 -0 +-00(|-00
B3|-+0++|+0++0|+000 +|++0++(0000 -0 -0
“4|+-+00|--0 ~-—=|++000|0+00 —|+0 —-+0|-00
5{+-0 ~-—-0+-0+|0++00|0++0+|0+00 -0 -0
6|+0 +++|+0 ++0|+0+00|00++0|+0+0+({00 —
7| -+0+0(--0--]00+++0000 +{+00 +—-(0 =0
8-0 —-—=—=|0+-0+4+|0+00+|[+0000|+++0+({00 —
9|10 ++++|+0++0|+0 +00[+0000|0+0+0|+++
20|+-00+4+|{++000|-=+—-—4]04+000]00+0 —|+—-0
21|+0 ++0|{--0~--]000 +0|{+++00]|00 +++|00 —
20 - ---/0+-0+4+|04+00+|00++4+0]000 4+0 |+++
23|-0 -0+{+4+000|--0-0|+0+4+0+|{4+000 +[{+0 —
2410 +++0|--0--/000+0{0+0+0|++000|+++
25|+00 -—-|--000(00 -0 -|+—-4+0 —-|4+0+001|0 + —
260 --0+|{+4+000|--0-0]|000++|0 +++4+010 + +
27710 +0 - —|{—-—-000|(00 -0 —-|0 -0+ -0 +0 ++[+0 +
28100 +4++|+4+000|j00000|-0 —-4+0|—-—+—4+—|+4+0
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—“|loccocococlococoocoocolocoocoooo|looo toloto to|+++| awjcoocooolocooo toloto | H+ I ++ I|+toocoo|lo+ +
Njocoocoooloocoooloococooo|lto too|toto tloot| ar|jlocoococoo|to too|loto llot+t | | +|l ccoco|to +
mlocoococoococlcoocooco|lcoo to tlotoo tloooo ljlot+to||l avjcoo tolco loo|+ | | +o|l oo | +]|l cooco +|loo +
tY|looocoooloococoo|tto tolocoocoocoo l|loo |l coo|too| avw|jocoo to tlo lootloocoo ol ++ I |[toocoo|l +o
wlooocooolocoo tt|ooo | olo l coo|l oo tolooo|| avt|lcoco ol oo lo|[to | +o|l | +oo|ll oo +o|loo +
olooococoolocoto llolocoo lloo |l cojlotocoocojlocooo|| am|jotoo llo+too lloto | ojltocooc+ l|[tooco I|lo+o
~looocoooloo |l lo|lloloo|llootoloocoocoo|looco| anmjooco lo|llot+t lolot o l|llot+to lloo+oo|loo +
wloocoocooco|ttooolocooo tolotoco tH|tot+ I H|I | +| ca=jo | | ocoocjloto + llooco o+ + |l co|ltoo | ol +o
oclocoooco tlo l ocoocoolotoo tloot+to llol lol|++ 1| cao|tocoocoo Hol to+|l otooloocoo+ I|tooco I|+oo
—~olocoocooco l|locoocoo|lto too|too | Hloot+to +H|I | +| moslococo lofllot+ l ol +o |l llot+to | colot+tocooco|loo +
—“—|loocoo tolotoco tloococo llol l ool +o++H o | 4+ mo|jlo !l | o tloocoo+ llol oo +|+to |l o tloo | ocol|lo +o
—N|locoo | oltocoo toloco |l ool +o+o|ltoco | llot 1| w~|l otoco|l+ |l oo+l ocot+tooc|lot |l co|ltoo | o|lto o
—mloo toolo loco llol o lolcotoo|+ | + 1 ol ot wmojlo!l | o+l ot+toleo!l o+t +t|lo!l otolo!l cooc|lo +o
—“t|locoocoo+tlootooclocoto H|to+ lolol oo t+o !l | —mo|l oto I|[+to | o tloo+o tloo | o tloo | co|to o
~wloo | co|l oo Il o|llcot+to|too ol ol to|lto || A |+ +to +tolol oo+l o+ +o|l cooco|ltoo | tloo o
—olotoocolotocoo tloto +t+|lotoco tlol ol ol tof wm|l oto I|[++ | co|tocooco tlo |l o +tolol cooc|too
“~looto lloo lcoo|t+tooco|lol tolottoo|lot| ma|+t+to+ l|loo |l otlot+tt+too|l cooo tloo | o Hloo o
—wlo l cocoo|ltoo +to|lto+ Il olol ol lloocoo to|+ | of -]+ +o+ llot | co|++to | cloco +tolo |l oo tloo o
—“o|ltoocooclotootlotottlot lot|l ol ot|looco| mo|++ | +o|ll oo+ +t|lootoo|l otoojloo | +toloo o
cnojloo | |l oloot+t++t|loocoocooco|tot o+ | ol oloo + o|lt+ | +to|l +toto|ltoo | olotococo|lo !l otoloo o
N~ |otoo tloo too|l | lollooo ++t|lotocoo|l +to wo|++ | ++|l o+ t+tolol oo t|looooo|lo ! +oo|looco
an|l cococo|ltoo toltot+t Il ol oo I|to +to l|loo o ~looocoocloocooco tloo too|l ot+to I|[toooo|loo o
amjo l ot+toloo |l | llootot|loto ool ol olo+to ©olocoocoooc|lotooo|too | oloto | o|ltocoocooco|loo o
N |toocoo tloo too|l | lol|l+toto tloo | o tlooc o wlooocoo tloo toolol oo t|looo | tlooooo|loo o
an|jot+t+tooloot+++H|++o toloocoo olol ol oltoco Y|loo too|ltoo | ocloocoocoo t|jlo | +tooclooocooco|looc o
cno |l ocootoloo |l | llootot|l + 1 ocoo|l ococo tlooo mnloto tolooco | cloto |l o|ltocoocoooclooocoo|loo o
a~|to toocloot+tt++H|+t+to to|l ol coo|l otoo|looco N|[tooto|l ot+toco|llotoocjlocooocoo|loocoocoolooc o
caw |l toococlocot++H|++ I +llol co tlooooo|loo o —~|l + 1l otlol cootloocooococ|loocoocoooclooocoo|loo o

mamselereogloananlen22gRARIARNE]  RERKRERRRERRREERERERERER 2[0S0 T[r
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€100000
0

