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1. INTERSECTION (CO)HOMOLOGY

1.1. The idea of homology. Let Top denote the category of topological spaces with continuous mor-
phisms and Top, the category of pairs in Top. Thus objects of Top, are pairs (X, A) of X, A € Top
with an inclusion A C X, morphisms are the obvious ones. We denote by

T : Top, — Top,
the functor associating to a pair (X, A) € Top, the pair (A, ().
At the end of the 19th century Poincaré associated simple algebraic invariants to (pairs of) spaces.
Ordinary homology theory (with Z-coefficients) is a collection of functors
H{ : Top, — Ab |
and natural transformations
Os : H — H{ ;0T
(where Ab denotes the category of Abelian groups) satisfying the following axioms :
- Homotopy invariance : If f: (X, A) — (Y, B) is a homotopy equivalence then

is an isomorphism.
- Ezactness : for every pair (X, A) € Top, there is a long exact sequence

a
- — Hi(A) — Hj(X) — Hj(X, A) — HS (A) —---

where HS(X) := HS(X,0).
- FEzxcision : if (X; A, B) is an excisive triad (i.e. A and B are two subspaces of X such that X is
the union of the interiors of A and B) then the inclusion

(A, AN B) — (X, B)
induces an isomorphism
H{(A,ANB)~ H{(X,B) .
- Additivity : If (X, A) = [[,(X;, 4;) then the inclusions (X;, 4;) C (X, A) induce an isomorphism
- Dimension : If X = {*} then H§(X) =Z and Hf(X) = 0 for any 7 # 0.
Remarks 1.1.1. (1) For simplicity of notations we used the notation HS(X) rather than the correct
one H{(X,Z).
(2) We chose the unusual notation H¢ to emphasize the use of finite chains (or homology with compact

support). The notation H, will be reserved to the Borel-Moore homology, which is more natural
from the point of view of sheaf theory.

One can show that these axioms uniquely define ordinary homology H¢ (“dual” axioms define ordinary
cohomology theory H®(-)). There are many equivalent geometric ways to define it : via homotopy theory,
simplicial homology, cellular homology, singular homology, - - -.

1.2. Homology and manifolds : Poincaré duality.

Definition 1.2.1. A (topological) manifold is a paracompact Hausdorff space M such that each point
x € M has an open neighbourhood homeomorphic to R™ for some fixed integer n. We refer to n as the
dimension of M.

Ordinary homology theory HY¢ is particularly efficient when studying a closed (i.e. compact without
boundary) oriented n-manifold X. Indeed in this case Poincaré and Lefschetz showed that HS satisfies
two crucial properties :

1. There is a functorial intersection product

HE(X) x HS(X) - HE

itj—n (X> :



4 BRUNO KLINGLER

2. Poincaré duality : Let H{(X,Q) := H{(X)®z,Q). When ¢ 4+ j = n then the pairing
H{(X,Q) x Hj(X,Q) = H{(X,Q) = Q

is non-degenerate (here ¢ is the “augmentation” counting the points of a 0-cycle with multiplici-
ties).

However these properties miserably fails for singular spaces !

Ezample 1.2.2. Let X = 52V 52 be the union of two 2-spheres glued at a point. Algebraically X can be
realized as the complex projective variety

{(z:y:2) € P’C/yz=0} ,
union at the point (1:0:0) of the two P1C ~ §?
U:={(z:y:2) € PC/y=0} and Vi={(x:y:2)€PC/z=0} .
Using the Mayer-Vietoris exact sequence
o — H/(UNV)— H(U)® Hy(V) — Hi(X) — H;_(UNV) — -~
for the excisive triad (X,U + &,V + ¢) one obtains

HS(X) =17
HY(X) =0
HS(X)=Z&Z .

Thus Poincaré duality does not hold.

Ezxample 1.2.3. The following was Poincaré’s original example of how singularities can cause the failure
of Poincaré’s duality.

Let X3 = %(S! x S1) be the suspension of the 2-torus (where XX = (X x {0})\X x [0,1]/(X x {1})).
The two isolated singularities of X3 are the two cone-points. Let x = X({*} x S?) and y = B(St x {x}),
these are two 2-cycles. The intersection z Ny = B({*} x {*}) is still a 2 4+ 2 — 3 = 1-chain, but it has
a boundary, namely the two cone-points. This boundary does not change as we move x and y in their
homology classes.

One easily computes H{(X) =7Z, H{(X) =0, H5(X) = Z ® Z and HS(X) = Z, thus Poincaré duality
does not hold.

Intersection (co)homology theory, developed by Goresky and MacPherson in the 1970’s (cf. [17] for an
interesting historical account), is a generalization to a large category of singular spaces of the Poincaré-
Lefschetz intersection theory for compact oriented manifolds. Naturally enough, although originally
defined in classical topological terms, this theory develops all its power only once interpreted in sheaf-
theoretical terms. It naturally leads to the theory of perverse sheaves and D-modules which will be our
main topic of study.

1.3. Simplicial complexes and polyhedra. A good reference for this section is [19].

The easiest, if not the most elegant, way of understanding HS and intersection product, is to restrict
ourselves to a subcategory of Top : the category of polyhedra, for which H{ is conveniently defined via
simplicial homology (with compact support). The very down-to-earth definition of simplicial homology
is the most natural way of guessing the “right” definition for intersection homology.

1.3.1. Simplicial complexes. A polyhedron is the geometric realization of a combinatorial gadget : a
simplicial complex. We first recall some standards definitions :
- an n-stmplex o in RY is the convex hull of independent points v, - - - v, (i.e. v1 — Vg, Vy — Vg
are linearly independent vectors). These points are called the vertices of the n-simplex.
the faces of o are the (n — 1)-simplices whose vertices are those of o.
- an orientation of o is an ordering of its vertices modulo even permutations.
a simplicial complez in RY is a set N of simplices in RY such that :
(i) if o € NV then the faces of o are in N.
(i) if 0,7 € N and 0 N7 # () then o N7 is a simplex whose vertices are also vertices of o and 7.
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(iii) if # € ¢ € N there exists a neighbourhood U of z in RY such that U N7 # @ for only finitely
many simplices 7 in N.
Note that simplicial complexes naturally form a category. A morphism f : N' — M is a collection of
linear maps on simplices compatible with faces.

1.3.2. Polyhedra.
- The support |[N| of a simplicial complex A is the union of its simplices :
V| :=Ugeno .
- a triangulation of X € Top is a homeomorphism
T:|\N|— X

with A a simplicial complex. A space X admitting a triangulation is called triangulable.
- a polyhedron is a topological space equipped with a class of triangulation stable under passing
to finer and finer subdivisions.

Polyhedra form a subcategory of Top, morphisms being piecewise linear maps.

1.3.3. PL-manifolds.

Definition 1.3.1. Let K be a polyhedron. We will say that K is a piecewise linear (PL) manifold of
dimension n if every point x € K admits an open neighbourhood U with a piecewise linear homeomorphism
U~R",

Let K be a polyhedron and z a point of K. Choose a triangulation of K containing = as a vertex.
The star of z is the union of those simplices containing z. The link lk(x) of x consists of those simplices
of the star of x which do not contain z.

As a subset of K the link [k(x) depends on the choice of the triangulation of K. However one can
show that as an abstract polyhedron lk(x) is independent of the triangulation up to piecewise linear
homeomorphism. Moreover lk(z) depends only on a neighbourhood of z in K.

If K = R" and @ € R" is the origin then lk(x) can be identified with the sphere S™~! seen as the
polyhedron OA™. It follows that if K is any PL-manifold the link (k(z) is equivalent to S™"~! for ever
point x € K. Conversely if K is a polyhedron such that every link in K is an (n — 1)-sphere then K is
a PL-manifold. Indeed for any polyhedron K and for every = € K the star of x can be identified with
the cone on lk(x). If lk(x) ~ S~ ! then the star of x is a closed PL-ball so that = has a neighbourhood
which admits a PL-homeomorphism to R™. Thus :

Proposition 1.3.2. Let K be a polyhedron. The following are equivalent :
(i) K is a PL-manifold.
(ii) For each x € K the link lk(z) is a PL-sphere.

Warning : If K is a n-polyhedron whose underlying topological space is a n-manifold then K need
not be a PL manifold : it is not possible in general to choose piecewise linear local charts in R™ !

Indeed let K be such a polyhedron. As K is a topological n-manifold we deduce that He (K, K\{z};Z)
is isomorphic to Z in degree n and zero elsewhere. It is equivalent to saying that lk(z) is an homology
(n — 1)-sphere. However it does not imply that (k(z) is itself a PL-sphere.

An explicit example is obtained as follows. Let P be the Poincaré homology 3-sphere. Thus P
is obtained from a dodecahedron by identifying the opposite pentagonal faces after a rotation of 7/5.
Alternatively P = SU(2)/I ~ S3/U where I is the binary dodecahedral group, a group of order 120 (the
spin extension of the group As C SO(3) of isometries of the dodecahedron). The suspension ¥P is a
4-dimensional polyhedron whose link is isomorphic to P at precisely 2 points x and y. Notice that X P
is not a manifold : one can show that the local fundamental group of P\ {z} near X is isomorphic to
71(P) = I. However X2 P is a topological manifold, as a particular case of the following surprising result :

Theorem 1.3.3 (Cannon-Edwards). Let P be an n-dimensional homology sphere. Then %2P is homeo-
morphic to an (n + 2)-sphere.
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But then X2P is a 5-dimensional polyhedron which is a manifold but not a PL-manifold : it contains
two points whose links are X P which is not even a topological manifold (let alone a PL 4-sphere).

1.3.4. Remarks on triangulability. We mention some results without proofs concerning triangulability.

any differentiable manifold can be triangulated in an essentially unique way (Whitehead (1940)).
- any compact topological manifold of dimension < 3 can be triangulated (Moise (1951)).

there are 4-dimensional compact topological manifolds which cannot be triangulated (Casson
(1985)).

- Nothing known in dimension larger than 5.

Is any compact topological manifold at least homotopically triangulable (i.e. homotopically equivalent
to a compact polyhedron) ? First notice that such a manifold M is a Euclidean Neighboorhood Retract
(i.e. there exists ¢ : M < R™ with (M) retract of some neighbourhood) : it easily follows from local
contractibility and the fact that any compact manifold can be embedded in R™. Now one checks that
a compact space is an ENR if and only if it is a retract of a compact polyhedron. In particular M
is dominated by a finite polyhedron L : there exists f : M — L, g : L — M and a homotopy
fg~1:M — M (Borsuk (1933)). Thus M has the homotopy type of the non-compact polyhedron

(U oL x [k, E+ 1)/ (2, k) ~ (gf (x),k+ 1),z € L,k € Z) .

In general it is not true that a compact space dominated by a finite polyhedron is homotopy equivalent
to a finite polyhedron. However it holds true for compact manifolds (Kirby-Siebenmann (1970)). Moreover
if we enlarge the category of polyhedra to the category of CW-complexes then any compact topological
n-manifold, n # 4, admits a structure of a finite CW-complex (Kirby-Siebenmann (1970)).

1.4. Simplicial homology with compact support. From now on X will be a triangulable space. Fix
T :|N| — X a triangulation. Note that N is finite if and only if X is compact. Let

N = {5 € N,0 is an i-simplex} .
For each 0 € N we fix an orientation of o.

Definition 1.4.1. We denote by Cf’T(X) the Z-module of compactly supported i-chains of (X, T), namely
the Abelian free group freely generated by NV, Thus an i-chain is a linear combination

52 Z 500'
oceN ()

with &, € Z is non-zero for only finitely many o’s.

Definition 1.4.2. We define
9: 07T (X) — o9l (X)

do = Z +7

T face of o

by

for any o € N and the requirement that O is R-linear. In this formula the sign & is 1 if the orientation
of T is obtained from the one of o by omitting an even vertex, —1 otherwise.

Lemma 1.4.3. 0> =0 .
Definition 1.4.4. H{'"(X) := (kerd: Cf" (X) — C7 (X)) /(Im 9 : CHL(X) — C9T(X)).
Of course we want to get rid of the choice of the triangulation
T:N—X .

Definition 1.4.5. A triangulation T : |N'| — X is a refinement of a triangulation T : [N'| — X if
for any o € N there exists o' € N” such that T'(o0) C T (c0”).
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In this case one easily checks that the natural map C’f’T/ (X) — C&T(X) which associates to o’ € N’()

the sum
Z +o

oEN?
T(o)CT’ (a')

(where the sign + is 1 if the orientations of o and ¢’ are compatible) is compatible with the differentials

0.

Definition 1.4.6. The simplicial chain complex with compact support of X is defined as C§(X) =
colimTC’f’T(X) with the induced differential 8. The simplicial homology with compact support of X is

_ kerd: CiHX) — CF_1(X)

H{(X) =
(X) Im 0: Cf (X)) — CP(X)
Remarks 1.4.7. - Note that this definition is independent of any triangulation of X but a priori

impossible to compute.
- It is not obvious that it is functorial, namely that a continuous f : X — Y induces a linear map

fe Hi(X) — HJ(Y)
However one has the following result :

Theorem 1.4.8. If T : |N| — X is any triangulation of X € Top then there is a natural isomorphism
He(X) ~ HST (X).

Proof. (sketch of) : one shows that both coincide with the usual singular homology H3"$(X). Let
T : |[N| — X be any triangulation of X. Let o : A; — X be a singular i-simplex of X. One shows that
there exists o, : A; — X, which is piecewise linear with respect to 7" and a refinement of the obvious
triangulation on A; and approximates o in the sense that

0 = Opl + asingZ

for some singular (i + 1)-chain ¥. Since 92

ing = 0 one has Osing0 = OsingOpi- It follows that the natural

map HST(X) —s H*"8(X) is an isomorphism. Taking colimits over T we get the result. O

1.5. Local coefficients. In the definition of homology with compact support we can replace Z by any
Abelian group R, thus obtaining HS(X, R), homology with compact support and constant coefficients R.
Homology with constant coefficients loses a lot of topological information. A key idea of this course will
be that one should always consider (co)homology with local coefficients.

Definition 1.5.1. Assume X is connected. A local system L on X is a left Zm (X)]-module L.

Suppose T': [N| — X is a triangulation. It induces a triangulation T : |N| — X which is naturally
71 (X )-equivariant. Hence the complex C&'7 (X) is naturally a complex of right Z[m; (X)]-modules.

Definition 1.5.2. The complex of singular L-chains with compact support on X is Cf’T(X,E) :
cot(X) @z (x)] L with the differential 0 induced from the differential on cot(X).

Once more taking the colimit over T' one obtains a complex (CS(X,L),0) whose cohomology is
H{X,L).

Ezamples 1.5.3. - Of course considering Z as the trivial left 7 (X)-module one recovers H{(X) =
H{(X,Z).
- If L ="7Z[m(X)] then H{(X, L) ~ H{(X).
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1.6. Simplicial homology (= Borel-Moore homology). Let £ be a local system on X. Let T :
V| — X be a triangulation. Rather than using the complex (C5' (X, £), d) of finite linear combination
of simplices, Borel and Moore noticed that one can work with chains which are formal infinite linear
combinations of simplices to obtain a complex (CZ (X, £),d). Taking colimits one obtains the inclusion
of complexes
CiX,L) = Co(X, L)

and a homology map

H{(X,L) — Ho(X,L) ,
which is an isomorphism if X is compact.

1.7. Cohomology and cohomology with compact support. Given a right Z[r (X )]-module M we
denote by M the corresponding left Z[r;(X)]-module. We define

Ci (X, E) = HomZ[wl(X)] (CZC(X), L)

with the dual differential 0* which makes (C*(X, £), 0*) a complex. Its cohomology is denoted H*(X, L).
One define similarly the Borel-Moore cohomology or cohomology with compact support H? (X, L) as
the cohomology of the complex

Cé(X, ,C) = Homz[m(x)](ci(X), L) .
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1.8. Stratified spaces. References are [18], [12], [1].

Singular spaces are naturally associated with many important mathematical objects (for example in
representation theory). We are essentially interested only in singular spaces of “finite type”, i.e. spaces
that require finitely many data to characterize them (like finite simplicial complexes). Such spaces should
always be embeddable in manifolds. Hence a natural idea for defining singular spaces is rather to define
a reasonable notion for a singular subspace X of a finite dimensional manifold Y.

A desirable property would be the existence of a disjoint decomposition (called stratification) of X into
smooth submanifolds of Y (called strata). The underlying idea is the following : for a singular space X
of “finite type” the group Homeo(X) should act on X with finitely many orbits. These orbits should be
the natural strata of X. A transitive action should define a manifold.

Whitney proposed the following definition :

Definition 1.8.1. A Whitney stratification of a manifold Y is a disjoint decomposition Y = Uy,S, of Y
into submanifolds that satisfies the following four axioms :

i e decomposition is locally finite : every point x € as a neighbourhoo such that U N S,
i) The d ition is locall it int Y h ighbourhood U h that U NS
1s empty for all but finitely many a. o o
ii as a non-empty intersection wi e closure S, then is contained in Sy,.
ii) If Sg h ty int ti ith the cl Sq then Sg ¢ tained in S
(iii) Whitney’s condition A. Suppose Sg C So. If a sequence of points ay, € S, tends to a point x € Sp
then
1,58 C liinTakSa .

(iv) Whitney’s condition B. Suppose Ss C S,. If two sequences (ax) € S, and (by) € Sg both converge
to the same x € Sg then
lilgn[ak,bk] C lilgnTakSa ,

provided both limits exist (here the chords are understood in the Grassmannian manifold of a local
coordinates system in'Y, the validity of the condition is independent of the system chosen).

If Y is a complex manifold then a complex Whitney stratification is a decomposition into complex
submanifolds which satisfies the same four conditions. In this case tangent spaces and chords can be
taken complex or real.

It is not clear at all why the Whitney conditions are the right ones (Whitney introduces these conditions
in 1965, they were recognized to be natural 20 years later...).

Accordingly one can define a “good singular space” X as a stratified space : a closed subspace of a
manifold Y, union of strata of a Whitney stratification of Y. The decomposition of X in these strata will
still be called a Whitney stratification of X.

Let us try to give a more formal definition of a stratified space.

First notice that if we are given a Whitney stratification of the sphere S~ C R", it defines a Whitney
stratification on R", the conical stratification attached to the one on S™~! : the strata are the open cones
on the strata of S?~!, plus the origin.