€000000
1

€010000
0

€001000
0

€000100
0

€000010
0

€000001
0

€110000 =

0

€001000
1

€011000 =

0

€001100 =
0

€000110 =

0

€000011 =

0

€111000
0

€011000
1

222220222211 1111(f1111

87654(|32109(87654(321009|87654/[321
28|10 +—++|——+0+[-0+00/00000{0 +—+—[+00
27|40 ++—-{0 +0 ——=|0 40 =0 |+0000|0 +—+—{0 +0
26|-+00 +{+-0—-+[0000+|0 —4+00|{0 +—+0|—+0
25|+4+000|+0 —+0|+—-—=+0|-0000|0 —+—+[00 +
24|+ —-4+00{0++0 -0 -00+|000 —+4+|0 +—0 +|—+0
23/-0++0[00 ++0|-0+0 -0 +-00[0 —+—-0[+0 +
22|—-+-0+{0000+|+00 —-0|0+0 —-0|++0 —+|—+0
21{+00 —+|+0000|++—-0 000 +—{0 —+0 —|+0 +
2000 - —4+0|+0000{0+0 —+|+—+00|0+—+0|0 ++
19|+—-40 —-{0+000f00+00|-—0+0 —|{+0 +—+|—+0
B[-00+0|-++00[{00++0|0—-0+0[|—-0+—[+0 +
17/0 40 — =00 ++0{000 ++|—-00 —4+|0 +—-0 +|0 ++
6/+00 -0|+0 -0 +|+0000|+0 -0 +|—-0 —+—|+0 +
15/0 =0 +0{0 -0 -0 |+4+000|++0 —0|++0 —+|0 ++
14|00 40 +|{—-0 —4+0|0 +000|0 +—+—{0 —4+00 |+ + +
[0 +0 -0[000+—-[0—4+4+0[00+0 —[+0 +—+[0 ++
120100 —00|++0 —-0|-00+4++[00++0|——0+0 |+++
11|00 4+00|-00++[00 -0 —|++00 +|—-0—+0|+++
/(0000 -0 —+00|+—-0—+4+|04+00 +|++00 +|++ +
9]0 000 +|/00 -0 —|0 +40 —|—0 ++0|+0+0 +|+++
8000000400+ |-0—-+0|+—-——++[000 ++|+++
Tl+++—-+|—-4+—-—40|—+0+—|0—-0+0[00 +++|+++
6|]———4+—-|+0+—4+|0 ——=0 +|4+0 =0 +[0 +0 ++ |+ + +
5/++4+—-0|——-0+—|[+04+—-0|—++00|+++0 +|+++
4|-—-0++|0+—-0 +|—-4+—-—40|+00 +4+|++++0 |+ + +
3[+0 -0 —[+—+0 —[+0 40 +|0 ++++[+++++]|0 ++
2/0 +4+0 +[0 40 +4+|0 +0 ++|+++++|+++++|+0 +
11000 +0|4+0++0|+++++|+++++|+++++]|++0

TABLE 12. Root elements: the Ag numeration.

=é€6,7 T €9,10 +€11,12 T €13,15 T €16,18 T €19,22 T €35+ €515 T €313 T €317 T €100 T €76
=e58 1T €6,9 T €710 T €y 35 T €3337 T €635 T €353 T €2735 T €530 T €157 T €96 T €55

=es56 teso €214 +e1517 t 1821 t €22 teygm tegmtenstemm te st

€45t €911 + €10,12 + €17,20 + €21,23 + €24.26 + 3557 T €337 + €35 17 T €370 T €119 T €54

€34t €11,13 +€12.15 + €14,17 + €2325 + 2627 + €755 T €z temr T e m T e31T T €

=e23 1+ €13,16 t+ €15,18 T €17,21 + €20,23 + €27,28 + €38,37 + €33.30 + €31.17 + €13,15 + €16,13 + €39

= €12+ €16,19 + €18,22 T €21,24 + €2326 + €2527 + €3735 + €35355 T €337 t €315 T €575 T €21

—€5,7 —€g,10 t€11,14 T €13,17 + €16,21 T €19,24 —€5575 — €3776 — €17,13 — €141 T €108 T €75

= —e48 1t €611 T €712 — €735 — €137 — €9y 35 T 3537 T €737 T 3577 — €137 — €176 T €54

—€4,6 T €811 — €10,14 T €15,20 T €18,23 + €22.26 — €3537 — €337 — €30,75 T €12,70 — €i1,s T 6.4
—€3,5 T €9,13 + €10,15 — €14,20 T €21,25 + €24.27 — €57 57 — €3557 T €3577 — €15170 — €130 T C5.3
—€24 t€11,16 + €12,18 T €14,21 — €20,25 + €26,28 — €353 + €3555 — €31,74 — €15 12 — €T6,11 T €42
—e€1,3+ €13,19 + €1522 + €17,24 + €20,26 — €25,28 + €3335 — €330 — €3177 — €3375 — €193 T €31
€4,7 — €812 — €9,14 T €1320 + €16,23 T €19.26 + €355 T €33 76 T €3573 — €139 — €138 T €74

€49t €511 —€7,14 — €555 — €337 — €9035 ~ €533 €75 — C2875 — €147 T €115 T Cou
235
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€001100
1

€011100
0

€001110
0

€000111
0

€111000
1

€111100
0

€011100
1

€001110
1

€011110
0

€001111
0

€111100
1

€111110
0

€012100
1

€011110 =

1

€001111
1

€011111
0

€112100
1

€111110
1

€111111
0

€012110
1

€011111
1

€122100
1

€112110 =

1

€111111
1

€012210 =

1

€012111
1

€122110 =

1

€112210
1

€112111
1

€012211
1

€122210
1

€122111
1

€3,8 1+ €6,13 1+ €715 T €1435 — €21 56 ~ €2433 ~ €2331 ~ €262T T €281 T €157 T €136 T €53
€3,6 1+ €8,13 — €10,17 — €12,20 + €18,25 T €2227 + €37 55 T €35 75 — €351 — €17.70 T €138 T €63
€251 €9,16 + €10,18 — €14,23 — €17,25 T €2428 + €3557 — €35 77 — €33727 T €180 T €160 T €52
€14 t€11,19 + €12.22 + €1424 — €20,27 — €2328 —€3533 — €730 T €ap17 T e o T €157 + €41
—€4,10 — €5,12 ~ €6,14 — €1395 — €137 — €935 T €35 75 T €776 T €213 T €116 T €125 T €104
—€3,7 — €8,15 — €9,17 — €11,20 T €16,25 T €19,27 — €3775 — €357 T €3p77 T €79 T €55 T €73
—€3,9t €513 — €717 T €558 — €133 €233 T €355 T €678 ~ €Tz T €77 — €135 T €3
—€28 T €616 + €718 T €457 T €735 — €435 T €037 — €267 — 27,72 — €187 — €T6,6 T Cs.2
—€2,6 + €8,16 — €10,21 — €12,23 — €1525 T €22.28 — €35 33 + €35 75 T €337 T €3770 — €T58 T €62
—€1,5 T €919 t+ €10,22 — €14,26 — €17,27 — €21,28 T €5557 T €37 77 T €357 — €33 10 — €190 T G50