An important result is then the following local structure theorem :

Theorem 1.8.2. Let Y be a n-dimensional manifold with a Whitney stratification (S,). Let x be a point
of a k-dimensional stratum S,. Then there exists a Whitney stratification of the sphere S"~*~1 and a
homeomorphism, taking strata to strata, of a neighbourhood N, of x :

N, LRE x RPF
Here R"F is given the conical stratification and R¥ has only one stratum.

Sn—k—l

The stratification of the sphere at z is called the link stratification at z.

This enable us to formalize our definition of stratified space :

Definition 1.8.3 (Stratified spaces). A 0-dimensional stratified space is a countable set of points with
the discrete topology.
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For n > 0 an n-dimensional stratified space is a paracompact Hausdorff space X with a filtration
X=X, 2Xp12--X12Xp
of X by closed subsets X; such that :
(a) X\ X,,—1 is dense in X.
(b) any z € X; \ X;—1 admits a neighbourhood N, in X of the form
N, £ R x O(L)
where
L="L, ;12211 2L
is an (n — i — 1)-stratified space and C(L) denotes the cone L x [0,1)/L x {0}.
One requires that ¢ preserves the stratification :
¢ i
Na: N X,‘+j+1 ~ R* x C(LJ) s
form—1—1>352>0.
Remarks 1.8.4. One easily checks the following facts :

- up to homeomorphism the space L, called the link at x, only depends on the stratification at the
point x.

- necessarily X? := X; \ X;_1, if non-empty, is a topological manifold of dimension i. The strata
of X are the connected components of these manifolds X* and we recover our previous picture.
In particular X? is the union of the open strata, called the regular strata.

Definition 1.8.5. Let X be an n-dimensional stratified space. We denote by X the set of singular strata,
i.e. all the strata except the reqular ones.

1.8.1. Complex quasi-projective varieties are stratified spaces.

Theorem 1.8.6 (Whitney). Any complex quasi-projective variety of pure dimension admits a (complex)
Whitney stratification, hence is a stratified space.

Ezample 1.8.7. Let X be a quasi-projective variety of pure dimension n. Let S(X) be the singular locus
of X. Define a filtration of X by

Xnp—1 = S(X), Xn—k = S(ankJrl) .
In general this does not define a Whitney stratification but some refinement will (cf. [20]).

1.9. (Simplicial) Intersection homology. Let X be an n-dimensional stratified space. Intersection
homology will associate to the data (X, £, p) (where L is a local system on X? and p : ¥ — Z a function
called perversity) a graded Z-module IP He(X, L).

1.9.1. PL stratified spaces. We will give the definition of intersection homology in the simplicial context.
We thus need a notion of triangulation for stratified spaces.

Definition 1.9.1. A PL stratified space is a stratified space admitting a triangulation T : |[N| — X
satisfying :

- each X; is a union of simplices.

- at each point x € X the link L is a PL stratified space and the homeomorphism

N, £ R x O(L)
is a PL-homeomorphism.
Theorem 1.9.2 (Lojasiewicz, Goresky). Let
X=X,2X,12--X3 QXO

be a Whitney filtration of a complex quasi-projective variety X of pure dimension n. Then the stratified
space X is PL.
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1.9.2. Intersection homology : the constant coefficients case. To give the intuition without technical
details we start with the constant coefficients case. Let X be a PL stratified space and let T": |[N| — X
be a compatible triangulation.

Definition 1.9.3. Let { =) i) &0 € CI(X) be a simplicial i-chain. Its support is
€l = Ug, 20T (0) -

There are two ideas in the definition of intersection homology.

First one considers only chains ¢ € CI'(X) such that every simplex o in ¢ satisfies : the interior of o
is contained in X°. Because of this condition it will make sense to consider such chains with coefficients
in a local system £ over X°. We denote by C] (X?) the Z-module of such chains. Notice that this does
not form a subcomplex of CT(X) as d does not naturally map CI(X°) to CT | (X"). We modify 9 by
neglecting all simplices of the boundary which do not satisfy our condition, thus obtaining a complex
ch(x0).

Second, we will consider only chains ”sufficiently dimensionally transverse” to the strata S, € X. If £
is dimensionally transverse to S, then

dim(J¢| N Sy) <4 —codim S, .

We will allow “less transverse” chains. This default of transversality will be encoded in a function called
perversity.
Definition 1.9.4 (perversity). A perversity is a function p : ¥ — Z.
Definition 1.9.5. A i-chain £ = Y o &o0 € CF(X°) is said p-allowable if for all each simplex
o€ NO with £, # 0 and each Sy € %
dim (€| N Sy) <i—codim S, + p(Sa) -
We define
IPCT(X) = {¢ € CT(X") / € is p-allowable and O¢ is p-allowable .}

Similarly one defines IPCST (X) ¢ CoT(X).

Remarks 1.9.6. (i) In this definition saying that a set has negative dimension should be taken as
saying that the set is empty.
(ii) Notice that if £ is an i-chain then it is not every i — 1-face of every i-simplex of £ that must be

checked for its allowability but only those that survive in 0. Boundary pieces that cancel out do
not need to be checked for allowability.

If T’ is a refinement of T' the induced map
Cl(X%) — ¢ (X9)
preserves the support thus restricts to maps
el (x) — ol (x) .
Similarly for IPCO" (X).
Definition 1.9.7 (perverse chains). I?C;(X) := colimrIPCY (X) where the colimit is taken over all

triangulations compatible with the given stratification.

Define similarly IPCS(X).

Notice that the differential 9 : C;(X?) — C;_1(X?) induces differentials 9 : IPC;(X) — IPC;_1(X)
and 0 : IPCS(X) — IPCY_{(X)
Definition 1.9.8. The i-th intersection homology group of X with perversity p is defined as

ki IPCH(X IPC; (X
[PH,(X) = er 0 Ci(X) — IPC;_1(X) .
Im 0 : IpCH_l(X) — IPCz(X)

On defines similarly IPHS(X).
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1.9.3. Local coefficients. Let £ be a local system on X°. For simplicity we assume that X° is connected
(i.e. contains only one strata).

The embedding X° < X gives a natural group morphism 71 (X%) — 71(X). In general this morphism
is neither injective nor surjective. In particular £ does not necessarily extends to a local system on X.

Definition 1.9.9. The complex of allowable p-chains with coefficients in L is
1PCT (X, L) == I"CT(X) @y, (x0y) L

with the differential 0 induced from the differential on I°CT(X). Here the natural Z[mi(X)]-module
IPCT(X) is seen as a Z[m(X°)]-module through the natural map 71 (X°) — m(X).
Similarly one defines IPC] (X, L).

Taking colimits over admissible triangulation one defines similarly to the constant coefficients case the
intersection homology groups I He(X, L) and IPHS(X, L).

1.9.4. Intersection cohomology. In a dual way one defines intersection cohomology groups IPH*(X, L)
and intersection cohomology groups with compact support 1P H:(X, L).

2. PROPERTIES OF INTERSECTION HOMOLOGY

In this section we enumerate and try to motivate several properties of intersection homology. Most
of them were proved in [9] using topological methods. We will prove some of them later in the sheaf
theoretic context.

2.1. Restricting perversities. In [18, p.30-31] Macpherson claims that the computation of the groups
IPH4(X, L) can always be (non-trivially, by changing spaces !) reduced to the case where the perversity
p satisfies p(S,) > 0 and p(S,) < codim S, — 2. Thus usually we will restrict ourselves to such perversity
functions.

2.2. PL-pseudomanifolds. Consider now the case where codim S, = 1. Then any value of p(S,) is
either < 0 or > codim .S, — 2 = —1. By the previous remark the intersection homology group brings
nothing new to a codimension one stratum of X. For this reason one sometimes assume that X has no
codimension one stratum.

Definition 2.2.1 (PL-pseudomanifold). A PL-stratified space is a PL- pseudomanifold if it admits an
admissible triangulation with no codimension one stratum.

Notice that any quasi-projective variety with a (complex) Whitney stratification is a PL-pseudomanifold.

2.3. Finite generation. If X is a compact stratified space then IPHq(X) is a finitely generated Z-
module.

2.4. Considering all compatible triangulations is not necessary. Theorem 1.4.8 does not hold for
intersection homology : it is not true that [P He(X) and IPHI (X) (with the obvious definition) coincide
for any compatible triangulation 7. However Goresky and MacPherson proved this is true if T is flaglike,
meaning that for each ¢ the intersection of any simplex o with X; is a single face of o, cf. [11].

Notice that given any compatible triangulation its second barycentric subdivision is flaglike.

2.5. Comparing perversities. The zero perversity 0 is the function 0(S,) = 0 for all S, € X, the top
perversity t is t(S,) = codim S, — 2 for all S, € %.
If p and ¢ are two perversities we write p < ¢ if p(S,) < ¢(S,) for all o € .
If p < g we have an inclusion
IPCe(X) — I'C(X)
which induces a canonical morphism

IPHy(X) — I"Hy(X) .
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2.6. Failure of universal coefficients. If R C R’ is a morphism of Abelian groups one has a natural
inclusion

IPCo(X,R)®@p R C IPCo(X, R)
which is not surjective in general because of the allowability condition on d¢. Thus there is no universal
coefficients theorem in general.

2.7. Normalization and top perversity. An PlL-stratified space X is said to be normal if any point
z € X has a fundamental system of neighbourhoods U such that U \ X,,_ is connected. Equivalently X
is normal if the link at any point is connected.

Notice that if X is a normal complex analytic space then X with an adequate filtration is a normal
pseudomanifold.

For any stratified space X there is a normal stratified space X and a projection 7 : X —X uniquely
characterized by the property that the point of 7~!(z) are in bijection with the connected components
of U \ X,,—2. The stratified space X (with Xpp = 7 Y X,_1)) is called the normalization of X. It is
easily defined as follows : R R

X = (Usex VL) /R
where if ¥ € X has a neighbourhood N, ~ R/ x C'(L) and the link L has connected components L, - - - , Ly,
one puts

N, = U;R? x O(L;)
and the equivalence relation R identifies two points in N, and Ny with the same image in X \ X,,_o.

Theorem 2.7.1. [9, theor.4.3] If X is a normal pseudomanifold and L is the restriction to X° of a local
system Lx on X then the map I'Ho(X, L) — Ho(X, Lx) for the mazimal perversity is an isomorphism.
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2.8. Cap product with the fundamental class. Let X be an Z-oriented n-dimensional PL stratified
space : there exists a cycle [X] with support X and associating to each oriented n-simplex +1.
Let T be a compatible triangulation of X. Let 7" be the first barycentric subdivision of T

Definition 2.8.1. For a n — k-simplex o of T let D'(c) be the union of those simplices of T' whose
vertices are the barycenters of the simplices T of T containing o. The k-simplex D'(o) is called the dual
block of .

Remark 2.8.2. Let L'(0) be the union of those simplices of 7" whose vertices are the barycenters of the
simplices 7 of T containing ¢ and different from o. Then D’(c¢) is the cone over L'(o).

Definition 2.8.3. The Poincaré duality map is the chain map
n—e nx]
Ci*(X) = CJ(X)

which maps the cochain associating

1 to the oriented (n — k) — simplex o
0 to the others

to the k-chain of C’kT' (X) with support D'(o) and multiplicity 1 for a suitable orientation.

This map induces homomorphisms

niX]

a2 N L (x)

and
2R x) X e x|
If X is an n-manifolds then these maps are the Poincaré isomorphisms. The point in this case is that
the dual block D’(o) of o is a cell so the chain complex based on dual blocks computes the homology of
X. For stratified spaces on the other hand, the dual blocks D’(c) = C(L'(0)) are cones on spaces that

may not be spheres, thus are not cells in general.

Proposition 2.8.4. Let X be a Z-oriented n-dimensional PL stratified space . Then the cap product
with the fundamental class
H () B H ()
factors canonically for any perversity 0 < p <t through
H"M(X) — I°Hp,(X) — IPHp(X) — I'Hp(X) — Hp(X) .

Proof. First notice that for the complex C7 (X?) is a subcomplex of CI'(X) thus the map I Hy(X) —
Hy(X) is well-defined.

Let T be an admissible triangulation on X, T" its first barycentric subdivision. Let o be an n — k-
simplex in T'.

There exist a unique open stratum of X?® containing the interior of o, s > n — k. We have D'(o) C
X\ Xs_1 and if n — [ > s then

D'(o) N T\/Xn_z =D% (o) .
Let S, be any stratum of X"~!. If n — [ > s then
dim(|D'(0)| N So) = dim|Dy_(0)|=(n—1)—(n—k)=k—1,
and if n — [ < s then
Do)NSy Cc (X \ X, 1)NX,, ;=0 .

Arguing similarly for dD’(o) one obtains that D’(o) is 0-allowable and the result. O

Theorem 2.8.5. [9, theor.4.3] If X is a normal Z-oriented n-dimensional PL-pseudomanifold then
H" (X)) — I°H,(X)

is an isomorphism.
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2.9. Intersection pairing and Poincaré duality.

Definition 2.9.1. Two perversities p and q are dual if p + q = t (i.e. for each S, € % we have
p(Sa) + q(Sa) = codim S, — 2).

Definition 2.9.2. Two (finite dimensional) Q-local systems £ and L' on X° are said to be dual if there
exist a perfect pairing

L&z L — Orxo
where Or xo is the orientation local system on X° (thus we have a class [X°] € H,(X°, O) which for any
x € X0 restricts to a generator of H,(X°, X° — {2},Q) ~ Q).

Theorem 2.9.3. [9, theor.1] Let X be an n-dimensional stratified space. Let p,q,r be perversities such
that p+q <r. Let L and L' be two dual Q-local systems on X°.
Then there is a canonical intersection pairing

IPH(X, L) x I"H;(X, L") <5 I"H; ;0 (X, Q) .
Similarly with compact support and also
IPHY(X, L) x IH;(X, L) =5 I"Hf (X, Q) .
Theorem 2.9.4. [9, theor.3.3] If p+ q =t then the intersection pairing
IPH{(X, L) x ITHS_ (X, L) -5 I'HS(X,Q) = Q
s mon-degenerate.

2.10. Topological invariance. From now on we assume X is an n-dimensional pseudomanifold.

The groups IPHo (X, L) are defined using a lot of non-topological baggage : first triangulation, second
and more importantly stratification.

We will see an example (cf. example ??) where intersection homology depends on the choice of the
stratification. On the other hand we already stated that for the zero and the top perversity (and trivial
local system) intersection homology is just ordinary cohomology or homology, thus topological invariant..
In general some restrictions on the perversity will be needed to obtain topological invariance.

First we make some remarks. In [9] Goresky and MacPherson consider another complex IPCFM (X)
(which we call the GM complex) defined as a subcomplex of Cq(X) :

PChEM = (¢ e CT(X) / €is p-allowable and 9¢ is p-allowable .}

In general this GM-complex IPC&M (X)) does not coincide with IPCy(X) for two reasons :

(1) a simplex of a GM-chain does not necessarily have its interior contained in X°, thus there is no
natural inclusion from IPCZ-T’GM(X) to IPCT(X).

(2) conversely, even if IPCH(X) c CI'(X), IPC4(X) is not a subcomplex of CT (X) as the differential
is modified.

The first problem can be solved by imposing the condition p(S,) < 1 for any codimension 2 stratum
S4. In this case any simplex of a GM-chain has its interior contained in X% and

IPCEM(X) C IPCy(X) .

To fix the second problem one has to ensure that given a chain £ € IPC;(X) C C;(X), any face of any
simplex in its support is not entirely contained in the singular strata : in this case the usual boundary of
& will have no simplex entirely contained in the singular strata, the two boundary operators will coincide
on ¢ and the two complexes IPC,(X) and IPCEM (X)) will coincide.

Thus let £ =3,y &o0 € IPCY(X) and S, be any codimension 2 stratum. The condition

dim(lo|NSy) <i—1

will force any codimension 1 face of a simplex o with &, # 0 to have its interior in X°. As the p-allowability
condition forces
dim(lo] N Sy) <i—2+p(Sq)

it is enough to require p(S,) < 0.
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Goreski and MacPherson consider in [9] even more restricted perversity functions, depending only on
the codimensions of the strata :

Definition 2.10.1. A GM-perversity (for Goresky-MacPherson) is a function p : N>o — N with the
properties that p(2) = 0 and p(i + 1) = p(i) or p(i) + 1 for i > 2. Given a classical perversity p the
associated perversity is defined by

VS €%, p(Sa) =p(codimS,) .

Theorem 2.10.2. [9] Let X be an n-dimensional PL pseudomanifold and p a GM-perversity. Then
IPH,(X) is a topological invariant (in particular independant of the stratification,).

2.11. Singular intersection homology. The independance from the stratification has also proven by
King [16] without sheaf theory. He developed a version of singular intersection homology and proved an
analog of theorem 1.4.8.

2.12. Intersection homology is not functorial under continuous maps. Let f : X — Y be a
continuous map of pseudomanifolds. Composition with f does not in general map perverse simplices to
perverse simplices. Thus in contrast to ordinary homology f does not induce any map fi : IPHq(X) —
IPH,(Y).

A continuous map f : X — Y which is stratum preserving (i.e. the image of each stratum of X is
contained in a single stratum of Y) and placid (i.e. for each stratum T of Y one has codim f~(T) >
codim T) induces a linear map f, : IPHqo(X) — IPHo(Y).

2.13. Intersection homology is not an homotopy invariant. We will show in the next section that
the intersection homology of a cone (thus a contractible space) is in general non-trivial (for a non-trivial
perversity). Hence intersection homology is not a homotopy invariant.

However G. Friedman [4] showed that composition with stratum preserving, codimension preserving,
homotopy equivalence induces isomorphism in intersection homology.

Gajer [6] defined a version of intersection homotopy and proved an intersection version of the classical
Dold-Thom theorem :

IPH (X,7Z) ~ "1 (AG(X)) ,

where AG(X) denotes the free abelian topological group generated by X.

3. EXAMPLES

We just copy the examples given by MacPherson [18].
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3.1. Example 6 : intersection cohomology of pseudomanifolds with isolated singularities. Let
X be an n-pseudomanifold with singular set X of dimension 0. Given a perversity p the only relevant
information is the number p(n), which satisfies 0 < p(n) < n—2. We fix once for all a ring R of coefficients
that we won’t mention.

A chain £ of dimension i is p-allowable if and only if

dm[(|NX —-0<i—n+pn) ,
dim|0¢|NXg<i—1—n+p(n) .

Thus, if we denote by ¢ the set of closed sets in X contained in X \ Xy, one has :

C?(X \ Xo) ifi <n—p(n)
IPCi(X) = { Ci(X) N~ 1(CY (X \ Xo)) ifi=n—p(n)
Ci(X) ifi>n—pn) .
Hence
H?(X \ Xo) ifi<n—pn)-—1
IPH(X) = Im : H (X \ Xo) — Hy(X) ifi=n—pn)—1
H;(X) ifi>n—pn)—1.
Similarly
HE(X N\ Xo) ifi<n—gq(n)—1
I9HE(X) = {Im : HE(X \ Xo) — H(X) ifi=n—q(n)—1
HE(X) ifi>n—gqn)—1.

3.2. Example 7 : cone over a manifold. Let L be a compact manifold and X = c°L the open cone
L x [0,1[/L x {0}. By the previous computation one obtains :
[PH(X) = 0 ?fzign—p(n)—l
H;_1(L) ifi>n—pn)—1.
Similarly
H;(L) ifi<n-—pn) -1
0 ifi>n—pn)—1.

PH{(X) = {
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4. SHEAVES ON LOCALLY COMPACT SPACES

4.1. Presheaves.

Definition 4.1.1. Let S and C be two categories.
A C-valued presheaf on S is a functor

F:.:8P —C.
A morphism of presheaves is a morphism of such functors.
We will denote by PSh(S,C) the category of C-valued presheaves on S.

Definition 4.1.2. Let X € Top and C a category.

A C-valued presheaf on X is a C-valued presheaf on Opx, where Opyx denotes the category of open
subsets of X (morphisms being inclusions of open subsets).

We denote by PSh(X,C) the category of C-valued presheaves on X.

Thus F € PSh(X,C) associates to each open set U C X an object F(U) € C and to each inclusion
V' C U of open subsets a restriction morphism py i : F(U) — F(V) in C with the conditions :

puu = idrFwy -
pwu = pwy opyy for WcCV cCUeOpy .

Definition 4.1.3 (localization). Let F € PSh(X,C). Assume C has colimits.

For x € X we define F,, = colim,cy F(U), where U runs through the family of open neighbourhoods of
x and the transition maps are the py .

The object F,, € C is called the stalk of F at x and the image s, € Fy, of any s € F(U) (for x € U) is
called the germ of s at x.

4.2. Sheaves. A C-valued sheaf on X can be thought (at least) in two different equivalent ways :

e cither as a C-valued presheaf with good glueing properties.
e or as a space with horizontal topological structure and vertical C-structure.

We start with the first viewpoint and will come back to the second viewpoint in section 4.5.

Definition 4.2.1. A presheaf F € PSh(X,C) is a sheaf if for any family (U;);er € Opyx and denoting
by U the union U;erU; € Opx the following two conditions hold :
(a) Given two sections s',s" € F(U) whose restrictions s|;; (:= pu, u(s)) and s
i1 €1, then s’ = s".
(b) Given s; € F(U;), i € I, such that si\y,nu, = siju,nu, for any i,j € I then there exists s € F(U)
such that sy, = s;.

T/U coincide for every
s

A morphism of C-valued sheaves F — G is a morphism of presheaves.
We denote by Sh(X,C) C PSh(X,C) the full subcategory of C-valued sheaves on X.

Ezamples 4.2.2. (1) Let C*(U) denote the C-vector space of C-valued i-th differentiable functions
on U. Then the presheaf U — C*(U) (with the usual restrictions morphisms) is a sheaf C% €
Sh(X,C — Vect). Similarly one defines the sheaf Ox of holomorphic functions on an analytic
variety X.

(ii) Let A be an Abelian group and X a topological space. If X contains two disjoint open sets the
constant presheaf U +— A is not a sheaf (the glueing property of sheaves would imply that its
value on the union of two disjoints open sets is A ® A, not A).

(iii) Let X = R. The presheaf F defined by

F(U) := {bounded continuous functions on U}

is not a sheaf : the constant function = defines a section of F on each interval | — 4, [ but these
sections can’t be glue together into a global section of F on R.
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4.3. Abelian sheaves. From now on we will work with presheaves of Abelian groups (one could work
with PSh(X, A) where A is any Abelian category).

Lemma 4.3.1. The category PSh(X) := PSh(X, Ab) is Abelian.

Proof. As everything in PSh(X) is defined objectwise this follows immediately from the fact that Ab is
Abelian. O

Lemma 4.3.2. Let f: F — G € Sh(X). Then the presheaf ker f defined by
(ker £)(U) = ker(F(U) 2% G(U))

is a sheaf.
Proof. Let U = U,erU;. Let s; € (ker f)(U;) = ker(F(U;) N G(U;)) such that

Si\u,nU; = Sj\uinu;

As F is a sheaf there exists a unique s € F(U) such that s, = s;. The section f(s) € G(U) vanishes on
the U;’s. As G is a sheaf f(s) =0. Thus s € ker f and ker f is a sheaf. O

Proposition 4.3.3. Let f: F — G € Sh(X). Then :
(i) f is a monomorphism in Sh(X) if and only if f is a monomorphism in PSh(X) if and only if
for all x € X the morphism f, : F, — G, € Ab is injective.
(b) f is an isomorphism in Sh(X) if and only if f is an isomorphism in PSh(X) if and only if for
all x € X the morphism f, : F, — G, € Ab is an isomorphism.

Proof. For (i) : that f is a monomorphism in Sh(X) if and only if f is a monomorphism in PSh(X)
follows from lemma 4.3.2. In particular the condition that f, : F, — G, € Ab is injective is clearly
necessary. Assume conversely that f, is injective for all x € X and let us prove that f: F(U) — G(U)
is injective. Let s € F(U) with f(s) = 0. Then (f(s))z = 0 = fz(sz). As f, is injective s, = 0 for all
x € U. Thus there exists an open covering U = U;erU; with sy, = 0. As F is a sheaf s = 0.

For (i%) : the fact that f is an isomorphism in Sh(X) if and only if f is an isomorphism in PSh(X)
follows from the fact that Sh(X) is a full subcategory of PSh(X). The condition that f, : F, — G, €
Ab is an isomorphism is clearly necessary. Assume conversely that f, is an isomorphism for all x € X
and let us prove that f: F(U) — G(U) is surjective. Let t € G(U). Thus there exists an open covering
U = UierU; and s; € F(U;) such that ¢y, = f(si). In particular f(s;)v,~v;, = f(s;)jv:nv,- Hence by
part (i) of the lemma, s;y,ny, = 85|, As F is a sheaf there exists s € F(U) with sy, = s;. Since
f(s)jy, = tjy, we have f(s) =t as G is a sheaf. O

While kernels coincide in PSh(X) and Sh(X) this is no more true for images and cokernels : if
f:+F — G € Sh(X) in general the presheaves

U +— coker(F(U) — G(U))

and
Uw—Im (F(U) — G(U))
are not sheaves.

Ezxamples 4.3.4. Let us give two similar examples.

(a) Let X = C, F = G = Ox the sheaf of holomorphic functions on C and consider the sheaf
morphism f = 0/0z : Ox — Ox. Then on any open disk U of C one has coker(f(U)) = 0 has
the equation 9f/0z = g always admits a solution on such a disk. On the other hand the cokernel
presheaf is non-trivial as coker(f(C*)) # 0 : indeed the equation 0f/0z = 1/z does not have any
solution on C*. Hence U + coker(F(U) — G(U)) is not a sheaf.

(b) Let X = C*, F = C%, G = F* the sheaf of complex invertible continuous functions on C*, and
f=exp: F — G. Then f is locally surjective but the invertible continuous function z on C* is
not the exponential of a continuous function defined on C*. Thus U — Im (F(U) — G(U)) is
not a sheaf.
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4.4. Sheafification; cokernel; image.

Proposition 4.4.1. The inclusion PSh(X) D Sh(X) admits a left-adjoint functor
+: PSh(X) < Sh(X) :i

called sheafification.
The sheaf FT is called the sheaf associated to the presheaf F.

Proof. For any U € Opy let F1(U) be the set of functions

s:U—>H]—‘w

zeU

such that for any 2 € U one has s(z) € F, and there exists an open neighbourhood x € V. C U, t € F(V)
such that s(y) = t, for any y € V. Then F7 is clearly a sheaf, there is a natural morphism F — F+
which induces an isomorphism F, — (F 1), for any x € X. In particular if F is a sheaf then the natural
map F — FT is an isomorphism of sheaves by proposition 4.3.3. One easily checks this is the required
adjoint. O

Definition 4.4.2. Let f : F — G € Sh(X). We define cokerf as the sheaf associated to the
presheaf U — coker(F(U) — G(U)). Similarly one defines Im f = ker(G — cokerf) and Coimf =
coker(ker f — F).

Notice that for all € X one has :
(ker f), = ker f, and (cokerf), = cokerf, .
It implies immediately the following :

Proposition 4.4.3. The category Sh(X) is Abelian and for any x € X the functor F — F, from Sh(X)
to Ab is ezact.

4.5. Espaces étalés. Let F € PSh(X. We denote by F°* the set [I,cx F= (here the F, are seens as
sets and the coproduct is the disjoint union in Set) and define a topology on F*' by deciding that for
U € Opy and s € F(U) the subset

{5z € Fu}

is open in F*.
Then the map 7 : F** — X mapping F, to x is continuous and a local homeomorphism. One easily
checks that the topology on F°! is the coarsest making the sections s € F(U) of Ty continuous.

Remark 4.5.1. Even if X is Hausdorff in general F7°* is not. Consider for example the presheaf F(U) = 0
if0¢ U and F(U) =Z/2Zif 0 € U on R. The associated space 7 : F°* — R is a global homeomorphism
on R* with fiber Z/27 over 0.

With these notations F*(U) is nothing else than the set of continous sections of F°* over U. This
provides the alternative definition :

Definition 4.5.2. A sheaf on X is a pair (F', 7w : F* — X)) satisfying :

(a) F°* € Top.

(b) m: F" — X s a local homeomorphism (also called : espace étalé).
(c) every F, :=n~1(x) is an Abelian group.

(d) The group theoretic operations are continuous.

This viewpoint naturally generalizes the definition of a locally constant Z-sheaf.
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4.6. Direct and inverse image.

Definition 4.6.1. Let f: Y — X € Top. Let G € Sh(Y). The presheaf
U G(fH(U))

on X is a sheaf, denoted frG and called the direct image of G.

Examples 4.6.2. (i) Let px : X —> * the map to the final object * € Top. Let F € Sh(X). Then
(px)F =T(X,F) = F(X).
(i) Let X =Y =C* and f: Y — X be the map z + 22, If D is an open disk in X then f~1D is
a disjoint union of two copies of D. Hence the sheaf (f.Ay)|p is isomorphic to A%, the constant
sheaf of rank two on D. However I'(X, f, Ay) = (Y, Ay ) = A thus f. Ay is locally constant but
not constant.

Definition 4.6.3. Let f : Y — X € Top. Let F € Sh(X). The inverse image f~'F € Sh(Y) is the
sheaf on'Y associated to the presheaf :

Vi COlimUDf(V)]:(U) .
Examples 4.6.4. (i) Let i, = {z} — X. Then i 'F ~ F,.

(i) Let A be an Abelian group, thus A € Ab ~ Sh(x). Then Ax = (px) 'A. In particular if
f:Y — X then Ay ~ f~1Ax.

One defines in an obvious way the direct and the inverse image of morphisms. Hence we get two
functors :
fv :Sh(Y) — Sh(X) ,
f~1:Sh(X) — Sh(Y) .
Lemma 4.6.5. (f~'F), = Fj,. In particular the functor f~': Sh(X) — Sh(Y) is ezact.

Proof. Follows immediately from the definitions. (]

Proposition 4.6.6. f~!:Sh(X) — Sh(Y) : f. is an adjonction i.e. there is a natural isomorphism
Homgy vy (f ™' F,G) ~ Homgn(x)(F, £:G) -
Proof. Let us define morphisms of functors :
(1) flofi—id and id— fiof7! .
For the first one : notice that
(f o f)(G)(U) = colimy s vy f+(G)(V)
= colimy 5y nG(f~H(V)) -

As V D f(U) one has U C f~1(V) and there are natural restriction maps G(f~1(V)) — G(U). These
maps are compatible with the colimit. This defines f~! o f, — id.
For the second one :

(fe o fTHANU) = (fTHFNEHO))
= COhmVDf(f—l(U))JT"(V) .

As U D f(f~'(U) there is a natural map F(U) — colimy ~ ¢(—1 () F (V) which defines id — f, o f~1.
We thus have homomorphisms :

Hom(F, £,G) - Hom(f ' F, f' o £.G) -5 Hom(f~'F.G) ,

Hom(f~'F,¢) = Hom(f.f ™", £.9) — Hom(F. £.9) ,
where « and «y are defined in the obvious way and § and ¢ are deduced from (1).
One checks easily that 5 o« and d oy are inverse one to each other. O

Corollary 4.6.7. The functor f. : Sh(Y) — Sh(X) is left-exact and maps injectives to injectives.
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Proof. The first property follows formally from the fact that f, is right adjoint to the right-exact functor
.

The second one follows formally from the fact that f, is right adjoint to the left-exact functor f~1.
Indeed let I € Sh(Y) an injective object. We would like to complete the diagram in Sh(X) :

A——B

By the adjunction property and as f~! is left-exact this is equivalent to the completion of the following
diagram in Sh(Y’), which holds as I in injective :

fﬁlAC—> fle

N

We can say more if we consider 7 : Z < X a closed subspace :

|
|

v
I

Lemma 4.6.8. Let i : Z — X be a closed subspace. Then i, : Sh(Z) — Sh(X) is ezact.
Proof. By definition for 7 € Sh(Z) and z € X we have
(14F )z = colimys, F(ZNU) .

Hence

o if Z
(i F)s = F. ?xE
0 ifxgZz .

The result follows immediately. O
Corollary 4.6.9. Leti: Z — X be a closed subspace. Then H*(X,i,.F) = H*(Z,F) for any F € Sh(Z).

Proof. Choose F — I*® an injective resolution in Sh(Z). Then i, F — 4, I® is still a resolution as i, is
exact, injective as 7, maps injective to injective. O

Lemma 4.6.10. Direct and inverse images are compatible with composition :

(fog)=fioge and  (fog)'=glof".

Proof. The first equality follows easily from the definition, the second by adjunction. O

4.7. Restriction of sheaves and direct image. Let j : W — X be the inclusion of any subset W of
X with the induced topology. We define

Fw:=j'F and TW,F)=T(W, Fw) .
Notice that these definitions agree with the previous ones if W is open in X.
The morphism F — j,j~'F defines a morphism px,F — pw,j 'F i.e. a morphism I'(X, F) —
I'(W, F). Replacing X par U open containing W we get a natural morphism
(2) colimy-wI'(U,F) — T (W, F) .

Notice that this morphism is always injective : if s € I'(U, F) is zero in I'(W, F) this implies s, = 0
for all z € W, hence s = 0 on a neighbourhood of W. This morphism is not an isomorphism in general
but will be under reasonable assumptions :
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Definition 4.7.1. Recall that W C X is relatively Hausdorff if two distinct points in W admit disjoint
neighbourhoods in X. If W = X one says that X is Hausdorff. Recall the convention that a compact set
is Hausdorff.

A paracompact space is a Hausdorff space such that each open covering admits a refinement which
is locally finite. Closed subspaces of paracompact spaces, as well as locally compact spaces countable at
infinity or metrizable spaces are paracompact.

A normal space is a Haudorff space such that for any closed disjoint subsets A and B there exist
disjoint open sets U D A and V D B.

Any paracompact space is normal but there exist normal spaces which are not paracompact.

Proposition 4.7.2. Assume one of the following :
(i) W € Opy.
(ii) W is a relatively Hausdorff compact subset of X.
(iii) W is closed and X is paracompact.

Then the natural morphism

cothDWF(U, ]:) — F(VV, .7:)
is an isomorphism.
Proof. Case (i) is obvious.

For case (i) : let s € T'(W, F). As W is compact and by definition of I'(W, F) there exists a finite
family of open subsets (U;)1<i<n of X covering W and sections s; € I'(U;, F) such that s;;y,aw = sju,nw -
Moreover we can find another family of open set (V;)1<;<, covering W such that W NV; C U;. We shall
glue the sections S; on a neighbourhood of W. We argue by induction on the number n of the U;’s. Thus
let n = 2 and define W; = W NV,. Then s1y,w, = S2jw,nw,- Let E be an open subset of X such that
S11E = S2|E- We may find open subsets E; C U;, i = 1,2, such that W D> E; UE U E5 and E; N Ey = ().
Set Ej = E; U E. Then s1|g/np; = s2/5np,- This defines ¢ € I'(E] U B3, F) with image s in I'(W, F).

For case (i4i) : adapt case (it), exercice (cf. [15]). O

Let f:Y — X a continuous map and G € Sh(Y). Let € X. The natural morphism

COthaacF(f_an g) — F(f_l(.’l)), g|f*1(m))

defines a morphism
(3) (.f*g)r *}F(fil(x%gﬁ*l(z)) .
This morphism is not an isomorphism in general.

Ezample 4.7.3. Let f : U < X be an open inclusion. Choose z € U \ U. Then f~!(z) = () and
L(f~'(2),G)p-1(x) = 0 but (f,G), = colimys,['(UNV,G) is non-zero in general.

Definition 4.7.4. A morphism f:Y — X is called proper if f is closed (i.e. the image of any closed
subset of Y is closed in X ) and its fiber are relatively Hausdorff and compact.

If X andY are locally compact then f is proper if and only if the preimage of a compact subset of X
is compact in' Y. If X = x then [ is proper if and only if Y is compact.

Proposition 4.7.5. Assume that f: Y — X is proper and let G € Sh(Y'). Then the morphism
(f*g)m — F(fil(x)v g\ffl(w))

is an isomorphism.

Proof. When U ranges over the family of open neighbourhoods of z then f~1(U) ranges over a neigh-
bourhood system of f~1(X). Hence

COthBIF(f_l(U>7 g) = F(f_1($)7 g\f‘l(w))
by proposition 4.7.2[(ii)]. O

As a corollary one obtains the following generalization of lemma 4.6.8 :
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Corollary 4.7.6. If f is finite (i.e. proper and the preimage of any point is a finite set) then the functor
f+ is exact.
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4.8. Internal Hom and tensor product. Let F, F', F” € Sh(X).
Lemma 4.8.1. The presheaf Hom(F,F') defined by

Hom(F, F')(U) = Homsnw) (Fv: Fl)
is a sheaf.