€3,10 — €5,15 — €6,17 T €11 35 — €1636 — €10,23 — 2370 26,76 T €287 — €176 €155 T €103

= €27 —€8,18 — €921 — €11,23 — €1325 T €19,28 T €35 75 — €3573 — €337T — €310 — €188 T €72

=e311tes13tert ez tegartenstteygmteyimtesginten, temstems

€2,9 1+ €516 — €721 T €557 T €555 — €22355 — €035 T €2675 T €777 — €317 T €765 T €02

=e18teg19terot ey s teramteysgteynsytenirtesmtenrteémestes:

=e€1,6 1 €8,19 — €10,24 — €12,26 — €15,27 — €18,28 — €35 75 — €37 15 — €35,12 — €24,70 T €198 T €61

—€3,12 — €415 T €620 T €38 T+ €637 T €937 — €21 75 — €2476 — €280  €30,6 T €154 T €133
—€2,10 — €5,18 — €621 T €11 37 T €355 — €955 T €075 — €263 — €27, 1T T €216 T €185 T 10,2
—€1,7 — €822 — €924 — €11,26 — €13,27 — €16,28 T €35 75 T €373 T €357 T €319 T €335 T €71
—e211 T €416t €723+ €057 — €557 T € T7 ~C€ir 3 T TE ~€arTo €337  €T6a T CTT2
—€19 T €510 — €124 F €155 T €553 T €555 ~ €075 ~ €375 ~ €252 T €217 ~ €195 T €9
€3,14 T €417 + €520 + €355 — €1653 ~ €19T8 ~ €1879 ~ €22,76 T €288 T €305 T €174 T €113
€212 — €418 T €6,23 T €957 — €357 T €19 77 T €175 ~ €T3 T €79 T €336 — €154 T €122
€1,10 ~ €522 — €624 T €11 55 T €1333 T €1657 + €076 T €233 T €2517 — €226 ~ €335 T €101
€2,13 + €316 — €7,25 ~ €1056 — €1237 ~ €22,71 ~ €142 ~ €243 ~ €260 ~ €25,7 T €T3 T €132
1,11+ €a19 + €726 + €155 — €1557T ~ €187 — €178 — €21,15 T €250 t €26,7 T €194 T €111
—€2,14 T €121+ €523+ €357 T €355 — €T T €575 ~ €T3 ~ Cars €335 ~ €14 T ETI

—€2,15 — €318 — €625 — €935 — €137 — €977 T €1479 T Cos 7T T €260 T €356 T €183 T €752

= —€1,12 — €422 + €626 T €35 — €357 ~ €167 T €176 T €2173 ~ €250 — €366 T €334 T €121

—€1,13 t €319 — €727 — €533 ~ €37 T €377 — €14 T8 T T3 T 370 a7y — €193 T €T3
€217 T €321 — €525 — €335 T €135 T €915 T €275 T €277 — €268 — €355 T €373 T €772

€1,14 T €424 T €526 T €355 T €375 T €575 T 1576 T €183 T €58 T €265 T €214 T €731



€112211
1

€012221
1

€123210 =

1

€122211
1

€112221
1

€123210
2

€123211
1

€122221
1

€123211 =

2

€123221 =

1
€123221
2
€123321
1
€123321
2
€124321
2

€134321 =

2

€234321
2

€1,15 ~ €322 ~ €6,27 — €933 — €11 57 T €177 T €1475 ~ 21,17 — 23,9 ~ €376 ~ €333 T €151
€116 T €210 t €18 tegagtepmtesmtensteérmtenntmrteme T em
—€220 — €323 — €425 T €337t €335 — €195 T €979 ~ €229 ~ €ays T €354 T €333 T €359
—e117t €324 — €527 €33t € 75 €673 T €976 — €1877 T €238 T €375 — €333 T €T

—€1,18 — €222 T €628 T €35 T € 77 T €377 — €473 — 1777 — €200 ~ €386 T €332 T €18

=eyagteyarte gt syt eamTgrterigteygteoyst gyt €yrsteygs

€1,20 — €3,26 — €427 + €357 + €975 T €575 T €176 T €180 T €215 ~ €374 ~ €363 T €301
€121 T €224 + €528 + €355 — €11 75 ~ 1313 ~ €12,73 ~ €157 T €208 T €255 T €372 T €371
€t e tei szt ess T €T €716 €186 €215 €234 " €253 T €a81
—€1,23 — €226 + €428 — €77 €5 T €375 — €10,13 T €159 T €178 ~ €354 €362 T €331
€157 €238 ~ €130 ~ €57 €15 €137 €713 " €156 ~ €175 €204 T €252 T €271
€125 T €227 t €328 t €37+ €913 T €175 T €1077T T €129 T €1a8 T €353 T €375 + €35,
—€136 " €333 " €330 T €17 T €13 €117 T € 1T €126 €145 T €203 T €230 T €361
€137 T €31 T€ 17 T€,77 €10 €97 €10 €106 T €1aa T €173 T €210 T €341
—€1355 — €78 €375 €173 C10 €87 T Crs T Cios TElaatCi53 T g0t Cay

it tesmte,mtesgtesteseteysteygtesstegateng,

TABLE 13. The matrix of signs of V (wr): the Dg numeration.
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[a\ke'e}
o~
[a\INe}

[a\Ria}
a<t
a™m
AN
o —

N
—
— 00
— D~
— O

0
— <f
—o
— A

=

1
0

9
-+ -

1 2345|6738

0 -+
+00

- +0
0 -+

+00
- 40

—4+400[00 ++0]0 —+
—+0

-0000|0++++[{0+0+0{0000+(00 +

~+000|+0 ++—

+00
+00
0+0
0 +0
- +0

-0 +00(0O00O0
000+0f(00000|0++—-+(0~-0+0]000O0
+—-000|+00
00+—-01]+00
+—-0001|0+0
-0 +0 —
00 +—-01]0+0
-—+0001]00 +

87654 (321
00000 |+++00]0 -0+ —

-00+0|(0-000|00000|0+000|00O0O0O0DOO0C]|OO0O

2|0 ++0 —

+0 +—+[+0 -
—0++0]000
+00+0{000
000 +[0+0++]000

-000+(00+++|00+++[0+-001]0 -0

0++—-0|+0 —
—404+0]0 ——=0+{00 —=0|++00 +|+0 -0 +]0 —0

0 —4+0 +|00 —
0—0 —+]0—-0+0]0 —+
0 -0 -0]0—400]+00
-00 4 —
-0 40 —
004+—-0|+0 —
— 40 ++|++++0|++000|0+4+0+[00—-001]0—0
— 40 + -
— 4+ 40 —
-0 +0 —
-0 +00
00 —-—0|+0—-0+|00 +