Proof. Easy exercice. O

In general the morphism Hom(F,F’), — Hom(F,, F,) is neither injective nor surjective.
By definition one has I'(Hom(F,F')) = Hom(F,F’'). As the bifunctor Hom(-,-) is left-exact, this
implies that the bifonctor
Hom(-,-) : Sh(X)°? x Sh(X) — Sh(X)
is left-exact.
Definition 4.8.2. We define F @ F' as the sheaf associated to the presheaf
U~ FU)FU) .
Since tensor products commute with colimits we get that
(FOF)e=Fa®F,
hence
-® - : Sh(X) ® Sh(X) — Sh(X)

is right-exact.
Most classical formulas relating ® and Hom for Z-modules have their counterpart for Sh(X). In
particular one has an adjunction formula :

Hom(F @ F', F") ~ Hom(F, Hom(F', F"))
~ ’Hom(]:/, Hom(f, ]:N)) .

In particular Hom(F ® F', F") ~ Hom(F, Hom(F', F")).
The adjunction between direct and inverse images generalizes as

Hom(F, f«G) ~ f*Hom(f_l]:,g) .
4.9. Direct image with proper support.
Definition 4.9.1. Let F € Sh(X) and U € Opy. The support of a section s € F(U) is the closed set
supp(s) ={z €U /s, #0} .

Definition 4.9.2. Let f : Y — X € Top.
We define the sub-presheaf fiG C f.G by

HG(V) ={s € G(f7"(V)) / fisupps : supps —> V'is proper} .
Proposition 4.9.3. fG is a sheaf.

Proof. It is enough to show that given (U;);er a family of open subsets of X with union U, and S a closed
subset of f~1(U) such that f: SN f~1(U;) — U; is proper for all i € I then f : S — U is proper. Any
fiber of f : S — U is the fiber of some f: SN f~1(U;) — Uj, thus is relatively Hausdorff and compact.
Hence it is enough to check that f : S — U is closed. This follows once more from the fact that the
maps f: SN f~YU;) — U;, i € I, are closed. O

Remarks 4.9.4. (1) notice that if f is proper (for example if Y and X are compact, or f: Z < X is
a closed subspace) then fi = f..
(2) As fi is a subfunctor of f, it is left exact.
(3) One showed that (f o g)« = f« © g«. Similarly one can check that (f o g) = fiog.
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Definition 4.9.5. The sections of G with proper support are defined by
Le(Y,G) ==pvG .
Equivalently : T.(Y,G) = {s € I'(Y,G) / supp (s) is compact and relatively Hausdorff} .
Remark 4.9.6. In particular T'.(X, fiG) =T(Y,G).
Last time we proved that the natural morphism

(4) (fsG)o — T(f (@), Gi51a)

is an isomorphism if f is proper. Similarly one obtains :

Proposition 4.9.7. Let f: Y — X € Top, and G € Sh(Y). Assume that X andY are locally compact
spaces (in particular Hausdor(f).
Then for any x € X the natural morphism

(f‘g)z — FC(fil(‘r)a glf*1(1)>

is an isomorphism.

Proof. First notice that the natural morphism

(5) (fiG)e = Te(f (@), Glp-1(2))

is nothing else than the restriction of the morphism (4) :

(fiIG)e— — =Te(f M (2),Gp-1(x))

|

(fsG)e —=T((f (@), G)5-1()) -

As we already showed in full generality that the morphism (4) is injective, the morphism (5) too.

Next we show that o is surjective. Let s € To(f'(2),G|4-1(,)) and put K = supp(s). As K is
compact and Y is Hausdorff, by proposition ??(ii) there exists an open neighbourhood U of K in Y and
a section t € I'(U, G) such that ¢|x = s|x. By shrinking U we may assume tynf-1(z) = Sjunf-1(z)- Let V.
be a relatively compact open neigbourhood of K with V C U. Since & f(V Nsupp () \ V) there exists
an open neighbourhood W of z such that f~'(W)NV Nsupp (¢) C V. One defines u € T'(f (W), G) by

{ U =1 (w)\supp () 7) = 0
ujp-1wynv = tp-rwny -

Since supp (u) is contained in f~!(W)Nsupp (£)NV the map f is proper on this set. Moreover u|s-1(;) = s.

Recall that a subspace of a locally compact space is locally compact for the induced topology if and
only if it is locally closed, where :

Definition 4.9.8. A subspace Z — X is said locally closed if any point z € Z has a neighbourhood U
in X such that U N Z is closed relative to U. -
Faquiwvalently Z =U NW with U open in X and W closed in X; or Z is open in its closure Z.

Proposition 4.9.7 has the following consequence :
Corollary 4.9.9. If X is locally compact and j:Y — X is a locally closed subspace then j is exact.
Proof. Proposition 4.9.7 implies in this case that

(:6). = {g”” trey

0 otherwise

and the result. 0
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. L p— _ —1 .
Notice that proposition 4 can be read as i " fiG = f\ffl(x)lzf,l(m)g for the diagram

R
[ (@) —{a}
1)

Y —F X
We generalize it to the following :

Proposition 4.9.10 (proper base change). Let

be a Cartesian square of locally compact spaces. Then

g lofi=flog™
Proof. We first construct a canonical morphism

frog's — giofl .
Let G’ € Sh(Y’). Let V € Opy. A sectiont € T'(V, fiog’,(G")) is asection t € T'(f~1(V), ¢’ .G’) such that
f :supp (t) — V is proper. Equivalently this is a section s € D((fog’)~*(V),G) with supp (s) C ¢~ (Z)
for f71(V)D Z TP 17 But then g’fl(Z) — g~ }(V) is proper thus s defines a section of g, f’,G’.

By adjunction :
Hom(g ™' /iG. fg'~'G) = Hom(£G, 9.9~ 'G) -
The morphism
fi— fgd T — g fg

where the first map comes from the adjunction 1 — ¢/, g’fl, gives the required canonical morphism
gl ofi=flog"™
To show this is an isomorphism we compute the stalks at a point 2’ € X’: Then

(97 11G)er = (1G)g(a)
=T.(f ' (9(2"),6)

1

by proposition 4.9.7.
The map ¢’ induces a homeomorphism f’ 71(1” )~ f~1(g(z")) and an isomorphism

Lo(fHg(2')),G) = Te(f (@), 9 G) = (f19' ' G)ar -
O

4.10. Locally closed subspaces : the functors (-)z, I'z, and j'. Let j : Z <+ X a locally closed
subspace of a locally compact space X. We already noticed that j; is exact in this case. Moreover the
definition of j is equivalent to :

DU, 5#G)={seT(ZNU,G) / supp (s) is closed relative to U} .
Definition 4.10.1. Let F € Sh(X). The support of F is
suppF ={z e X / F, #0} .



28 BRUNO KLINGLER

Proposition 4.10.2. The functor ji : Sh(Z) — Sh(X) defines an equivalence of categories
j1:Sh(Z) = Shy(X): 5!,
where Shz(X) denotes the full subcategory of Sh(X) of sheaves with support in Z.

Proof. First notice that for any sheaf G € Sh(Z) then j~'5G = G.

Next, let F € Shz(X). One easily checks that the adjunction morphism F — j,j~1F factorizes
through 5,5~ 1F, yielding an isomorphism F ~ 5,5 1F. O
4.10.1. Restriction functor (+)z.

Definition 4.10.3. We define the functor (-)z : Sh(X) — Sh(X) by
VF € Sh(X), Fz:=7jj *F .

As both functors 7, and j~! are exact, the functor (-) 7 is exact too. If Z is closed in X then Fz = j,j !

thus one has a morphism F — Fz. If Z is open one easily checks that Fz = ker(F — Fx\ z) thus one
has a morphism F; — F.

Proposition 4.10.4. (i) The sheaf Fz is uniquely characterized by the properties :
(6) (Fz)iz = Fiz and (Fz)ix\z =0 .
(ii) For any other locally closed subspace Z' — X one has :
(Fz)z =~ Fznz' -
(i) If Z' C Z is closed one has an exact sequence :
0—Fpz —Fz—Fz —0.
(iv) If Z1, Zs are two closed subsets of X the following sequence is exact :

0— Frozm 2% rpo0Fs " Fpg —0

(v) If Uy, Uz are two open subsets of X the following sequence is exact :
0 — Funv, — Fu, © Fu, — Fouv, — 0 .
4.10.2. The functor I'z. Let U C X be open and Z C U be closed. One defines :
Iz(U,F):={seFU) /supp(s) C Z}(=ker(F(U) — FU\ 2))) .

If Z C V C U then the canonical morphism I'z(U,F) — T'z(V, F) is an isomorphism. Thus for Z
locally closed we may define I'z(X, F) as I'z(U, F) where U is any open subset of X containing Z as a
closed subset.

Definition 4.10.5. One denotes by T'z(F) the sheaf U — T 7y (U, F) and calls it the sheaf of sections
of F supported by Z.

Proposition 4.10.6. Let j : Z — X be a locally closed subset of X and F € Sh(X). Then :
(1) The functors Tz(X,-) : Sh(X) — Ab and I'z : Sh(X) — Sh(X) are left exact. Moreover
Iz(X,:) =T(X,-)oTz() .
(ii) Let Z' be another locally closed subset of X. Then :
Lz(:)olz(:) =Tznz () -
(iil) Assume that Z is open in X. Then
Tz=j.oj!
(iv) Let Z' C Z be closed. Then the following sequence is exact :
0—Tz(F)—Tz(F) —Txnz(F) .
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(v) Let Uy, Uy be two open subsets of X. Then the sequence
(517;?’2)

(a1,a2)

0 —>FU1UU2(]:) — FUl(]:)@FUz(]:) FUlﬁUz(]:)

is exact.
(vi) Let Z1, Zs be two closed subsets of X. Then the sequence

(a1,a2) B1,—B2)
0 _>FZ1QZ2(]:) al—af FZI(]:)EBFZZ(}-)( = FZlﬁzz(]:)
15 exact.
Proof. Easy exercice. O

4.10.3. Link with Hom and ®. The functors (-)z and 'z can be obtained using Zz := (Zx)z :

(7) Fz2ZzQF

(8) Tyz(F) =~ Hom(Zy,F)

9) (FOFz~Fz0F ~F®Fy,

(10) Tz(Hom(F,F")) =~ Hom(F,Tz(F)) = Hom(Fz, F')

4.10.4. The functor j'.
Proposition 4.10.7. Let j'F := j~'T'zF. Then the pair (ji,5') defines an adjunction :

ji : Sh(Z) == Sh(X) : j'
Proof. Let U € Opx. Then
LU, jij'F) = (U, (jij~ )T 2F)

=T(U,TzF)

={se(U,F), /supp(s) C Z} .
This formula defines a monomorphism j;5' — 1. Moreover it implies that any morphism G — F where
G € Shz(X) factorizes through jj'F — F. For a sheaf G € Sh(Z) we get accordingly

Hom(jG, F) ~ Hom(jiG, jij'F) .
From proposition 4.10.2 we have an isomorphism :
()=t : Hom(jG, j1j'F) ~ Hom(G, j'F) .

By composing the two previous isomorphisms we get the result.
O

Corollary 4.10.8. The functor j' : Sh(X) — Sh(Z) is left exact and carries injective sheaves into
injective sheaves.

Proof. Once more it follows formally from the fact that j' is right adjoint to the exact functor j. O
Lemma 4.10.9. Ifj: Z — X is open then j' = j 1.

Proof. By definition j'F = j'T'zF. Using the inclusion I';F — F this yields a monomorphism
j'F — j~'F. One checks this is an isomorphism by localization. O

Corollary 4.10.10. The inclusion j : U — X of an open subset transform an injective sheaf I on X
into an injective sheaf 5'1 on U.
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5. COHOMOLOGY AND DERIVED CATEGORY OF SHEAVES

Standard definitions and constructions in homological algebra (Abelian categories, derived categories,
triangulated categories, derived functors, cf. [7], [15, chap. I]) are assumed to be vaguely familiar. We
recall some basic facts of interest.

Definition 5.0.11. Let A, B be Abelian categories and F : A — B an (additive) left-ezact functor.
Recall that :

an object I € A is called injective if the functor Hom(-,I) : A — Ab is exact, equivalently if
each diagram

A——B

|

\ub
v
I

in A admits a completion ¢.

the category A has enough injectives if any object A € A admits a monomorphism A — I, I
imjective.

if A has enough injectives then RF(A) := F(I®) in the derived category D(B), for any injective
resolution A ~ I°® in A.

Proposition 5.0.12. (Leray) Let A, B be two Abelian categories and F : A — B a left-exact functor.
We suppose that A has enough injectives.

Recall that an object L € A is called F-acyclic if R®F(L) =0, i > 0.

For any A € A the object RF(A) € D(B) can be computed as F(L®), where A ~ L* is an F-acyclic
resolution.

Proof. We show by induction on i > 0 that REF(A) = H(F(L®)).
We have an exact sequence

(11)

0—AD B0,

where B denotes the cokernel of dy. On the other hand one has a resolution

(12)

0—B-I Ll 12—

The short exact sequence (11) gives the long exact sequence

.-+ — R'FA— R'FL’ — R'FB — R"'FA — RHTFL’ — ... |

which implies, as L° is F-acyclic :

R'FB ~ Rt1FA, i>1
R'FA = coker(F(L°) — F(B))

As F is left exact, the resolution (12) implies that

F(B) = ker(F(L') — F(L%) .

Thus R'FA = HY(F(L®)).
The equality R'F B ~ Rt F A and the existence of the resolution (12) gives the result by induction. [J

5.1. Injectives in Sh(X).

Lemma 5.1.1. The Abelian category Sh(X) has enough injectives.

Proof. We first use that Ab has enough injectives (injectives in Ab are divisible groups). Let F € Sh(X).
For any = € X choose F, — Z, with Z, injective in Ab. Define

70 .= H .

zeX

One thus has a canonical short exact sequence 0 — F — 70.
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Let us show that Z° is injective in Sh(X). For any G € Sh(X) one has
Homgp(x)(G,2°) = H Homgp(x)(G, ix 1)

zeX
= H HOmAb(Z';lg = Q:C,Ix) .
zeX
Completing the diagram
G——g

|

¢

\
IO

is thus equivalent to completing all diagrams

I
| ¢
Al

Iy

As each I, is injective in Ab we get that Z° is injective.

What are the injectives in Sh(X) ?

Lemma 5.1.2 (Spaltenstein 7). A sheaf T € Sh(X) is injective if and only if for allU DV € Opy,
Z(U) and Z(V) are injectives in Ab and the restriction morphism Z(U) — Z(V') is a (split) surjection
in Ab.

Remark 5.1.3. Such a characterization is in fact valid for sheaves in any category of modules.

Proof. Let T be injective. By the previous lemma one can find an injective J of the form ], .y izs/s
and an injection Z — J.

As T is injective, the morphism Z < J splits, thus Z is a direct factor of 7.

Notice that the injective J satisfies trivially the condition of the lemma, and that this condition is
stable by passing to a direct factor.

For the converse we refer to [3, 1.13]. O

5.2. Flasque sheaves. In practice we won’t work with injective sheaves. We introduce other classes of
sheaves, which will be acyclic for many functors of interest (in particular we will use them for computing
the corresponding derived functors).

Definition 5.2.1. We relaz the injectivity condition in Sh(X) as follows. A sheaf F € Sh(X) is flasque
if for any open set U € Opy the restriction map F(X) — F(U) is surjective.

Remark 5.2.2. (a) By functoriality of the restriction, a sheaf F is flasque if and only if for any pair
V C U of Opy the restriction F(U) — F(V) is surjective.
(b) Notice that by lemma 5.1.2 a sheaf of complex vector spaces is injective if and only if it flasque.

Lemma 5.2.3. Let F € Sh(X) be flasque. Then :
(i) for any continuous map [ : X — E the sheaf f.JF € Sh(F) is flasque.
(ii) for any locally closed Z — X the sheaf T'z F € Sh(X) is flasque.

Proof. The first statement is clear by definition of f,.

For the second one, let U € Opy such that Z is a closed subspace of U. As I'zF = iy, I'zF|y one
can thus assume that Z — X is closed.

We have to prove that for any U € Opy the restriction morphism

Fz(X,]:) — Fz(U,]:)
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is surjective. Let s € T'z(U, F) = T'zau(U, F) = ker(T'(U,F) — T(U\U N Z, F). We first extend s
by 0 to a section t € T'((X \ Z) UU, F). As F is flasque we can then extend ¢ to a section of T'(X, F),
necessarily in I'z(X, F). O

Proposition 5.2.4. Let F € Sh(X) be flasque. If Z — X is locally closed, Z' C Z is closed, Zy, Zy are
closed in X and Uy, Us are open in X, then the sequences

(13) 0—>FZ’(]:)—>FZ(]:)_>FZ\Z’(]:)

ap,az B1,—B2
(14) 0 — Tu,uv, (F) (er.ge) Ly, (F) © Ty, (F) (Pr=ge) Lv,nv, (F)
(15) 0 — Tznm(F) 3 T (F) @ T2 (F) 5 Toum (F)

are also surjective on the right.

Proof. For any open set U € Opy, I'U,T'z(F)) — T(U,T'z\ 2/ (F)) 2 T(U \ Z',T z(F)) is surjective as
I'z(F) is flasque by the previous lemma.

To show that I'y, (F)® Ty, (F) P22 Tu,nu, (F) is surjective, notice that the first factor T'y, (F) —
Ty, nu, (F) is already surjective as F is flasque.

To show that 'z, (F) @ 'z, (F) (Pr2f2) I'z,nz,(F) is surjective let s € T'z,nz, (X, F). We may find

$; €Tz (X \Z1NZy, F) (i =1,2), such that s = s3 — s9 on X \ Z; N Z;. We extend s; and ss to all X
as F is flasque. Then s1 — so = s + s’ for some s’ € 'z, Az, (X, F). Thus (s1 — ') — s2 = s. O

Proposition 5.2.5. Let 0 — F' — F — F” — 0 be an exact sequence in Sh(X). Let Z — X be
locally closed.
Assume that F' is flasque. Then the ezact sequences

0 —Tz2(X,F)—Tz(X,F) —TzX,F")

and
00— Fz(f/) — Fz(f) — Fz(f”)

are also surjective on the right.

Proof. We first prove the surjectivity on the right of the first sequence in the case Z = X.

Let s € T(X, F").

Let ¥ be the set of pairs (U, s) with U € Opy and s € I'(U, F) mapping to s”|y. The set X can be
ordered by setting (U,s) < (V,t) if U C V and ¢y = s. Clearly any totally ordered set in ¥ admits an
upper-bound. By Zorn’s lemma ¥ admits a maximal element (U, s).