-0 -0 +

-0 —-00
+0000(000O0O0|0O0 +

T+-——+|[+0 -——-0]++0
+00 —0|+—-0 —+|+0 —
~00 ++[+0000|+++
00000[+0000/000
~0000|0+000([000
0000000400000
~0000[{000+0000
~0000[{0000+[000
~0000[00000|+00
~0000]|00000(0 +0

- — 40 -
-+ -+ +
—+-+0
000 ++[+—=0+[00000|+00
00000[00+00[00000[000
0+000[0++-0[00+—+|000

0000+]0++00

—04+001]0 -0 +—
—F0+0|0 -0 +0]0 —0 + —

—00++[+00 -0
+0-00[0 — —+4 —
000 +0|0++0 —

+0 — +—
— =+ —+|0 ++ -+
~0 +0 —
-0 +00
—++ -+
+-—-+-
-~ +00 —

A+ 40|+ + -+
+00 —+]04+0 -0|00 ——+[00 -+0]00 +

— =40 +|+4+4+-0|0—+—-0|+-00 4]0 -0

—+—+0|++0 ++|++-0 —
6[+—+-—+]|00 +++|++0 — —

T|+—+—-+[00+++|+++00
~0000[+0+++|0+000][++0+0

0+000[000 ++
~0400[00 +0 +
~004+0[00 ++0|++0 +—
0-00 —

00 +0 —

0+0 +-+|0-0+0

+0 +— -

~00 +0
+0+-0|4+0-00]00 ——+
0 —+0 —
—4000|+—-00+|0—-0+0
——000[00+—+|0+00 +

2810 ——-0+4+/04+0 —-0|0 4+4+0 —
00 ++0
——0 +0

+_

—+ =40 |+ +0 ++[++0 +0

I[+—+0 +|+++0 +|++00 +|+000 —

10

—0 -0 4]0 +0 —0|+0 +0 —

-+ -0 -
6]+ - +00]|0 ——+0|00 ——+]00 +0 —
—0 — — —
—+0 + -
- 4+00 —
~00 40
- +00 —
—00 40
~0000

17|+ -0 — —
18
19

—+0 + -

440 -0 +|+00 -0{00+~-0]0000+[00000/000
- 40

5/]00 —4+0|+0 +00

310 +000(+00 -0|+—-000f000+0|0O00O0O0(0O0O0
6

910 +0 =0 |0 +-0 +|+-00 +
1040 ——+]|0 +-0 +|00 +—+

7100 -00|++00 +|0 -0 + —
11

8

4+ -40 +

5

20+0 +— +

1[0 + -+ -
3
8

250 +++0|0 —-00|0 +—-—-0|4+0+00|++0001]00 +
1

26/+0 4+00|4+0++0
50 +0 -0l00 -00|4+40000|0++—-0|+—-00+4+]000

16({0 +000 |0 -0 0 —
26|++0-0(0+0 ~-0|+-000|+~-0+0]0 -0 + —

21{1+0 ++0/0 —=00(+0 —=0|+0++0(000 ++
27{+0 ++0

220

23
24

1m{+0+++(+++++{0+000|000+0|+00+0
2|10 ++++|+++++|+0000(0000O0|0+00+({00 +
13

17(+0 - -4+|/00 -00{004+00|0++0 —

8+0 -0 +|{0 =0 0 —

13(00 -00|+0000{000001|0 ++—+
19

20|+ -00 +]0 +0 = 4+]0 0 +0 —
14

4|+ —-+-0
27(+0 0 — —

12(0 —+0 —
20{0 0 —4+0|0 —4+0 —
21

2210 —+0 —

23

24{0 00 -0

25(0 —+0 —

28(0 ++00|+0 —0 +

15
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N o+ +too|lto |l o+l too lloo | | ot | o +|loo + ~lot+t+to t+ttot+t+++++++H|+too +++H+++++H|++ o
ar~|[to++o|l locooocjloot | Hlotoo +H|l ot+too|l +to N|too o+t o+ +t+++H++oo ++H++++ +H|+H o +
No [+ t+o |l oloto o lcoo|+ | o +tolol ot l|lo+to wn|llo+ | ol tot+tcot+t++H+ 1 +o +H++++ +o ++
awlol to l|too | Hloto Il oloco | | oo | +o|loo + “loto tolot+t lol|+t+tocoo +H++ I +o|++++o|++ +
at|locoocoo ol tooo|t locoot|lol ot+o|ll oto l|lo+to wlt loollolot+|lol otol+ I + 1 +|o+ +o +|++ +
am ||l Fot+ llol +to llococoococo|+++oolol o+ I|+oo oloo | oo+ +oco lloto | o+ | + 1|+ + +|++ +
anjo |l to l|to+t Il olto l coojloo | | H|I +toocoloo + ~|l o |l oot l ol otoo|++ I + 1|+ + +|++ +
N ||l cooco|l o tolol otolol ot lloo+ | ol +o wloot+tto|ll ol oo|lto | ot+lo I + 1 +lot++o +H|++ +
cno|loo | tolol to lloocooco o+ t+too|l oto I|+oo olto l o l|tooc +toloo | oot | +o|+ | | +o|+ + +
o |l oo to|ll oo to|ll otoolol ot I+ cooloto| molol coo|ltoo o]l tooolo ! +o +H|I +4+ 1 +|lo + +
—0|to | otlo l oo llooco +tojlot+tt+to lloo+ | oltoco|| =+l to+loo | o tloococooo|loto+ 1|+ 1 I + 1|+ +
—~|to | | Yloo |l oocloo toojlot++o I|[+ l coco|too| ma|too | olotocooolooooo|jloo+ | H|I +4+ 1 +|1 +o
—o|lotoocolol oo llotooolot+t+ |l clocot | Flooo|| wn|+ o+ llot I +1|++ 1 | tlooocooo|loto ++|++ +
-0 |oto | cloo | coo|ltoococojlot+t+ Il o+l co tlooo|| mvjloo | o+ +to+|l | ++o|ltocoococo|to +o +H|+ + +
< |l too llooo tolocoocooocolot+t+ | Hlol otoloocoo| mwo|lotot+|l tol llot+ot|l oocoo tloo | +o|+ + +
—m|loo |l co|ltoocooolocoococoocolot+t+ | H|l otooloocoo| mwo|teo | + 1|+ | +o|ltocot++|l coco I|l| tooco|lt+ + +
“N|lo |l tol|lto+ I 1|+ 1 I + l|[toocococlocoocoococojloo || w~|lotococo|l ol t|[too+ l|too toloo + | +|lo + +
|l oo to|ll loto|l ++ | 4|l coococlococoococo|loto| wo|jlo !l ol o|lteo+t+tolot+to l|[too | ot | oo t|lo + +
—o|to |l | Ylo+ |l otloot+ | +|l cocoococlocoocoococo|too| mwolot l o llot+toocloto | H|l ot+tooloo | + 1|+ +
oloto lolot+t lot|+ l oo F|loocooloocooco Flooo| ao|l too H|+toocoo|+ | + 1 o|toco ++|lo !l o+o|lo+ +
w|l too llo+to t+t+ o |l oto|ll ococooclooco tolooco|| a~|lol ++H+Hoocoocoo +H|+to l ot+|l ol coo|l too I|+o +
~loo loo|lttoo t|lol ot llooocoooloo toojlcooo|| aav|l oo +tojloocooco tlol o+ I|++tooo|loo+ | +|I +o
o|l tot+ lloot++to|l otoo|llocoocoocoo|lotocoocojlcooo|| amjoo toocloocoo +o|+ | + 1 Yloco ++|l o+ oo + +
wloo | to|totoco|loto llocococo|ltoocoo|jooco|| av|+t+F+toojloot++ l|loo |l to|loto lloto | oo +
+|to lot|too | cloo+ | clocooco Flooocoolocoo|| av|toocoocjlottoo|loto I+l cocoo|+ | oo +|I +o
mlotooco|too lo|t l coojlocoocoo tojloocoococolooo|| avjcocoocoo t|lto+to ljloo | + ljloot+o l|+to | oot o +
Njotto llooto lloocoooloo too|looocooojlooo| arjloococo Floo | + 4|l tooco|l ol | olot+to | +loo +
|l oo t+tolo |l cocooclocoococoococ|lotooo|looocooolooo|| awjlcocoo +t+|lol ol oot l ot too +H|lo !l ot+o|l +o
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TABLE 14. Root elements: the Dg numeration.