Suppose U # X. Let « € X \ U. Then there exists an open neighbourhood V' of z and a section

t € I(V, F) such that ¢ is mapped to s{j,. On U NV the difference s — ¢ belongs to I'(U NV, 7). As 7’

is flasque one can extend s — ¢ to a section r € I'(X, F’). Replacing ¢ by ¢t — r we may assume t = s on
UNYV. Hence s can be extended to U UV, contradiction to the maximality of (U, s).
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For a general locally closed Z choose U € Opx containing Z as a closed subset. One has the commu-
tative diagram

0 —Tza0(U,F') —=T200(U,F) —=T 200U, F") —=0

0 ——T(UF) ——TI(U,F) LU, F") ——0

0—TIU\Z,F)—T(U\Z,F)——=T(U\Z,F')——=0

0 0 0

By the previous case the second and third rows are exact. All the columns are exact by definition of
T'znu. It implies that the first row is exact too. This proof the first statement of the lemma.
The second follows immediately. O

Corollary 5.2.6. Let 0 — F' — F — F” — 0 be an exact sequence in Sh(X). Suppose that F’
and F are flasque. Then F" is flasque.

Proof. In the commutative diagram

[(U,F) —>T(U.F")

the maps « is surjective as F is flasque and S is surjective as F’ is flasque (previous proposition).
Thus + is surjective. O

Definition 5.2.7. Let A, A’ be Abelian categories and F : A — A’ an additive functor. Recall that a
full additive subcategory J C A is F-injective if :
(a) for any X € A there exists X' € J and an exact sequence 0 — X — X',
() if0 - X' — X — X" —0isexact in A and X', X € J then X" € J.
(¢) if0 — X' — X — X" — 0 is a sequence in J, exact in A then 0 — F(X') — F(X) —
F(X") — 0 is ezact.

Corollary 5.2.8. Let Z < X be locally closed. Then the full subcategory of flasque sheaves in Sh(X) is
injective with respect to the functors fi, I'z(:) and I'z(X, ).

Proof. With what we already proved it is enough to show that flasque sheaves are acyclic for any of
these functors. Let F be a flasque sheaf. Let 0 — F — Z — F” — 0 be an exact sequence, with
7 injective in Sh(X). As 7 is injective it is flasque. By the previous proposition the sheaf F” is thus
flasque.

Let F be any of the functors f., I'z(:) or I'z(X, ). As F(Z) — F(F") is surjective the previous short
exact sequence gives the long exact sequence

0 — R'F(F) — R'F(I)=0 — R'F(F") — R*F(F) — R*F(I) =0 — - --
Hence R'F(F) = 0. As F” is also flasque R'F(F") = 0 and then R?F(F) = 0 etc... a
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Corollary 5.2.9. Let F* € DT(Sh(X)). If Z — X s locally closed, Z' C Z is closed, Z1, Zs are closed
in X and Uy, Us are open in X, then we have the following exact triangles :

(16) RTy,uu,(F*) — RTy, (F*) @ RUy, (F*) — Ry, o, (F*) 5

(17) RTz.7.(F®) — RT; (F*) @ RT 4, (F*) — RT 7,07, (F*) *5
° . . ° +1

(18) Fonv, — Fo, © Fo, — Foyou, —

(19) RT7/(F*) — RT(F*) — RT 7 z/(F*) *5

Proof. This follows immediately from the previous corollary and the following classical homological result
applied to J the full subcategory of flasque sheaves of Sh(X) :

Proposition 5.2.10. Let A and A’ be Abelian categories and F — F' — F" three additive functors
from A to A'.

Assume there exists a full subcategory J C A injective with respect to F, F' and F" and such that for
any object X € J the sequence

0— F'(X) — F(X) — F"(X) —0

is exact. Then there exists a morphism of functors v : RF" —s RF'[1] such that for any X* € DV(A)
one has an exact triangle :

RF'(X*) —s RF(X*) — RF"(X*) =5

Proof. We replace X*® by a quasi-isomorphic object J® composed of objects of J. We thus obtain an
exact sequence of complexes

0— F'(J*) — F(J*) — F"(J*) — 0 .

But any such exact sequence of complexes defined an exact triangle in D*(A). One easily checks that

this triangle is independent of the choice of J*°. O
O

5.3. The fundamental exact triangle. We will apply the previous reminder to the Abelian category

Sh(X).

Definition 5.3.1. We denote by DGSh(X) the category of complexes of Zx-modules (i.e. sheaves of

Abelian groups) on X and by D(Zx) the derived category of Sh(X).

5.3.1. The general locally closed case.

Proposition 5.3.2. Let S & X be locally closed. Let A:= X\ S AX. LetFe Sh(X).
Then the sequence (where all morphisms are given by adjunction)

(20) 0 —igig'F — F —ia,ia 'F

s ezxact.
If moreover F is flasque then this sequence is also surjective on the right.

Remark 5.3.3. Notice that in general A is not locally closed in X : consider for example S =]0,1]
embedded in X = R2. Then A is not open in its closure X.

Proof. Let U be any open set in X containing S as a closed subset. If z € X \ U then the sequence (20)
gives at the level of stalks :

0—0—F, — F,
which is exact (and even surjective on the right).

To show the result for the stalks at 2 € U, notice that we can replace F by F|;. Thus we are reduced
to the case where S is closed and A is open.
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In this case the sequence for stalks reads :
{o s ig'Fy — Fy — colimy5, F(ANV) ifze s
0—0—F, — Fu ifre A
This sequence is exact as I's(U, F) = ker(T'(U, F) — T'(ANU, F)) by definition of T's.
When F is flasque the same reduction to the case S closed makes the surjectivity on the right trivial. O

Corollary 5.3.4. Let S & X be locally closed. Let A:= X\ S BX. Let Fo e DT (Sh(X)).
Then the triangle

A(S, X, A; F*) = (is Ris' F* — F* — Ria.(Fry) —)
s exact.
5.3.2. The open or closed case. From now on we are in the following situation
7> X <=o—U
iz iU
The triangle A(U, X, Z, F*®) is just the short exact sequence of complexes of sheaves
AUX,Z,F*) = (0 — i\ Fly — F* —riz.F, —0) .
By applying RI'(X, ) to this triangle we obtain the long exact sequence :
o — HM(X o Fy) — HY(X, F) — H™(Z, Fy) — -
By applying RT.(X,-) we obtain
o — HP (U, Fy) — HP(X, F) — HW(Z, 7)) — -
The triangle A(Z, X, U, F*) is
A(Z,X,U,F*) = (iz:Riz' F*) — F* — Riy . Fyy =) .
Applying RT'(X, ) we obtain
e — HP(X, F*) — H™(X, F*) — H"(U, FYy) — -
5.4. c-soft sheaves. In the previous section we defined the notion of flasque sheaves in order to study
Rf. and RT'z. We do the same here for the functors Rf, and R(-)z, the corresponding notion being the

notion of c-soft sheaf.
In this section X 1is locally compact.

Definition 5.4.1. A sheaf F € Sh(X) is said to be soft (resp. c-soft) if for any closed (resp. compact)
subspace K C X the restriction

"X, F) —T(K,F)
1S surjective.

Lemma 5.4.2. Suppose moreover that X is paracompact. Then injective = flasque = soft => c-sofft.
Proof. This follows immediately from the fact we already proved that

colimyc g F(U) ~T'(K, F)
under our topological assumptions. O

Lemma 5.4.3. A sheaf F € Sh(X) is c-soft if and only if for any closed Z — X the restriction

Fo(X,F) — T(Z, F|z) is surjective.

Proof. If K is compact then T'(K, F) = T'.(K, F). This proves the sufficiency of the condition.
Conversely suppose F is c-soft. Let s € I'.(Z, F|z) with compact support K. Let U be a relatively

compact open neighbourhood of K in X. Define § € T'(OU U (Z NU), F) by setting 5‘205 =35, Souy =0,

and extend 3 to a section t € I'(X, F) as F is c-soft and OU U (Z N U) is compact. Since t = 0 on a

neighbourhood of AU we may assume that ¢ is supported by U. O
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Proposition 5.4.4. Let F € Sh(X) be c-soft. Then :
(i) Let Z — X be locally closed and f : X — Y a continuous map. Then fiF, Fiz and Fz are
c-Soft.
(i) If Of—> F' — F — F" — 0 is an ezact sequence in Sh(X) and assume that F' is c-soft.
Then the sequence
0 — F — AF — AF" —0
is exact in Sh(X). In particular the sequence

0—T(X,F) —TX,F) —T(X,F") —0
1s exact.

Proof. Let us prove that F|z is c-soft. If Z is open this is clear by definition. Thus we can assume that
Z is closed. The result follows then from proposition 5.4.3.

For fiF : if K is a compact subset of Y then I'(K, fiF) = T.(f~1(K),F). Since I'.(Y, fiF) = T.(X,F)
the result follows from proposition 5.4.3.

For Fz : the result follows from the two previous cases as Fiz = fi(F|z).

For (i) : it is enough to show that for all y € Y :
0— (hF)y — (fF)y — (AF")y — 0

is exact. As (f1G)y = (fi(Gj5-1(y)))y We can assume f =py : X — *.

Let s” € T.(X,F") and let U a relatively compact open neighbourhood of supp s”. We will show that
5" is in the image off I'.(X, ) — I'c(X, F"”). By replacing G by G|y (for G = F, 7 or ") and then X
by U one may assume that X is compact.

For s” e T'(X,F") let {K;}1<i<n be a finite covering of X by compact subsets such that there exists
s; € I'(K;, F) whose image is S«K We argue by induction on n. For n > 2, on K7 N K5, s1 — s defines
an element of T'(K; N K, F') hence extend to s’ € T'(X,F’). Replacing ss by so + s’ we may assume
S1|K,nKs = 52|K,nKk,- Lherefore there exist ¢ € I'(K; U K3) such that #|x, = s;, i = 1,2. Thus the
induction proceeds. O

Similarly to the flasque case one proves the following :

Corollary 5.4.5. Let 0 — F' — F — F’ — 0 an exact sequence in Sh(X). If F' and F are c-soft
then F"' is c-soft.

Corollary 5.4.6. The full subcategory of c-soft sheaves is injective with respect to the functor fi, thus in
particular also with respect to (+)z, Te(X, ) and T'(K,-) (K compact).

Corollary 5.4.7. Let F* € DY (Zx). If Z — X is locally closed, Z' C Z is closed, Z1, Z3 are closed in
X then we have the following exact triangles :

° ° ° ° +1
(21) leuzz —>le EB.FZ2 _>‘F21QZ2 —>

o ® ® +1
(22) Fopg —Fz — Fz —
The following result is also of interest :

Proposition 5.4.8. Let X be locally compact and countable at infinity. Then the category of c-soft
sheaves is injective with respect to the functor T'(X,-).

Proof. Let 0 — F' — F — F" — 0 be an exact sequence in Sh(X) with F’ c-soft. Let (K, )nen be
an increasing sequence of compact subspaces of X such that X = UpenK, and K, is contained in the
interior of K, 1 for all n. As F’ is c-soft all the sequences

0— IN(K,,F)—T(KF) —TKF)—0
are exact. By taking the limit over n € N and as T'(Kp41,F') — T'(K,,, F’) is surjective for all n, the
limit sequence is still exact :

0 — imT(K,, F) — imT(K,,F) — imT(K,,F") — 0 .
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Since for any sheaf G € Sh(X) one has I'(X,G) ~ imT'(K,,G) (the sheaf condition !) one gets the
result. O
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6. SHEAF THEORETIC INTERSECTION COHOMOLOGY
6.1. Sheafification of intersection homology.
Definition 6.1.1. Let X be a PL pseudomanifold of dimension n with stratification
X: X=X,2X,92D---D2XgDX_ 1=

Let p be a classical perversity and let £ be a local system on Uy := X \ X,,_o. We define the complex of
presheaves IPC* (X, E) by
U, IPC* (X,E)) :=I"Cp—e(U,E) .

Remark 6.1.2. In order to get restriction maps and thus a presheaf it is crucial to use unbounded chains.
Lemma 6.1.3. The complex IPC*(X,E) € DGSh(X) is a complex of c-soft sheaves.

Proof. One easily checks that this is a complex of sheaves. For the c-soft property : let K C X be
compact and s € T'(K, IPC"~*(X,£)). We want to show that s can be represented by a section over X.
As T(K,IPC*(X,€)) = colimysx (U, IPC* (X, E)) there exists U D K open in X and ¢ € IPC;(U,E)
defining s. The problem to see £ as an element of IPC;(X,E) is that £ might not have closed support in
X.

We choose a triangulation of U fine enough such that there is a closed PL-neighbourhood N of K
entirely in U. Then ¢ N N € T'(X, IPC" (X, £)) still represents s. O

Definition 6.1.4.
IPHY(X,E) :=H (X, IPC*(X,E)); IPHI(X,E):=H, (X, IPC*(X,E)) .

As c-soft sheaves are I'.-acyclic and also I'-acyclic because X is locally compact paracompact, we
obtain :

Corollary 6.1.5. I[PH (X,€) = I’H,,_;(X,€) and IPH{(X,E) = IPHS_,(X,E), where both terms on
the right were defined simplicially.

Remark 6.1.6. Notice that although every x € X has a system of contractible neighbourhoods, the stalks
H(IPC*(X,E)), = colimys, IPH,_;(U, E)
are in general non-trivial as I? H; is not homotopy invariant. In particular the complex IPC*(X, |E) is
not in general q.i. to a sheaf concentrated in a single degree. This has to be compared to the classical
case C*(X) = Cp—e(X) @ Orx.
6.2. First axiomatic characterization of the intersection cohomology sheaf. Given
X X=X,DX, 2D DX

one defines for 2 < g<mn-+1:

e S* = X, 1\ X,,_r_1 the union of codimension k strata.
o Uy =X\ X, openin X, one has Uy CUs C --- C Upy1 = X.
We have the fundamental triangle

Uijf])c%- Uk-i-l -el{CJSk

Definition 6.2.1. Given 7* € DGSh(X) we define F := Fy,, .

The attachment map is oy : Fg 1 — JeuFp — RjrFr-
Definition 6.2.2. Given a stratification X of X, p a perversity and £ a local system on Uy we denote
by (AX1)x g p the following set of azioms for F* € DGSh(X) :

(1) HIF®* =0 fori <0 ; F* is bounded below ; F§ ~E.

(i) if x € S* then H'(F2) =0 fori > p(k).

(iii) op : Fpy — Rjr.Fy is a quasi-isomorphism in degree < p(k).
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Remark 6.2.3. Given F* € DGSh(X) and k € Z one defines

Fi ifi <k,
(T<rF*) = ker(d' : F' — Fi+l) ifi=k,
0 ifi >k .

Then the natural inclusion 7<;F* — F* induces a quasi-isomorphism in degree < k.
Proposition 6.2.4. The complex IPC*(X, &) satisfies (AX1)x e00ry, p-

Proof. Let F* :=IPC*(X,€E).
For (i) : obviously F* is bounded below and its cohomology sheaves vanish in negative degrees.
Moreover :

F5y =Cn-() 2E@Ory, |,
where the first equality follows from the fact that the perversity conditions are empty on Us.
For (ii) : By definition (HIPC,,_o(X, E))s = colimys [P H,, _;(U,E). Ifx € S¥let U ~ R""*®C(L) be
a distinguished neighbourhood of z, where C'is the open cone and L is a PL-pseudomanifold of dimension
k—1
One easily checks the following Kiinneth type result : the product
Rx-: Cl(X,g) — C¢+1(X,g)
induces an isomorphism
IPHy(X,E) =~ IPHe 1 (R x X, p3E) .
Thus
I’H, ;(U,&) ~ IPH,_;(C(L),E) .
Recall the crucial cone formula :
0 ifl <k—p(k),

Isz(C(L)ag):{]le_l(L,g) if 1>k —p(k) .

It follows (in cohomological notations) that

' 4 £
PHU.E) = IPH(C(L),&) = ifi > p(k),
IPHEYL,E) if i <p(k) .
This implies (i1).
For (#ii) : consider
Uk%ﬁ» U1 </—8k
k Tk

We want to show that the map oy, in the following diagram is a quasi-isomorphism up to degree p(k) :
IPCh o (X, E)kt1 — JuuPCno(X, E)k
k l
Rjp 17Cr—o (X, E)

As IPC,,_o(X,E) is a complex of c-soft sheaves the map ji, IPC,—e(X,E)r —> Rjg, IPCr_e(X,E)k is a
quasi-isomorphism hence it is enough to show that

Ipcn,.(X, 5)k+1 — jk*Ian,.(X, g)k

is a quasi-isomorphism up to degree p(k).
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Let us check it at the stalk level. This is obvious if 2 belongs to Uj. On the other hand any = € S*
admits a system of compatible neighbourhoods in U1 of the form

~

\%4

R"* x C(L)

VAU, <—R"k x C(L)*
Notice that as a PL-manifold C'(L)* ~ R x L. Thus we have the commutative diagram :

D(V, IPC*(X, ) =t [PC*(O(L), ) == T<p() I"C*(L, E)
) |
T(V N Uy, IPC* (X, E)) =— IPC*(L,E)

which gives
k(V)

D(V,1°C* (X, €)) "'~ " T(V, T<p(r)in I’C* (X, E))
and the result. O

Using (AX1)x ¢, we will find a complex quasi-isomorphic to IPC*(X,E) whose definition does not
depend on any simplicial structure.

Lemma 6.2.5. Assume F* satisfies (AX1)x e p. Then Fg | =~ T<p)yRix.Fr-
Proof. Consider the commutative diagram

Fipn ———= Rin. 7}

BM’lT

T<p(k)Flt1 ——> T<p(k) Rk« T
X

By the axiom (i7), the map Sr41 is a quasi-isomorphism.
By the axiom (¢47) the map «}, is a quasi-isomorphism. This concludes the proof. O

6.3. Deligne’s extension.

Definition 6.3.1. Given a stratified pseudomanifold (X, X) and £ a local system on Uy we define induc-
tively
P.(E)z =& and P.(E)k+1 = Tgp(k)Rjk*P.(g)k .
Hence
P*(E) := T<pm) RinuT<pn—1) Rin-1, - T<p(2) Rj2.E .
Theorem 6.3.2. (a) P*(&) satisfies (AX1)x g p.
(b) Any F* € DGSh(X) satisfying (AX1)x. ¢, is quasi-isomorphic to P(E)*.
Proof. The first assertion is clear.
For (2) : Suppose F* satisfies (AX1)x g, Thus F3 ~ & ~ P(£)5. By induction assume F and
P(E)y, are quasi-isomorphic for some k. Thus :

Fipr = T<p(k) Bk TR = T<p(t) Rk PE)] = P(E)igr -

Corollary 6.3.3. I?H, ;(X,€) =H{(X,P*(£® Ory,))

Remark 6.3.4. The previous theorem enables us to extend the definition of intersection homology from
PL pseudomanifold to any pseudomanifold.

We can now prove some results we stated for simplicial intersection homology.
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Proposition 6.3.5. Let (X, X) be a stratified pseudomanifold. Let p = 0 be the zero perversity. Let £
be a local system on Us <i> X. Then j.& satisfies (AX1)x 0. In particular
I"H*(X,€) = H*(X, j.(€ ® Ory,)) .

If X is normal oriented then j.Zy, = Zx and I°H*(X,Zy,) = H*(X,Zx).
Proof. The sheaf j.E always satisfies (7). As j.€ is in degree 0 it also satisfies (i7) trivially.

For (iti) let jo i : Uy < Ug. If A € Sh(Uz) and B € Sh(Uy) then
(23) (JeA) k1 = J2k41,A = Jrador, A
(24) T<oRjr B = ji. B .
hence j.& satisfies (¢ii).

If X is normal any x € S* has a fundamental system of neighbourhoods U such that U \ X,,_5 is
connected. Hence j.Zy, = Zx. O

Similarly a good exercice is to prove :

Theorem 6.3.6. Assume X to be normal and let t be the mazimal perversity. Then C,_o satisfies
(AXl)X7@TU27t. In particular

I'H' (X, Ory,) = H(X,Cp) = H,—i(X,Zx) .
Proof. See [?, p.66] for details. O

7. COHOMOLOGICAL DIMENSION

Definition 7.0.7. Let X € Top. One denotes by dim.op, X the smallest n € NU {oco} such that
YU € Opy,i >n,F € Sh(X), H{UF)=0 .

Proposition 7.0.8. Let X be locally compact and countable at infinity. Then the following are equivalent :
(1) dimCOhX S n.
(ii) HMY(X,F) =0 for all F € Sh(X).
(iii) HM(U,Zy) =0 for allU € Opy.
(iv) Any F € Sh(X) admits a c-soft resolution of length at most n.
Moreover in this case X satisfies the following property : any F € Sh(X) admits a flasque resolution of
length at most n + 1.

Proof. Clearly (iv) admits (i) as the restriction to U of a c-soft sheaf on X is c-soft. Conversely let us
show (i) = (iv). Let 0 — F — F? — - be a c-soft resolution. We thus have an exact sequence
0—F —F — ... F1 56" —0
where G" := Im (F"~! — F™). As the F' are c-soft one immediately obtains
Vi>0, HY(UG") ~HT™ULF) .
Hence H(U,G,) = H*™ (U, F) =0, i.e. G" is c-soft.

Clearly (¢) implies (44).

For (ii) = (iii) : HMY(U, Zy) = HMY(X, 51 Zy).

For (#i7) = (i) : arguing as above one obtains that Zy admits a c-soft resolution of length at most n.
Thus Hi(U,Zy) = 0 for i > n. Let M be the family of all sheaves F such that H?*1(X, F) = 0. Thus
M contains ideals nZ;, satisfies the property “2 out of 3” for exact sequences and is stable by colimits as
H! commutes with colimits. This implies that M = Sh(X).

For (it) = (i) : HX(U,F) = HX(X, )i F).

Which finishes the proof of the different equivalences.

Suppose now that 0 —s F — F° — F! — ... is flasque resolution of F. Using the same notation
G™ as before we obtain a short exact sequence

0—G¢"—F"—B—0.
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As the F¥’s are flasque they are c-soft. Arguing as before one obtains that G” is c-soft. Hence we have
the commutative diagram :

FM(X) —— B(X)

]

Fr(U) ——> BU) —= H'(U,") .

The map « is surjective as F™ is flasque. On the other hand for U paracompact H*(U,G") = 0 as
G"™ is c-soft thus T-acyclic, hence § is surjective. As a and § are surjective the map B(X) — B(U) is
surjective.

As X is countable at infinity every point x € X has a neighbourhood U whose open subsets are
paracompact, hence By is flasque.

Being flasque is a local property thus B is flasque. O

Proposition 7.0.9. Let M be an n-dimensional topological manifold (thus paracompact). Then dim.o, M =
n.

Proof. Nice exercice (cf. [14, p.195]). O
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8. CONSTRUCTIBILITY

Definition 8.0.10. Let X € Top and F* € DGSh(X).

(i) The complex F* is said cohomologically locally constant (clc) if H*F*® is locally constant.

(ii) Suppose X : X = X, D Xp—1 D -+ D Xog D X_1 = 0 is a filtration by closed subsets. The
DG-sheaf F* is X-clc if H*F*® is locally constant on each stratum X; \ X;—1. It is said X-
cohomologically constructible (X-cc) if it is X-clc and the stalks H*Fy are finitely generated.

(iii) F* is cohomologically constructible (cc) if :

— forxz € X and m € Z the inverse system H(U,, F*) (over all open neighbourhoods of x) is
essentially constant and its limit is finitely generated.

— for x € X and m € Z the direct system H™(U,, F*) (over all open neighbourhoods of x) is
essentially constant and its limit is finitely generated.

Remark 8.0.11. Recall that an inverse system (A;);er is said to be essentially constant if for each i € I
there exists i’ € I such that Im (A4, — A;) =Im (lim A; — A;) and moreover there exists iy € I such
that lim A; — A;, is injective. Dually for direct systems.

The goal of this section is to show :

Proposition 8.0.12. Let (X, X) be a stratified pseudo-manifold and F* € DGSh(X) a X-cc complex.
Then F* is cohomologically constructible.

We start with the following

Lemma 8.0.13. Let M be a an n-dimensional manifold and F* € DGSh(M) which is cohomologically
locally constant. Let © € M. Then :
(1) The inverse system HE(U,,F®) is constant on the set of neighbourhoods of x homeomorphic to
open balls, equal to H"~*(F?). The direct system H'(U, F*) is constant on this set, equal to H'F2.
(2) it F* =it F*[—n]. In particular H*(iLF*) = H*""(F2). Moreover if H*F* has finitely generated
stalks then F* is cc.

. . . . . . .
Proof. We concentrate on i, everything for ¢} is similar and easier.

By hypothesis on F*® the complex H°®*F*® is constant on sufficiently small U neighbourhoods of =z,
therefore the hypercohomology spectral sequence for H.(U, F*) collapses. We have :

. L4 e .f ) p—
HU, ) = T
0 otherwise
thus , 4
Hi(U’ ]:.) = Hj_n(]:a:) )
hence (1).

For (2) : let U be an open neighbourhood of z whose closure is homeomorphic to a closed ball and let
J* be an injective resolution of F*. We have natural maps

iLF* =Ty (U.T%) — > DU, %) < T(U.7*)[-n]

where the map « is the cup product with the fundamental class [U],.
Using the hypercohomology spectral sequence and the fact that

(v, B) 2% mitnu, k)

is an isomorphism for any constant system E (both terms vanish for ¢ # 0 and are equal to E for ¢ = 0),
the map « is an isomorphism.
As we know that T'(U, J*) — J2 <— F¢ is a quasi-isomorphism, to conclude that i\, F® = i F*[—n]
we are reduced to show that
B: Ty (U.T*%) 5 (U, )

is a quasi-isomorphism.
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We consider the commutative diagram

o —— H(i,F) — = H{(U,F*) —=H/(U \ {a}, F*) — -

| |

- ——H{(U, F*) — H (U, F*) HY(U\ U, F*)

We want to show that 3; is an isomorphism. It is enough to show that the restriction map ~; is an
isomorphism for all i’s. It is enough to show that the restriction map induces an isomorphism of the
FE>-terms of the corresponding hypercohomology spectral sequences, i.e.

H*(U\ {2}, H*F®) — H* (U \ U, H*F*)
is an isomorphism.
We may write
U\{z}=5""1x%x (0,1, U\U=8""x{1}

with the obvious inclusion map. Hence the result as H®F*® is constant on U.

We then have the following refined version of proposition 8.0.12 :
Proposition 8.0.14. Let (X,X) be a stratified pseudomanifold. Let F* € DGSh(X) be X-clc. Let
z € X. Then :

(1) The inverse system H.(U,,F®) is constant on distinguished neighbourhoods of x and its limit
equals H (i, F*).

(2) The direct system H'(U, F*) is constant on this set and its colimit is H'(F?).

(3) For any stratum S, the sheaf is ' F* is clc on S,.

(4) if F* is X-cc then F*® is cc.

Proof. For (1) : let € S*. Let U = B" % x C(L) a distinguished neighbourhood of x in X. Let
Z :=U NSk~ B"* We have an exact sequence
- — WU - Z,F*) — HI(U,F*) — HU(Z, F*) —
As F" s 18 clc and S* is a manifold lemma 8.0.13 implies that H7(Z, F*) is a constant inverse system.
Since U\Z = B" % x C(L)* ~ B" %! x L we obtain
HI(U\ Z,F®) = B~ (=+ (L, F°)

(see [?, V lemma 3.8.b)] for a rigorous proof of this intuitive statement). It follows that HZ(U \ Z, F*) is
also a constant inverse system.
By the 5-lemma the inverse system H (U, F*) is constant over distinguished neighbourhoods of z.
Arguing essentially as in the smooth case this shows that H*(i,F*) = limH(U,, F*), which finishes
the proof of (1).

For (3) : One considers the long exact sequence in Sh(S*)
c— H (i Fpr) — M5 Fpy) — H (GG Rje, FR) —
The second term is locally constant as F* is X-clc. To prove that the first is, it is enough to show that
the third one is, i.e. that Rji,F} is X-clc. One computes
(25) H*(U, Rjy. . Fr) =H*(U N Uy, F) =H* (L, F*)
for a distinguished U = B x C(L) as UNU, = Bx C(L)* = B xR x L.
For (2) : the same computation shows that the third term of the long exact sequence
- — HY(B, i}, F*) — H'(U, F*) — H'(U, Rji,, Fr) —
is constant. The first term is constant by (3) and the case of manifolds. Thus the middle term is constant
by the 5-lemma.

For (4) : One has to follows the finite generation in all steps. O
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The following corollary to proposition 8.0.12 will be of importance for us :

Proposition 8.0.15. Let (X, X) be a pseudomanifold with stratification X. Let F* € DGSh(X) satisfy
azioms (AX1)x g, for some local system € on Us. Then F* is X-cc and cc.

Proof. In view of proposition 8.0.12 it suffices to show that Deligne’s sheaf P*(£) is X-cc. The local
system & is X-cc on Uz and P*(€) is constructed by successive applications of operations Rjj, and
T<p(k)- The truncation trivially preserves X'-constructibility, while we already showed (cf. equation (25))
that Rjj, does. 0

9. SECOND CHARACTERIZATION OF DELIGNE’S EXTENSION AND TOPOLOGICAL INVARIANCE OF
INTERSECTION HOMOLOGY

9.1. Changing the axioms. Let (X, X) be a pseudomanifold of dimension n with a given stratification
X and let 7* € DGSh(X). Recall that we introduced the set of axioms (AX1)x ¢, :
(i) F* is bounded below, H'F* =0 for i < 0 and F3 = £.
(ii) if z € S* then H’(F2) =0 for j > p(k).
(iii) the attachment map oy : Fp, | — Rji,.Fy is a quasi-isomorphism in degree up to p(k).
Proposition 9.1.1. The DG-sheaf F* satisfies (AX1)x ¢,p if and only if it satisfies the azioms (AX 1)y ¢, -
(i) F* is bounded below, H'F* =0 fori <0, Fy =& and F* is X-cle.
(i) if x € S* then HI(F2) =0 for j > p(k).
(iii) if x € S* then HI(i\, F*) =0 for j < n — q(k).
Proof. First by proposition 8.0.15 F* is X-clc if F satisfies (AX1)x ¢ p.
Thus it is enough to show that the two conditions (ii7) are equivalent under the other ones. We have
the following long exact sequence :
oo — HI(i3 F®)y — HI(F2) =5 HI(Rjp, Fp)e — -
It implies that the attachment map oy, : 2, | — Rjp,Fi is a quasi-isomorphism in degree up to p(k)
if and only if H7 (i}, F*), = 0 for j < p(k) + 1 (using that HPF)+1(Fe) =0).
Consider the factorisation

{w} —=> gk

N

X .
Thus i}, = I}, o i} and HY (i}, F*) = HI (I} (i}, F*)). By proposition 8.0.14 the sheaf i} F* is cle. As S¥ is a
manifold of dimension n — k lemma 8.0.13 implies that

HI (I (5, F*)) = H/ P (6. F*),
As j <n—q(k) if and only if j — (n — k) < p(k) + 1 we obtain the result. O
Proposition 9.1.2. The DG-sheaf F* satisfies (AX1)x ¢ p if and only if it satisfies the azioms (AX2)x g :
(i) F* is bounded below, H'F* =0 fori <0, Fy =& and F* is X-cle.
(ii) dimsupp (H/F*)(= dim{z € X / HI (it F*) #0}) <n —p~1(4) for all j > 0.
(iii) dim{r € X / HI(iLF*) #0}) <n—q Y (n—j) for all j < n.
In particular (AX2)x ¢, caracterizes F* uniquely up to quasi-isomorphism.
Remark 9.1.3. Notice that now only the first condition depends on X.
Proof. First notice that
(26) j<pk)=n—k<n-p ') ,
(27) j>n—qk)s=n-—k<n-q¢'(n-j) .
Let us show that (AX1)x g, (i) implies (AX2)x ¢, (ii). If x € S¥ and H’(F2) # 0 then j < p(k).
Hence dim S* < n —k < n — p~!(j) and the result.
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Conversely if x € S*¥ and H’(F?) # 0 then HY (Fy) # 0 for y in some neighbourhood of z in Sk since
F* is X-cc. Therefore n —k <n —p~1(j) and thus j < p(k).

We prove that (AX1)xy ¢ p(ii7) implies (AX2)x g p(4i4) in the same way as for (i4). Conversely if
r € S* then i, = iy ol, where [, : {z} — S* and i}, = l,' oig'. In particular i, F® = lm!(z’kl}"). It
follows from lemma 8.0.13 that HY(i,'F*) = H (i, F*) for y in some neighbourhood of z in S¥. We can
then proceed as for (it). O

9.2. Extension of local systems.

Lemma 9.2.1. Let M be a manifold of dimension n and U C M a dense open subset whose complement
has codimension at least 2. If € is a local system on U then there exists a largest open subset VO U of
M over which £ extends to a local system.

Proof. We can assume that M is connected, then so is U by the codimension 2 condition.

First notice that if 7 and F” are two local systems on M and f : Fjy — ]—"’U is a morphism then there
exists a unique morphism g : F — F’ extending f. This follows from the fact that 71 (U) — 71(X).
Moreover g is an isomorphism if f is.

Using this remark one can glue together the local systems £’ extending £ over some U’ D U. O

Definition 9.2.2. Let £ be a local system on some open dense submanifold of X whose complement has
codimension at least 2. A stratification X of X is said to be adapted to £ if its open stratum is contained
in the largest open submanifold of X over which £ can be extended.
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9.3. Second characterization of Deligne’s extension. We now define a new set of conditions on
F* € DGSh(X).

Definition 9.3.1. Let £ be a local system on some open dense submanifold of X whose complement has
codimension at least 2. We denote by (AX2)¢ , the following set of conditions on F* € DGSh(X) :
(i) HIF®* =0 fori <0 ; F*® is X-clc for some PL-pseudomanifold stratification X of X ; there exists
an open dense subset submanifold U of X whose complement has codimension at least 2 on which
& is defined such that }—I.U ~&y.
(i) dimsuppH/F®* <n —p~L1(j) for all j > 0.
(iii) dim{z € X / HI(i', F*) # 0} < n—q ' (n—3) for all j < n, where ¢ = t—p is the dual perversity.

Notice that in axioms (AX2)g , the stratification & and the open submanifold U are not related. We
can however assume that U C Uy. As H(F®) is locally constant on U, and has restriction £ or 0 on U
depending whether 7 = 0 or not, £ can be extended to Us and .7-""U2 is quasi-isomorphic to €. In particular
F* satisfies (AX2)¢ , if and only if it satisfies (AX2)y ¢, for some stratification X adapted to £.

The main result of this section is the following :

Theorem 9.3.2. Let € be a local system on some open dense submanifold of X whose complement has
codimension at least 2 and let Uy be the largest open submanifold of X over which £ extends to a local
system.

Assume that there exists a stratification X of X which is adapted to E.

Then there exists P* € DGSh(X) satisfying (AX2)e , with 75|'02 =& and also (AX2)x ¢ p for every

stratification X adapted to E.

Proof. Notice that Deligne’s construction is well defined for any filtration by closed subsets (not necessarily
a stratification of the pseudomanifold X) and for £ a local system on the open stratum (not necessarily
a manifold). We construct P* as the Deligne sheaf associated to € and some well-chosen filtration X of
X by closed subsets satisfying X,,_o := X \ Us.
The main difficulty is to construct X. We proceed by induction on k. With the usual notations we
require, for 2 < k< n:
(I1) (ax) S* is a manifold of dimension n — k or is empty.
(bx) EZP;H is cle.
~ 1 ~e
(ck) ik Pryq is cle.
(II;) for every stratification X of X which is adapted to &, S is a union of strata of X and U1 C Ug1.
Suppose that X has these properties. As we are assuming there exists at least one stratification X
of X which is adapted to &, by (/1) we have U,41 D Upy1 = X. Let P =P, € DGSh(X). One
casily checks that P° satisfies (AX1) e (even if X is only a filtration). One can also check that the
N E.p
conditions (Ij) on the filtration X are enough to ensure the equivalence of the axioms (AX1) Pe and
E.p
(AX2))E e Thus P satisfies (AXQ)X e If X is a stratification adapted to X we find by (I7) that P
E.p Ep
is X-clc. Therefore it satisfies (AX2)x ¢ ,. As there exists at least one such stratification X, P satisfies
(AX2)¢ , and has the required properties.

We are reduced to construct a filtration X satisfying the properties (I,) and (II},) for all k > 2.

The dense stratum Us is ~zauhready defined and 75; = £. Let X be a stratification of X adapted to £.
Suppose by induction that U;, 2 < i < k, are already defined and that (I;) and (I1;), 2 < i < k, hold.
Let Ppyy = Tgp(k)Rjk*’]S;, where j, : Uy — X.