€100000 = €7,13 t €8,14 + €9,15 + €10,17 + €11,19 T €1222 + €55 13 + €157 T €710 T €159 T €128 T €137
0

€000000 = €5,6 + €7,8 + €13,14 + €20,23 + €24,26 T €33 37 T €37 35 T €353 T €33350 T €133 T €7 T €65
1

€010000 = €5,7 + €6,8 + €15,16 T €17,18 + €19,21 + €22.25 + €3555 + a7 g T €517 T €1615 T €36 T €75

0

€001000 = €4,5 + €8,9 + €14,15 + €18,20 + €21,24 + €25,28 + €55 35 + €3757 T €35 75 T €577 T €95 T €54
0

€000100 = €3,4 + €9,10 + €15,17 + €16,18 + €24,27 + €98.36 + €26,38 + €37 31 + €13,16 + €7 15 + €10,9 + €3
0

€000010 = €2,3 + €10,11 + €17,19 + €18,21 + €20,24 + €5533 T €2326 + €3555 T €175 T €517 T €170 + €30
0

€000001 = €1,2 t €11,12 + €19,22 + €21,25 + €24.28 + €97 55 T €35 37 T €z 37 T €3557 T ez g T €317 T €21

0
6118000 = —€5,13 — €6,14 T €9,16 T €10,18 T €11,21 + €1225 — €35 73 — €3717 — €1570 — €T6,0 T €146 T €135
6001000 = —€46 1t €19+ €1315 —€1823 —€21,26 — €537 T o735 T €537 T €3375 — €1513 — €97 T €64
601(1)000 = —€47t €69 — €146 T €17,20 + €19,24 T €2228 —€35355 —€3375 — €317 T €161 Co6 T €74
600(1)100 = —e3,5 1+ €8,10 T €14,17 — €16,20 T €21,27 + €95 35 — €635 — €3737 T €356 — €177 — €108 T €53
6008110 = —€24 1t €911 t €1519 T €16,21 — €20,27 + €333 — €93 55 T €37 35 — €377 — €19.15 — Ci1,0 T Cap
6008011 = —€13t €12 + €17,22 T €1825 + €20,28 — €97 33 + €9357 —€3537 — 3578 — €317 13,70 T €31
€111000 = €4,13 — €6,15 — €8,16 T €10,20 T €11,24 T €1228 + €35 75 + €3777 T €350 — €165 — €156 T €134

0
6011000 =e48 T €59 —€1316 — €17,23 — €19,26 — €937 — €373 — €3679 — €33,77 — 16,13 T €o,5 T €54
€001100 = €36 tée710+ €13,17 + €16,23 — €31 55 ~ €2557 ~ €2435 ~ €2837 T €316 T 17,13 T €To,7 T Ce.3
601(1)100 = €37 1+ €6,10 — €14,18 — €15,20 T €19,27 + €955 T €337 + €37 75 — €375 — €151 T €T0.6 T €73
600(1)110 = €25 T €8,11 +€14,19 — €16,24 — €18,27 T €553 T €y355 — €37 75 — €3376 T €151 T €118 T €52
6008111 =e14t+ €912+ €152 + €16,25 — €3036 ~ €243 ~ €23.37 — €26.30 + €35.16 + €33.15 + €139 + €41
6111000 = —€4,14 — €515 — €7,16 — €10,23 — €11,26 — €137 T o775 T €577 T €330 T €157 T €155 T €134
611(1)100 = —€3,13 —€6,17 — €8,18 — €920 T €11,27 T €155 — €35 73 — €377 T €359 T €155 T €176 T €133
€011100 = —€3,8 + €510 —€13,18 + €15,23 — €958 ~ €955 T €ay 33+ g 15 ~ €3375 T €183 ~ €105 T €83
600}110 = —€26 T €711 T €130 T €16,26 + €338 — €2535 T €2035 — €2878 — 36,76 — €19,13 ~ 11,7 T €6,2
601(1)110 = —€271t €611 —€14,21 —€1524 — €17,27 T €99 33 — €355 T €r 7 t €37 15 T €37 77 — €116 T €72
cooL11L = —€15 €812+ €14,22 — €16,28 ~€1355 — €133 T €357 T €26 T8 T €816 — €m1d — CTms T E5
€111100 = €3,14 — €5,17 — €7,18 €923 — €135 ~ €051 €T3 €8 TT T €339 €T3y €175 T CTa3
611(1)110 = €213 — €6,19 — €821 — €924 —€1027 T €555 T €3375 — €3779 — €319 — €378 — €756 T €132
601%100 =e39 1+ €410+ €1320 + €14,23 + €19.75 + €99.3T + €51,33 + €519 + €3311 + €35,13 + €10,4 + €9 3
6011110 =e28 t+ €511 —€1321 + €1526 T €1738 ~ €2230 — €203 + €98 17 + €36 75 ~ 631,13 + €115 + €s o
6001111 =eéipterizt ezt et et esgteypsrtenmtenistemistenrte
601(1)111 =e€1,7 1+ €612 —€1425 —€1528 — €735 — €933 ~ €a375 — €617  €38,15  ©25.14 T €1z6 T €71
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€112100 =