Let 5’? be the largest submanifold of X, = X \ Uy of dimension n — k. Let S’I; (resp. 5;) be the
largest open subset of X,,_j over which %Zﬁzﬂ (resp. Z;C’/SZH) is clc. We take

§" =8 n8ns, U =0,u5" .
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Clearly UkJrl is open and satisfies (Ij). It remains to check it satisfies (I1;). We refer to [?, p.93-94] for
details. O

Corollary 9.3.3. Let F* satisfy (AX2)g . Then F* is quasi-isomorphic to Pe.

Proof. By the remark before the statement of theorem 9.3.2 we know that F* satisfies (AX2)x ¢, for
some stratification X adapted to £. The DG-sheaf P* also satisfies (AX2)x ¢, by the theorem. Thus
F* is qi to P*® by proposition 9.1.2. O

In particular, as every stratification is adapted to the orientation sheaf, one obtains :

Corollary 9.3.4. Let X be a PL pseudo-manifold. Then the intersection homology groups IPHe(X) are
independant of the PL-stratification used in their definition.

10. POINCARE-VERDIER DUALITY

Our next goal is to prove Poincaré duality for intersection cohomology. It will appear as a special case
of the Poincaré-Verdier duality.

Let f: X — Y € Top. We defined three functors :
f'i DYZy)==D'(Zx)  :Rf.
and
Rf! :D+(Zx) — D+(Zy) .

In this section we show that, under certain assumptions, the functor Rf, admits a right adjoint f*, called
the “exceptional inverse image”.

Theorem 10.0.5. Let X, Y be two locally compact spaces and f: X — Y a continuous map such that
fi has finite cohomological dimension (i.e. there exists n € N such that for any F € DT (Zx), R*fi(F) =0
fori>mn). Then

Rfi: D (Zx) — D (Zy)
admits a right adjoint
Dt (Zy) — DY (2Zx)
i.e. there exist two morphisms of functors id — f'Rfy and Rfif' — id inducing :

VF € D+(Zx), G e D+(Zy), HOHlDJr(ZX)(F, f‘G) ~ HOHID+(ZY)(Rf!F, G) .

Remark 10.0.6. We already constructed f' : Sh(Y) — Sh(X) when f : X — Y is a locally closed
subspace. In this case f': D (Zy) — D+ (Zx) is nothing else than our previous Rf'. For a general f
however, f' exists only at the level of derived categories.

Before proving theorem 10.0.5 we first deduce some corollaries. As (fog) = fiog and g; maps c-soft
sheaves to c-soft sheaves (which are acyclic for any hy) one has R(f o g); = Rfi o Rgi. By adjunction one
obtains :

(fog) ~g'of .

Corollary 10.0.7. Let f : X — Y such that fi has finite cohomological dimension. Let F € D*(Zx),
G € DY (Zy) and G' € D*(Zy). Then :

(28) Rf. RHomy, (F, f'G) ~ RHomg, (RfiF,G),
(29) RHomg, (F, f'G) ~ RHomy, (RfiF,G),
(30) f' RHomgz,, (G',G) ~ RHomgz, (f1G', f'G).
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Proof. Note that (2) follows from (1) by applying RT'(Y,-).
For (1) : using adjunction and the projection formula we obtain for all H € D+ (Zy) :
!

Homp+ (2, ) (H, Rf. RHomz, (F, f'G)) ~ Homp+ () (f  H, RHomz, (F, f'G))
~ Homp+(z,)(f"H ® F, Q)
~ Homp+(z,)(RfA(f'H® F),G)
(H® RAF,G)
(

>~ HomD+(Zy) H R’Homzy (Rf|F G))

=~ Homp+ (z,)

For (3) : similarly for all H € D' (Zx)) :
Homp-+ () (H, f' RHomgz, (G',G)) ~ Homp+ (, (R fiH, RHomyz, (G',G))
~ Homp+(z,)(RAH @ G', G)
~ Homp+(z,)(RAI(H ® f7'G'),G)
~ Homp+z,)(H® f G, f'G)
~ Homp+ (g, (H, RHomz, (f G, f'G)) .

Definition 10.0.8. Given f: X — Y we define the relative dualizing complex
Wx/y = f!Zy S D+(Zx) .

If Y = {x} we write wyx := f'Z and call it the dualizing complex of X .
If F € D*(Zx) the dual of F is DxF := RHomgz, (F,wx) € D" (Zx).

By definition f'wy = wx thus the previous corollary implies :

(31) Rf.DxF ~ Dy (RfiF) ,

(32) F(DyG) ~ Dx(f7'G) .

Proposition 10.0.9. Let X be a (topological) n-manifold. Then
wx ~ Orx|[n] .

Proof. Let x be a point of X and U a neighbourhood of  homeomorphic to a n-ball. Let px : X — {x}
be the canonical projection. Then

RT(U,wx) = RHomg, (Zy,p'yZ)
= RHom(Rpx,Zy,Z)
= RHom(RT (U, Zy),Z) .

The choice of a local orientation of X at x gives a canonical isomorphism RI.(U,Zy) = Z[n] thus the
result. O

Corollary 10.0.10 (weak Poincaré duality for manifolds). Let X be a (topological) n-manifold. Then
Hi(X,Qx)" = H" (X, Orx ) -
Proof.
H" (X,0rxo) = H*RHom(Qx, px'Q)
= H'RHom(Rpx,Qx, Q)
= (H'RT.(X,Qx))* ,

where we used that the derived category of Q-vector spaces is nothing else than the sum indexed by Z of
copies of the category of QQ-vector spaces. O
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10.1. Proof of theorem 10.0.5. We first introduce a relative version of the notion of c-soft sheaves.
Definition 10.1.1. Let f : X — Y € Top. A sheaf F € Sh(X) is f-soft if HRfiF =0 for all i # 0.
Lemma 10.1.2. F' € Sh(X) is f-soft if and only if for ally € Y, the sheaf Fx, is c-soft.

Proof. We proved that (R'fiF), = R'T.(X,, Fx,). Hence the result. O
Remark 10.1.3. By the lemma above any flasque sheaf is f-soft.

Definition 10.1.4. A sheaf F € Sh(X) is flat if for any monomorphism & & Fe Sh(X) the morphism
EQF Y G F is also injective.

Thus a sheaf F € Sh(X) is flat if and only if F, is a flat Z-module for all z € X.

Proposition 10.1.5. Let X, Y be two locally compact spaces and f: X — Y a continuous map such
that fi has finite cohomological dimension r. Then Zx admits a flat and f-soft finite resolution :

0—Zx —K°— ... — K" —0.

Proof. Let X° denotes the space X with the discrete topology and let i : X® — X be the canonical
continuous map.

The sheaf i~'Zx € Sh(X?) is flasque thus also K := i,i"1Zx. Moreover one has the canonical injec-
tion K~! :=Zx — K° = i,i"'Zx. By induction we define, for 1 < j <r—1, K7 = i*i_lcoker(Kj_2 —
KJ=1). The sheaves K/ € Sh(X), 0 < j <r — 1, are flasque, thus f-soft.

Let K" := coker(K""2 — K™ 1). Asthe K7,0 < j <r—1, are f-soft, one has R\ fiK" = R" ™' f{Zx.
This last group vanishes because fi has cohomological dimension r. Hence K" is f-soft. Finally we obtain
a f-soft resolution :

0—Zx —K'— ... — K —0 .

Let us show that the K7’s, 0 < j < r, are flat. By induction if is enough to show that if F € Sh(X) is
flat then i,i~1F and coker(F — i*ifl]-') are also flat. As flatness can be checked on germs it is enough
to check that (i,i~1F), and (i.i~*F/F), are flat for all z € X. One computes :

(33) (isi' F)a = colimys, [] 7,
zeU
(34) (isi 7 F/F)e = colimys,  [[ F-
zeU\{z}
and the result. O

We will construct f' using the following heuristics. Suppose that f' exists. Then for any U € Opy
we have :
RT(U, f'G) ~ RHom(Zy, f'G) ~ RHom(RfiZy,G) .
Hence if K* is a f-soft resolution of Zx (thus by lemma 10.1.2 K7} is a f-soft resolution of Zy) and I*
is an injective resolution of G one has

(35) RT(U, f'G) = Hom® (fi K, I°)
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Definition 10.1.6. Let K € Sh(X) be f-soft and G € Sh(Y'). One defines a presheaf frG € PSh(X)
by :
ficG(U) := Homgz, (fKy,G) .
Proposition 10.1.7. Let K € Sh(X) be f-soft and flat. Let G € Sh(Y') be injective.
(i) if F € Sh(X) then F ® K is f-soft.
(ii) the functor F — fi(F ® K) from Sh(X) to Sh(Y) is ezact.
(iil) frG is an injective sheaf.
(iv) for any F € Sh(X) one has
Homz, (fi(F ® K),G) ~ Homgz, (F, fiG) .
Proof. For (i) : first notice that any F € Sh(X) admits a resolution
i Pl S FY S F—0

with F* = ®yer,Zy. For example take FO = Sueopy Pser) Zu and d® : FO — F the obvious map
sum of 1+ s. Construct F? inductively, replacing F by ker d°, etc ...

As K is f-soft, Zy ® K = Ky is f-soft by lemma 10.1.2. Hence F' ® K is f-soft. As K is flat the
sequence

i Fl9K — . - F'9K —F@K —0

is exact.

As fi has finite cohomological dimension this implies that F' ® K is also f-soft.

For (i) : it follows immediately from (z).

For (#i4) : first we show that f-G is a sheaf. Let (U;) be a family of open sets in X with union U. We
have to show that the sequence :

0— (fxk@)(U) — [[(xG) W) — [[(fG)UinTy)

is exact.
As (f;,G)(V) = Homgz, (fiKy,G) and Homg, (-,G) is exact as G in injective, it it enough to show
that the sequence of sheaves

f(®Ku,nu;) — fil&Ky,) — fi(Ky) — 0

is exact.
This follows from (i) and the fact that the sequence

®Ly,nv; — ®Ly, — Ly — 0
is exact.
The fact that the sheaf f},G is injective follows from (iv), (4i) and the fact that G is injective.

For (iv) : we first define a morphism
a(F,G) : Homg, (fi(F ® K),G) — Homg, (F, fxG) .
Let ¢ € Homg,, (fi(F ® K),G). We define a(¢) as the morphism of presheaves defined by the collection

A$)(U) : F(U) = Homy, (Zys, F) Y5 Homy, (£i(Zy @ K = Ku), i(F & K))

%, Homy, (fiKy,G) = fLG(U) .

We leave as an exercise the fact that a(¢) is really a morphism of (pre)sheaves and that o(F,G) is
functorial in F' and G.

Let us prove that « is an isomorphism. First this is true for F' = Zy . Indeed in this case the left term
is fiG(U) by definition, the right one is also fj;G(U) (and one easily checks that « is the identity). By
additivity if follows that « is an isomorphism for any F' = @®Zy,. For a general F' we can find an exact
sequence

0—F'— F =&Zy, —F —0 .
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As « is functorial and fi(- ® K) is exact we have a commutative diagram of exact sequences :

0 —— Hom(fi(F® K),G) —— Hom(fi(F' ® K),G) —— Hom(fi(F" ® K), G)

l a(F,G)i a(F’,G)\L a(F”,G)i

0 —— Hom(F, fj;G) Hom(F', f;,G) Hom(F”, fi.G)

As a(F’,G) is an isomorphism the morphism «(F,G) is injective for any F. In particular a(F”,G) is
injective. This forces a(F’, G) to be an isomorphism. O

Let us finish the proof of theorem 10.0.5. It is enough to define f' on complexes of injectives objects
in D (Zy). Let Zy C Sh(Y') denote the full subcategory of injective sheaves.

Fix 0 — Zx — K° — K'! — ... — K" — 0 a flat f-soft resolution of Zx. For G* € C*(Zy)
let fr«G*® be the total complex of the double complex C*J = f}(,iGj. By proposition 10.1.7[(iii)] this
is a complex of injective sheaves. One easily checks that f}(.() send morphisms homotopic to zero to
morphisms homotopic to zero and thus defines a functor

fice () : KT (Iy) — K™ (Zx) .
By proposition 10.1.7[(iv)] one has for any F € Kt (Zx) and G € K*(Zy) an isomorphism :
HomK+(Iy)(f! (F X K.), G) ~ HOH1K+(IX)(F, f}(. G) .

As the K* are flat one has F @ K®* ~ F ® Zx ~ F in D" (Zx). As F ® K*® is a complex of f-soft
sheaves one has fi(F ® K®) ~ Rf\F in D™ (Zy).

This proves that fk. is a right adjoint to Rfi. Such an adjoint is unique thus the functor fr. is
independent of the choice of the resolution K* and is the required f'.

Remarks 10.1.8. (1) Notice that wx belongs to D(X). Indeed as a complex w% can be defined by
Wi (U) := @jez Hom(T o (KF,), I'M)

where Zx ~ K* is a c-soft flat resolution and Z ~ I*® is an injective resolution. Thus K* =
for i < 0,4 > r where r is the cohomological dimension of X and I' = 0 for i < 0, i > 1 (or
more generally i > d if we replace Z by a ring R of finite dimension d). Thus w’ # 0 only for
i€ [—r1].

(2) By proposition 10.1.7 the DG-sheaf w% is injective. Hence :

Y (U,w) = H{(D(U,w)) = Ext'(D(K$, Z)) -
The hypercohomology spectral sequence with
BN = Ext?(H; " (U,Z),7)
gives then (this would still hold replacing Z by any ring R of dimension 1) :
0 — Ext'(HITN(U,Z2),Z) — H Y (U,w%) — Hom(H(U,Z),Z) — 0 .
(3) As the complex w¥ is injective the functor F'* — Dx F'*® from C(X) to itself is exact.
11. VERDIER DUALITY AND CONSTRUCTIBILITY

The goal of this section is to prove the following :

Theorem 11.0.9. Let (X, X) be a stratified pseudomanifold. Let F € DV (X) be X-clc (resp. X-cc).
Then DxF € DV (X) is X-cle (resp. X-cc).

As DxF = RHom(F,wx) it is enough to show the two following results :
Proposition 11.0.10. Let (X, X) be a stratified pseudomanifold. Then wyx is X -cc.

Theorem 11.0.11. Let (X, X) be a stratified pseudomanifold. Let F,G € DV (X) be X-clc (resp. X-cc).
Then RHom(F,G) € DY (X) is X-clc (resp. X-cc).
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Proof of proposition 11.0.10. :
First notice that
(WX)IC = j(*]k—>XWX = jgjk—>XWX = Wy, -
We will prove by induction on k > 2 that wy, is X-cc.
For k =2 : wy, ~ Ory,[n] and we are done.
Assume wy, is X-cc for some k > 2. Consider the exact triangle :

.o . +1
11k (wUk+1) — WU 41 — R]k*wUk —

To show that wy, , is X-cc it is enough to show the X-constructibility of the other two terms in the
triangle.

As wy, is X-cc by induction hypothesis, and Rjj, maps X-cc on Uy to X-cc on Uy, we obtain that
Rjywy, is X-cc on Uy .

On the other hand :

ik!wUk+1 = ileUk+IZUk+1 = Dgx (lelek) = Wgk -

As wgr is constructible on S* it follows that ikgik!wUHl = ipiwgr is X-cc. O
Before proving theorem 11.0.11 we recall some classical facts :

First let Y € Top and F,G € Sh(Y). For any point € Y one has a natural map

ez : Hom(F,G), — Hom(F,, G)
which extends to a map
ey : RHom(F,G), — RHom(F,,G,) .

This map is neither injective nor surjective in general. However if I is locally constant with finitely
generated stalks we can compute RHom(F,G) using locally a left resolution of F' by finitely generated
free sheaves (instead of a right injective resolution of G). As Hom(Zx,G) = G we obtain that e? is an
isomorphism in this case.

Second we have the following useful lemma :

Lemma 11.0.12. Let Y be locally compact and locally contractible. Then for F € C(X) which is cle,
every point y € Y admits a neighbourhood U on which F is quasi-isomorphic to a complex of constant
sheaves.

Proof. Let U > y be a contractible neighbourhhod. Thus H®F' is constant on U. The hypercohomology
spectral sequence starting at

0 iftp#0

EP9 = HP(U,HI(F)) = {HQ(F ) ifp=0

degenerates, giving

HY(U,F) = E9* = HF, .
Choose F' >~ I*® an injective resolution and let 7% be the constant sheaf T = T'(U, I?). Then T* >~ I and
the result. 0

Proof of theorem 11.0.11. We start with the following proposition, which implies theorem 11.0.11 for X
a manifold with trivial stratification.

Proposition 11.0.13. Suppose Y locally compact and locally contractible. Let F,G € C(Y') be clc (resp.

cc).
Then for any x € Y, RHom(F,G), ~ RHom(F,,G,) and RHom(F,G) is clc (resp. cc).

Proof. The statement is local thus by the previous lemma we can assume that F' and G are complexes of
constant sheaves. Then F' has a left resolution C* — F' by a complex C'*® of constant sheaves with free
stalks. As RHom(F,G) = Hom(C*,G) and Hom(C*,G), = Hom(C?,G,) by the first fact we recalled,
we are done. O



54 BRUNO KLINGLER

For (X, X) a stratified pseudo-manifold and F,G € C(X) which are clc we prove by induction on k
that RHom(F,Q)y is X-clc.

For k = 2 it follows from proposition 11.0.13. Suppose the statement holds for some k£ > 2. Consider
the exact triangle

1
*Fk+1 +

L ..
Ik Fregr — Frp1r — gty —

Applying RHom(-, Gx+1) we obtain the exact triangle :

R?—lom(jk!Fk, Gk+1) — R'Hom(Fk+1, Gk+1) — R?—lom(ik*ik*FkH, Gk+1) +—1>

Hence it is enough to show that both RHom(ji Fi, Gr+1) and RHom(ig,ir* Fri1,Gre1) are X-clc on
Uk+1-

First, RHom(ji \Fr, Grk+1) = RjrRHom(Fy,Gy). As RHom(Fy,Gy) is X-clc on Uy by induction
hypothesis and Rji, maps X-clc on Uy to X-clc on Uk one obtains that RHom(jg Fi, Gg+1) is X-clc
on Ugy1.