1

€111110 =

1

€111111 =

0

€012110 =

1

€o11111 =

1

€122100 =

1

€112110
1

€111111
1

€012210 =

1

€012111
1

€122110 =

1

€112210 =

1

€112111 =

1

€012211
1

€122210
1

€122111
1

€112211
1

€012221
1

€123210 =
1

€122211
1

€112221 =

1

€123210
2

€123211
1

€122221
1

€123211
2

€123221
1

€123221 =

2

€123321
1

€123321
2

€124321
2

€134321 =

2

€234321
2

—€3,15 — €417 T €720 T €823 T €11 35 T €557 — €y 73 — €577 — €338 ~ €307 T €774 T €753
—€2,14 — €519 — €721 T €926 + €535 — €555 T €073 — €370 — €36,0 T €217 T €195 T a2
—€1,13 — €6,22 — €8,25 — €928 — €035 — €133 T €377 T €675 €359 T €358 T €356 T €131
—€29t €111 F€1324F€1426 — €755 T €T —€1373 T €577 ~€3617  €32,13 €114 T Co2
—€18t €512 —€1325 T €557 T €757 T €935 — 2079 — €2477 — €27,75 T €35,13 — €135 T €31

€3,16 1+ €4,18 + €520 + €623 — €11 35 — €175 ~ 1973 — €277 T €336 T €305 T €154 T €163

=€215 — €419 T €724 T €826 — €035 T €1pTg T €373 ~ €570 T €368 T €327 — €154 T €152

=€1,14 — €522 — €725 T €57 T €157 T €135 T €17 T €245t €270 — €357 — €335 €73,

€2,10 t €311 —€13,27 —€1435 — €535 — €227 — €1632 €255  C2817  €3713 T €113 T €102

=e19tes12t€1328 + €457 €737 — €978 €180 C21,77 T €y T €313 T €134 T €91

—€216 €121 T €524+ €626+ €035 — €577 T €773 €270 €366 €35 €314 T ET62
—€2,17 — €319 — €727 — €335 —€o35 — €197 T €173 T €59 T €ag gt 377 T €755 T €175
—€1,15 — €422 + €728 T €357 — €957 — €13 T3 T €157 T €21 70 — €278 — €357 T €334 T €151
—€1,10t €312 — €335 — €457 — €537 T €19T6 — €16,70 T €2175 T €243 T €263 — €133 T €T0,1
€218 T €321 — €527 — €538 T €35 T €575 T €575 T €209 — €26 — €375 T €373 T €73

€1,16 T €425 T €528 + €37 + €975 T €11 77 T €177 + €190 T €276 €255 T €354 T €16,1

€1,17 — €322 ~ €735 — €357 — €957 T €11 75 T €16 7T ~ €219 ~ €248 ~ €267 ~ €233 T €171

e teiztegmteysmtesmtenttesmTesmtenmtsntem:tem
—€220 ~ €324 ~ €427 T €55 T €353 — €1 T T €14T5 ~ €aa8 ~ €56 T €274 T €313 T €352
—€1,18 T €3,25 — €555 ~ €51 T €915 — €11,75 T €151T — €19,9 T €246 T €265 ~ €253 T €151

—€1,19 — €222 + €535 + €55 T €9 75 T €975 — €160 — €18,9 — €208 ~ €237 T €330 T €75,

=e€223t €326t e gt et et enimtenmteny tey;teyg, tesgstem,

€120 — €328 — €435t €7+ €315 T €177 T €147 T €198 T €216 €264 — €353 T €301
€121 t €225 + €553+ €35 — €17 — €075 ~ €1570 €179 T €206 T €235 T €352 T €371
—€123t eyt et e st e — € 3 T i3Il — Clor €215 €244 €73t e3m,
—€124 — €228t €453 —€g — €7 T €077 — €1aT0 T €178 T €186 — €234 T €m0 T €37

€1,26 t €337 — €435 — €578 — €717 — €10,13 ~ €130 — €177 — €185 — €204 T €a72 T €35

=eiarteyggteszztegtegmtegmteygtessgtegest st yprtesr,

—€138 " €237 €330 T €516 T €775 €073 T €130 — €157 — €165 T €203 T Cas2 T €251

=€ s teamtegt e s €61 €13 €138 Cla7 T €64 TC153 T €210 €5,

—€133 €19 " €377 " €475 €17 €13 T €136 T €145 T €154 T €173 T €190 T €5

=6 Tpt Tt et ey tesgtergtegytegstegstegste;,ten;
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TABLE 15. The matrix of signs of V(wr): the Eg numeration.

Nw |[toocoolooto toto++Ho+ I + 1|+ 1 | +4+1 +0
ar~ |l occoocloto +toltot+ Il ol ol HI ++ 1 ||+ +
cNo |[tooo +H|toococo|l | lol|+o++o|+ 1 | ++|c + |
aw |l cooto|lloo | lloot+to+H I + 1o l|l o+t +o|+ | +
a<|too | llo!l looloco o l|+ 1 + 1 tlot+too +H|+ | +
am|totoo|too++H|++to +o|l ol o l|++oco +H I + 1
acn |l ol otlott+too|l ol o|ltot++loo++o|l + 1
N |l tooco|ltocot+t+|++ I + 1ol otojloo+o ||+ I +
co|tot++tolo!l I | llooo to|lt++toolot+t | + I|lo+ |
—o|t lcotlottoo|ll | + 1 +lotooo|t+to | o+ | +
o |lol | Il|lloto totoo t|tooco tlot+ | + I|+o |
-~ |l totolo!l I | loot++t|loocoo++|l oo | +Hlo | +
—o|tot+t++|++to to|lto toolooto Hot+t | + 1|+ 1 o
o |+l ol I|lloto tlot+ttoolot+t+t+o|l oo | +H|I o+
< |+ | tooclo!l | | l|[++ocoocojloto | ++ | +oojo | +
—» |l tot+t+|++to to|ltooco H|+tto ol oo | +|I +0o
x|l +lol|llotot|too++loo+ Il ot | +oofl o+
|+ | +tot|+tt+to tolott+to|ltoo I ot | +oof|l +o
—~o|l+t I + 1l ollott+oloto | ol o l|+o to l|loo +
o|l + 1 to|l+t+tocot|ltot+t l o+t l oo l|+to +to l|lo+o
ol|ll + 1 +llotococt|loto | Hlo!l ++ l|loto | oloo +
~|+ 1 + 1 Yoo+t +to|ltot+t o+t ot l|loto | ol +o
olt Il + 1 tloocot+ |+ +to l|+to |l coo|to +o I|[+too
w|l + 1 to|l++ loo|+ | +o l|+to | +toloto | o|ltoo
|t 1 tot|ll | ++ l|lcoto l|++ | ocotloocoo | Hlooo
|l tot+I|++ 1 I +|+ 1 oto|to l otlo | tooc|looc o
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€100000
0

€000000
1

€010000
0

€001000
0

€000100
0

€000010
0

€000001 =

0

€110000 =

0

€001000 =

1

€011000
0

€001100 =

0

€000110 =

0

€000011 =

0

€111000
0

€011000
1

€001100
1

222220222211 1111(f1111

87654(|32109(87654(321009|87654/[321
28|10 +++—|{+—-—++—|—-4+0—-—=|0+0 —-0{4+00001{00 +
27|40 ++—|+—-++—-|0+—-0—-|-0+4+0 —|{0 +00 0|00 +
26|++0+—|+—-—+0—-|+0—-+0|——+00]00—+0|00 +
25|+++04+|+0+—-0|+4—-—=—40]|—-00 —+{00—-0+|00 +
24— ——4+0|0 +0 —4+|+——=+0[-0000|—4+0 —+[00 +
2[+++4+0[0+++0[-0+0—-|0+—-——-+]00—-00[+0 +
2|—-—-—=0+|+00++|-0+0—-|0+-00|—+0—-01|+0 +
21|+ +++0|+000 +|{0 +0 —+|+—++—{00 +00 |0 + +
20|+ +0 ——|{++000|++—-0—-|000 +—|{—+00 —|+0 +
19|—-——-0+|0++00]04+0 —+|+—+00|+—-0+0 |0 ++
B -0+++|-—-0+0{00++0|0—-0+0[{—-0—+—[+0 +
I7|+4+0 ——|00 +++{000 ++|—-00 —4+|+—-00 +|0 ++
6|0 ————|+4+0-0|+0000|+0 -0 4|0 ——+—|+0 +
5/-0+++00 -0 —|+4+000|++0 —0|+0+—+|0 ++
4|--000|—-—+—-—+[04+000|0 +—+—|—+000 |+ ++
B[0————-]00 +0+[0 —4++0[00 +0 —[0 ++—+|0 ++
2/40 —00|++—-0—-|—-004++[00++0|—-0—+0|+++
1|0 +4+00|——=+0+[00 -0 —|++00 +{0 ——+0 |+ ++
W0[-00—-0|—0++0|4+—-0—-4+]0+00 +[+0+0 +|+++
9]0 —0 40|40 ——=01]0 +40 —|—0 ++0|0 +4+0 +|+++
84000 —[0 —0 —4+|—+0+—-]0—-0+0[0+0 ++|+++
710 400 +{0 40 +—|0 — =0 +|4+0 =0 +[+00 ++ |+ + +
600 ——=0[—0+00|-0—-+0|+—-——++[000 ++|+++
5[00 40 —|0 —00 +[+04+—-0|—++00|+++0 +|+++
4000 ++[000 -0 |—-4+—+0|+00 ++|++++0|+++
3][00000[++0 +0[+0 40 +|0 ++++[+++++][0 ++
210000000 +0+4+|0 +0 ++|+++++|+++++|+0 +
l+++++ |+ ++++ |+ ++++H|+F++++H|F++FH]|++0

TABLE 16. Root elements: the Eg numeration.

=é78 t €910+ €11,12 + €13,15 + €16,18 T €537 T €2728 T €315 T €573 + €317 T €100 €37
=e5,6 T €79+ €810+ €1921 + 2223 + 5557 T €2425 T €3355 teay gt et €y T €G3
=e57t+ €69+ €1214 +€1517 + €1820 + €37 36 + e26,27 + €30,18 + €17 15 + €11,12 + €9 6 + €75

=e€a5 €911+ €10,12 T €17,19 T €20,22 T €5555 T €2526 T €3355 t eg 7 t €370 T €79 T €54

€34t e11,13 T €1215 t €1417 + €224 T €55535 t€2325 T egmm temr T em t e IT T €3
€23t €13,16 T €15,18 T €17,20 + €19.22 t €3557 + €2123 T €35t €517 T €315 T €1513 T €32
€12t €638 T €337 T €036 T €235 1 €435 T €377 T €575 T €2635 + €ar 8 1 €2375 T €21
—€5,8 —€6,10 T €11,14 T €13,17 + €16,20 T €35355 — €26,28 — 3576 — €17,13 — €T41T T €106 T Cs.5

—€46 T €711 + €812 — €1721 — €2023 — €337 T €24.26 T €355 T €3777 — €135 — €117 T Ce 4

= —e€4,7 1+ €6,11 — €10,14 T €15,19 T €18,22 + €37 35 — €2527 —€3375 — €1515 T €1470 — €116 T €74

—e€3,5 1+ €913 + €10,15 — €14,19 + €20,24 T €3553 — €23,26 — €3130 T €977 — €15,70 — €130 T €53
—€2,4 t€11,16 + €12,18 T €14,20 — €19,24 T €537 —€21,25 T €3575 — €3577 — €15 13 — €T6,11 T Cap2

—€13t €335t € 537 T €735t €935 ~ €37 T €137 €579 — €26,17 — C2715  €28,13 T €31

= €48 —€6,12 — €914 T €1319 T €1622 T €55 55 T €2528 T €337+ €573 — €719 — €136 T €54

€4,9 1t €511 — €814 — €1521 — €18,23 — €3737 — €24,27 — €335 — €3775 — €118 T €115 T €9

€3,6 T €713 + €815 T €14,21 — €20,25 — €3537 — €22,26 — €530 T €3717 T €158 T €137 T €63



€011100
0

€001110
0

€000111
0

€111000
1

€111100
0

€011100
1

€001110
1

€011110
0

€001111
0

€111100
1

€111110
0

€012100
1

€011110
1

€001111
1

€011111
0

€112100
1

€111110
1

€111111 =

0

€012110
1

€011111
1

€122100
1

€112110 =

1

€111111
1

€012210 =

1

€012111
1

€122110 =

1

€112210
1

€112111 =

1

€012211
1

€122210
1

€122111
1

€112211 =

1

€371 €6,13 — €10,17 — €12,19 T €18,24 T €37 33 T €2327 T €335 — €113 — €170 T €136 T €73
€25 1 €9,16 + €10,18 — €14,22 — €17,24 T €3537 T €21,26 — €3377 — €3377 T €870 T €160 T €52
€14+ €138 T €137 T €436 —€1033 — €2237 — €21,37 — €2379 T 26,72 T €277 T €287 T €41
—€4,00 — €5,12 — €714 — €13,21 —€16,23 — €3g57 T €2428 T €z g T €y izt e1gr T ez s T Cgy
—€3,8 — €6,15 — €9,17 — €11,19 T €16,24 T €33353 — €2328 — €377 T €517 T €179 T €156 T €53
—€3,9t €513 — €817 T €1221 —€1825 — €37355 T €227 T €355 —Eaym t €7 g — €35 T €y g
—€2,6 1 €7,16 + €818 T €14,23 T €17,25 — €35 75 T €19,26 — €3577 — €3377 — €188 — €167 T C6.2
—€2,7 1 €6,16 — €10,20 — €12,22 — €1524 T €757 —€2127 T €775 T €313+ €350 — €156 T Cr 0
—€15 t€ygt €037 ~ €435 ~ €733 ~ €2037 T €21,30 T €237 T €2577 — €2770 €280 T €51
€3,10 — €5,15 — €7,17 T €11,21 — €16,25 — €3533 — 22,28 — €35 75 T €311T — €177 — €155 T €103
€28 —€6,18 — €9,20 — €11,22 — €13,24 T €357 T €21,28 —€3373 — €3377 — €309 — €156 T Cs2
€311 + €4,13 + €19 + €10,21 + €18,26 + €37 30 + e20,27 + €35,18 + €31.10 + €198 + €134 + €113
€29 + €516 — €820 T €12,23 + €1525 — €37 75 — €19,27 T 3575 T €373 — €353 T €755 T €9 5
€16 T €38 T €37 T €131 T €735 T €075 T €10350 T €277 T 62477 T €E2r st Erg7t €6,
€171t €35 —€1036  €12,35  €1533  €182T 21,08 2375  C2512  €2670 T €286 T €71
—€3,12 — €4,15 + €7,19 + €921 + €16,26 T €33 35 — €20,28 — €356 — €310 ~ €97 T €154 T €133
—€2,10 — €5,18 — €7,20 T €11,23 T €1325 — €355 T €1928 — €3573 — €33 77 + €357 T €155 T C1p 0

—€18 ~ €537 ~ €935 —€11,35 €133 €161 T €21,76 T 2313 T €5 1T T €60 T €ar 6 T €31

= —e2,11 t €416 + €3,22 T €10,23 — €15,26 + €37 77 — €17,27 T €355 — €330 — €338 — €T64 T €TT2

—€19te;35 €35t €37 T€533 T €375 €978  €2275 €243 T €268 €285 T €o1
€3,14 t €417 + €519 + €621 — €16,27 — €3575 — €18,28 — €377 T €376 T €55 T €174 + €773

€2,12 — €418 T €7,22 T €923 — €1326 T €357 T €C17,28 — €353 T €339 T €337, — €154 T €135

€1,10 — €537 — €735 T €135t €335 T €670 T €076 T €273 T €24 1T — €26,7 — €275 T €101
€2,13 1+ €3,16 — €8,24 — €10,25 — €12,26 — €3777 — €14,27 — €3573 — €350 — €318 T €153 T €132
€111 t €35t €335 T €037 — €530 — €18,17 — €17,08 20,15 T €24,70 T €258 T €254 T €771
—€2,14 T €420 + €522 + €6,23 T €1327 — €335 T €1528 — €373 — €336 — €335 — €30,4 T €172
—€2,15 — €318 — €724 — €925 — €11,26 — €33 77 T €14,28 T €3577 T €359 t €357 t €53t €75,
—€112 — €457 T €135 T €931 — €133 — €167 T €17,76 T €2073 — €240 — €257 T €7 st €73,

—€1,13 T €355 — €333 —€1033 — €1230 T €1874 — €14,78 T €2013 T €22.70 T €238 ~ €283 T €131

= €217 T €320 — €524 — €625 T €1127 T €35 75 T €12,28 T €3777 — €354 — €355 T €353 T €775

€114 T €, 55 T €535 T €537 T €378 T €16,75 T €156 T €183 T €246 T €255 T €264 T €731

€1,15 — €337 — €733 — €933 — €155 T €1677 T €1476 — €201T — €220 — €237 — €273 T €151
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601%221 =eé116teagtegmtepmtenrmtesmteustermtenint st st ep

€123210 = —€2,19 — €322 — €424 + €6,26 + €9,27 — €35 75 T €10,28 — €379 — €354 T €374 T €333 T €55

1
612?11 =—e1arte3355 — €553 — €35 T €178 €672 T €12,76 — €18,1T T €226 T €235 — €263 T €171
€112221 = —€118 — €57 T €57 T €15 T €1 77 T €377 — €14 73 — €17.77 — €190 — €217 T €a7 0 T €731

1
€123210 = €2,21 1+ €323 + €4,25 + €526 + €727 + €35 g + €828 + €37 ; + €355 + €354 T €333 + €37 5

2
612?211 =€1,19 — €335 —€,33 T €35t € T8 T €670 T €106 T €180 T €206 — €234 — €253 T €751
612%221 =€120F €55 T €537 T €15 —€11,75 — €i1312 — 12,73 €157 T €106 T €215 T €262+ €351

6123211 =—€i21tepte mmtesnters— €5t Cs16 €187 €205 €224 €oa3 T E371
€123221 = —€1,22 — €355 T €457 — €77 — €915 T €370 ~ €1013 T €15,0 T €176 — €214 T €350 T €33

1

6123221 €123t €357 €75 €77 €75 €138 €13 €157 Cirs  Cloa T € T €33,

612?321 =e12ateamtessyterteimte 10t oot Claet €zt €azateary

6123321 = €125 €33 €3t et e 13 €18 T €T~ €1a7 €145 T €193 T €y T €35,
6123321 =€126 T €55 T €377+ €,77 €70 €95~ €g9 €107 T €raa T €173 T €300 T €351
613;1321 = €127 €15 €375 €173 610 €8T C6 T €05 TE2a T Ci53 T €10t E37,
6233321 =e1astegtesmtegtegtergtegrtegsteqtez5+e,4,+t 655,

The present work was carried through in the framework the RFBR projects 09 01 00784 “Efficient generation
in groups of Lie type” (PDMI RAS), 09 01 00878 “Overgroups of reductive groups in algebraic groups over
rings” (SPbGU), 09 01 90304 “Structure theory of classical and algebraic groups” (SPbGU), 10 01 90016 “The
structure of forms of reductive groups and behavior of small unipotent elements in representations of algebraic
groups” (SPbGU), and the RFBR 10 01 92651 “Higher composition laws, algebraic K theory, and algebraic
groups” (SPbGU) The first named author was also partially supported by the RFBR projects 09 01 00762
(Siberian Federal University) and 09 01 91333 (PDMI RAS) The second named author was also supported by
the RFBR project 10 01 00551 (PDMI RAS) and the Golda Meir Postdoctoral Fellowship

Translated by N A Vavilov
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