Second, RHom(igir" Frt1, Grt1) = Rik*R’Hom(ik*FkH,ik!GkH). As Gy is X-clc on Ugyq the
complex ik!GkH is clc on S*. By proposition 11.0.13 RHom(ik*FkHJk!GkH) is thus clc on S*. Hence
its extension by zero Rik*RHom(ik*FkH,ik!GkH) is X-clc on Ugyq.- O

12. BIDUALITY
Given (X, X) a stratified pseudo-manifold we first define a morphism of functors
BDX 2id—>DXODX

on the bounded derived category of X-constructible sheaves D®(X).
We proceed as follows. For any space X, given S, T € Sh(X) one can define

e € Hom(S, Hom(Hom(S,T),T)) ~ Hom(S ® Hom(S,T),T)

in the obvious way. This construction extends to graded sheaves. For DG-sheaves one has to be careful
about signs (we leave the details to the reader). Applying this contruction to T' = w% and as Dx F =
Hom(F,w%) we obtain the required biduality map BDx :id — Dx o Dx.

Theorem 12.0.14. Let (X, X) be a stratified pseudo-manifold. Then for any F € D*(X) the biduality
map
BDX F— DxDxF

s an isomorphism.

Proof. First assume that X is a manifold with trivial stratification. Then F' is clc with finitely generated
stalk cohomology. The statement is local hence we can assume X = B™ (in particular oriented). Thus
w%[n] is an injective resolution of Zx. Moreover H* F is constant on X. By lemma 11.0.12 we can assume
F' is a complex of constant sheaves.

If F' is just one constant sheaf F, then Dx F is clc.

If moreover E is free with finitely generated stalks E** = E, Dx E[—n| = E* and F ~ DxDxFE thus
we are done.

If E, is finitely generated not free we choose C* — E a bounded left resolution by constant free
sheaves with finitely generated stalks. Applying BDx to C* — E and using that Dx Dy is exact
and the previous case for BDx : C* — DxDxC® we conclude that BDx : E — DxDxFE is an
isomorphism.

This proves the result for H®F concentrated in one degree. We then proceed by induction on the
length of H*F. Let b the greatest integer such that H*F # 0. Consider the short exact sequence :

0— 7 — F — 172F — 0 .

As H*(72°F) is concentrated in one degree and as Dx Dy is exact we easily conclude. This finishes the
proof in the case X is a manifold.
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For (X, X') a general stratified pseudomanifold we proceed by induction on k : let us prove that for any
k > 2 the biduality map F} Bii( Dx Dx F}, is an isomorphism. For k = 2 this follows from the previous
case. Assume this is true for some k > 2. Consider the exact triangle :
o . +1
inyik' Fry1r — Fryr — Rjpojn™ Fepr —
Applying Dy, ,, Dy, ,, we obtain the map of exact triangles in D*(X) :

| . . “+1
irip Frpa Frqq Rji g Frop1 ————

ia iﬁ iv

Dy, ., Du, . ikix Fxp1 — Duyyy Doy For — Duy, Doy Rk, k™ Frop1 ——

We want to show that 3 is an isomorphism in D?(X). It is enough to show that a and 7 are. As
Dy, ,, Du,,yikris Fip1 = gDk Dgriy' Fip1 = igyix' Figa

(where the last equality follows from by the manifold case) the map « is an isomorphism. As
Dy, Duy Rjk. Frx = Duyy jki Do, Fio = Rjk, Du, Dy, Fy,

we conclude by the induction hypothesis that ~+ is an isomorphism. O
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12.1. Third (and last) characterization of Deligne’ s extension. Let F* € D' (Zx). Then for
UcOpyandieZ:

RHom(Zy,DxF*) = RHom(Zy, RHom(F,wx))
(36) = RHom(Zy @ F°*,p'\Z)
= RHom(Rpx ,F,Z) .

In particular :
(37) HY(U, DxF*[-n]) = R""" Hom(H (U, F*),Z) .

Suppose now that F* € D (Qx) (here Q could be replaced by any field). Then :
H! (U, Dx F*[—n]) = Hom'~"(H®(U, F*),Q)

= U,

where we used that D(Q — Vec) is the sum indexed by Z of copies of Q — Vec, and where % denotes the
dual in Q — Vec.
This yields :

(38)

Vo€ X,Vi€Z, HY (DxF*[-n]),~H""(i,F*)"
The following corollary follows immediately :
Corollary 12.1.1. Let £ be a local system on some open dense submanifold of X whose complement
has dimension at least 2. The set of arioms (AX2)g, is equivalent to the following set (AX3)g,, for
F* € DGSh(X) :

(i) HIF®* =0 fori <0 ;F* is X-clc for some PL-pseudomanifold stratification X of X ; there exists
an open dense subset submanifold U of X of codimension at least 2 on which & is defined such
that F3; ~ Eu.

(i) dimsuppH/ F* <n —p=1(4) for all j > 0.

(iii) dimsupp H'DxF*[-n] <n —q~1(j) for all j > 0.
Theorem 12.1.2. (1) The set of conditions (AX3)g,, determines F* in D*(Zx) uniquely and is
satisfied by Pp(E).

(2) If moreover we work in D(Qx) then F* satisfies (AX3)g,p if and only if DxF*[—n] satisfies
(AX3)e+gor,q where E* denotes the local system Hom(E,Qu,) and q is the perversity dual to p.

Proof. The first part follows from the analogous result for (AX2)¢ .

For the second statement , let G* = DxF*[—n]. Then DxG*[—n| ~ DxDxF* ~ F* by biduality.
Thus (AX3)¢ (i) for F* is equivalent to (AX3)e-gorq(iii) for G* and similarly exchanging (i¢) and
(#93). Hence it remains to show that G* satisfies (AX3)e+g0r,q(7). But :

HiG: = H(DxF*[-n]), = H" (i, F*)* =0 fori<O0 .
Moreover G*® is X-clc if F*® is A'-clc by theorem 11.0.9. Finally :
G, = DxF*[-n|jy, = Du, Fy,€[-n| = € ® Ory, .
O

Corollary 12.1.3 (Poincaré duality, cf. theorem 2.9.4). Let £ be a Q-local system on a dense open
submanifold of X with complement of codimension at least 2. Then

IHY(X,&*®Or) = IPH " (X,&)* .
Proof.
IH (X, @ Or) =H'(X,P;((£* ® Or) @ Or)) = H'(X, Ps ((£ ® Or)* @ Or))
=H'(X,DxPy(£ ® Or)[—n)])
=H!"(X,Py (£ ® Or))* by equation (38)
=IPH!' (X, &)* .
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Ezamples 12.1.4. In this section we assume that X is normal.
Taking £ = Or, p =t and g = 0 we obtain :

H'(X,Qx) = I"H'(X,Qx) = I"H'(X,0r" @ Or)
=IPH! " (X,0r)" = I'H}7'(X,0r)* = H{(X,Qx)* .
Taking £ = Qx, p =0 and ¢ =t we get :
H,_(X,Qx)=I'H'(X,0r) = I"H'(X,Q% ® Or)
= IPH! " (X,Qx)" = IH! 7" (X,Qx)* = H!'(X,Qx) .
12.2. Pairings. Let us first consider the functoriality of Deligne’s extension.

Proposition 12.2.1. Let fo : £ — F be a morphism of local sytems on Us. Let p,q be perversities
satisfying p < q. Then fo extends in a unique way to a morphism in D(Zx) :
fiPy(E) — Py(F) .
Proof. Let L* := Py(£) and M* := P7(F). By induction it is enough to show that fi : Ly — My €
D(Zy,) extends uniquely to fry1: Ly, — Mg, € D(Zy, ,) (k> 2). By definition of M}, one has
HomD(Zuk+1)(LZ+l7 M]:+1) = HOIHD(ZUk+1)(Lz+1, qu(k)Rjk*M]:) .

On the other hand one has a natural sequence of homomorphisms :

L] . [ ] ¢ [ ] . L] L] L]
HomD(ZUk+1)(Lk+1aqu(k)R]k*Mk) — HOIHD( )(Lk-&-la R]k*Mk) ~ HOIHD(ZUk)(Lk, Mk) s

ZUk+1

where the last isomorphism is given by adjunction.

Note that 7<q) Ly = Lyyq as q(k) > p(k) and L}, = T<pm)Rjr.Ly. The following easy lemma
(exercice) applied to C = D(Zy,,,), A = L;,,, B = Rjp, M and m = q(k), implies that ¢ is an
isomorphism. The result follows.

Lemma 12.2.2. Let C be a triangulated category, A € C and m € Z. Suppose that the natural morphism
T<mA — A is an isomorphism in C. Then for any B € C the natural homomorphism

Hom¢ (A, 7<;n B) — Home (A, B)
is an isomorphism.

O

Proposition 12.2.3. Let us : EQF — G be a pairing of local systems on Uy and let p, q,r be perversities
such that p +q < r. Then there exists a unique morphism in D*(Zx)

[ Pe(E) @F PIF) — Pr(G)
which coincide with po on Us.
Proof. First notice the following lemma, left as an exercice :

Lemma 12.2.4. Let A be an Abelian category and D(A) its derived category. Let A, B € D(A) satisfying
H(A) =0 fori >0 and H(B) =0 fori < 0. Then the natural homomorphism

Homp(4)(A, B) — Hom(H"(A), H°(B))
is an isomorphism.
We apply this lemma to A = DGSh(X), noticing that H*(£ ®* F) = 0 for i > 0 and H°(£ @F F) ~

E® F. Thus s can be seen as us : £ LF—Gin Db(Ug) and the statement of the proposition makes

sense.
Once more we proceed by induction. Let L* := Py (), M® := Pg(F), N* := L* @ M* and Q* :=
P2(G) . We prove by induction the extension of y, : Np — Ry € D(Zy,) to prt1 € D*(Zy, ., ).
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We claim that 7<) Ng,; — Ng,, is a quasi-isomorphism. Applying lemma 12.2.2 it then follows

that
HomD(Zuk+l)(NI:+17 Qrt1 = T<r(k) Rik.Qr) — Hompz, (Ng, Q)
is an isomorphism. Thus pj uniquely extends to pg41.-

To show the claim, notice that N, | is quasi-isomorphic to L7 , ®LM,:+1. AsTepyLyyy — Ly, and
T<qeyMp 1 — My, are quasi-isomorphism we can choose for computing L} ; ®% My, | flat resolutions
of Ly, and Mg, vanishing in degree higher than p(k) and q(k) respectively. The total complex formed
from these resolutions vanishes in degree larger than r(k) > p(k) + q(k).

O

From proposition 12.2.3 we obtain various pairings in hypercohomology. In particular we get a map
HL (X, Py (€)) © B (X, Py (F)) — HIY (X, PR(G)) -
Taking F = £* @ Or, G = Or and ps : £€® (£* @ Or) — Or the canonical pairing we obtain the
pairing ' 4 o
IPH(X,E@O0r)® I"H) (X,E") — I”Hé“(X7 Qx)
described in theorem 2.9.3.
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13. PERVERSE SHEAVES

13.1. Summary of what we did. Let X be a pseudomanifold of dimension n. For simplicity we suppose
X oriented. Let p be a Goreski-MacPherson perversity. Given £ a local system on U C X an open dense
submanifold whose complementary has dimension at least 2, we defined Deligne’s extension Py (€) as the
unique differential graded sheaf F* (up to quasi-isomorphism) satisfying the set of axioms (AX3)¢ ) :
(i) F* is constructible ; H'F* = 0 for i < 0 ; there exists an open dense subset submanifold U of X
of codimension at least 2 on which £ is defined such that }'"U ~ &y.
(i) dimsuppH/F® <n —p~1(4) for all j > 0.
(iii) dimsupp H?(DxF*[-n]) <n —q 1(j) for all j > 0.
Remark 13.1.1. Recall that for X any stratification admissible for £ then (AX3)(ii) and (i) are equiv-
alent respectively to :
(i) Vo € S*, HI(izF*) =0 for j > p(k) ,
(iii)” Vo € Sk, HI(iLF*) =0for j <n —q(k) ,
where ¢ denotes the dual perversity.

From now on we will assume for simplicity the following :

e X and all its strata have even dimensions. We will denote by dim¢ the complex dimension
dimg /2. We write r = dim¢ X. This will be satisfied if we work in the category of complex
analytic spaces with analytic Whitney stratifications or in the category of complex algebraic
varieties with algebraic stratifications.

e we restrict ourselves to the case where p = m is the middle perversity (thus m(2k) = m(2k+1) =
k—1).

The axioms (AX3)g m become :
(i) idem.
(ii) dimcsuppHIF® <r —j—1 for all j > 0.
(iii) dimg supp M/ (DxF®[-n]) <r —j—1for all j > 0.
Under these assumptions it will be convenient to shift our sheaves : rather than working with F*
concentrated in degree [0, 2r] we will work with S := F*[r| concentrated in degree [—r,r].

Our main result up to now can be stated as follows :

Theorem 13.1.2. Let 8* € D*(X). Suppose that :

(i) S € DY(X) ; H'S®* = 0 fori < —r ; there exists an open dense subset submanifold U of X of

codimension at least 2 on which £ is defined and such that F,; ~ Eulr].

(ii) dimcsupp HIS® < —j for all j > —r.

(iii) dimcsupp H/(DxS®) < —j for all j > —r.
Then S*[—r] ~ P*(£).
Remark 13.1.3. As above one can equivalently replace (i7) and (¢i7) by : for any stratum S of X and any
x€eS:

(i) H7(i:8%) = 0for j > —dime S |

(iii) H7(i’.S*) =0for j < dimc S .
13.2. Perverse sheaves : definition and first main result.

Definition 13.2.1. S* € D%(X) is called a perverse sheaf if it satisfies the following relaxed version of
conditions (it) and (iii) above :
e dimcsupp H/S® < —j for all j > —r.
e dimc supp H? (DxS®) < —j for all j > —r.
We denote by Perv(X) C D%(X) the full subcategory of perverse sheaves.

Theorem 13.2.2 (BBDG). (i) The category Perv(X) is Abelian (this is true more generally for any
perversity p).
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(ii) Suppose we are in the algebraic case with middle perversity. Then :
(a) The category Perv(X) is stable under Verdier duality, Noetherian and Artinian. In particular
any perverse sheaf has finite length.
(b) Let U C Z be a Zariski-open subset of a closed irreducible subvariety Z <% X and € an
irreducible local system on U. Then i,.(P*(Z,E)[dime Z]) is a simple object of Perv(X) and
any simple object is of this form.

13.3. Some remarks on what we did.

13.3.1. To study our space X we started with the category Locx of Q-local systems (of finite rank) on X,
equivalently the category of Q[m1(X)]-modules of finite Q-rank over X. This is an Abelian, Noetherian,
Artinian category with simple objects the irreducible local systems.

However this category is much too small (especially if X is simply connected...). Notice moreover that
it does not contain sufficiently many injectives (we have to enlarge the category to all Q[ (X)]-modules).

Remark 13.3.1. The natural functor Locx — Sh(X) is exact thus induces D(Locx) — D(Qx). Can
we describe the essential image of this functor ?

13.3.2. One replaced Locx by the full subcategory Sh.(X) C Sh(X) of constructible sheaves (i.e. F €
Sh.(X) if there exists a filtration in the adequate category such that F in restriction to every stratum is
isomorphic to a local system on this stratum).

We proved that Sh.(X) is an Abelian category. Notice that Sh.(X) is really an extension of Locx in
the following sense :

Lemma 13.3.2. Let F € Sh, x(X). For any x € X there exists a neighbourhood V of x and a finite
filtration
0:f0Cf1 C"'C]:m:]:‘\/
such that the Fi’s are X -constructible and the Fy11/Fy’s are of the form i\L where i : SNV < V is the
inclusion of the stratum S and L is a local system on SNV.
Moreover in the algebraic case one can take V = X.

Proof. By induction on the number of strata of X.
This is clear if |X| = 1.
Otherwise let

Uit X <Y
where U denotes the finite union of open strata (in a sufficiently small neighbourhood V of a given point
x in general, globally if X is algebraic). Consider the exact sequence

0— jij*F — F 5 i " F—0 .

Notice that j*F is a local system on U and G := i*F is X%-constructible on Y, where X° denotes the
filtration of Y induced by X. As |X°| < |X| there exists by induction hypothesis a filtration

0O=FpCFH C---CFn=G

of Gon VNY and the Fyy1/Fx’s have the required form. One then define F) = 0, F, := w i Fh1
which is X-constructible. The Fj, /F .. still have the required form as the sequence

0— jij*F — Fj, —> ixFp—1 — 0
is exact. O

The full-subcategory Sh.(X) C D%(X) is Abelian but does not have very nice functorial properties
(in particular is not stable under Verdier duality). Notice also that we have to enlarge it to ensure it has
enough injectives.

The natural embedding Sh.(X) C D%(X) induces a natural functor

D’(Sh.(X)) — D(X) .
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Theorem 13.3.3 (Beilinson-Nori). In the algebraic case the natural functor D*(Sh.(X)) < Db(X) is
an equivalence of categories.

On the other hand our Abelian category Perv(X) C D2(X) will have good functorial properties.
Moreover one still has :

Theorem 13.3.4 (Beilinson). In the algebraic case the natural functor D*(Perv(X)) — D%(X) is an
equivalence of categories.

14. t-STRUCTURES

Definition 14.0.5. Let D be a triangulated category. A t-structure on D is a pair (D<°,D=%) of two
stricly full subcategories satisfying :

(1) D=1 € D=0 and DZ' C D20, where for any integer a € 7 one defines D= := DZ°[—a] and
D= := D<Y[—q].
(2) Homp(D<Y, D=0) =0, where D<° is another notation for D<~1.
(3) For any X € D there exists a exact triangle
A— X —BH
where A € D=0 and B € D>°.
Ezample 14.0.6. The example to keep in mind is D = D(.A) the derived category of an Abelian category
A with _
D=0.:={X cD/H'X =0foralli >0}
and '
D20.={XecD/H X =0foralli <0} .
The axiom (3) reduces to the existence of truncation functors 7<g : D — D=0 and 759 : D — D>°
such that any X € D lies in a exact triangle
T<oX — X — 750X 15

Definition 14.0.7. The core of the t-structure (D=, D=%) is the full subcategory C := D= ND=Y of D.

Our first goal in this section will be to prove that the core C is an Abelian subcategory of D.
14.1. Truncation functors. First we show that the choice of A and B in axiom (3) is in fact functorial :
Proposition 14.1.1. There ezist functors 7<; : D — D= and 7-; : D — D' such that any object
X € D lies in a exact triangle

<X — X — 1 X T
The functor T<; is right adjoint to the inclusion DS C D and 1>, is left adjoint to the inclusion

D>t C D.

Proof. Let A — X — B be as in (3). Given any A’ € D=Y and any morphism A’ — X there exists a
unique factorisation
A—X

o
N
AN
N
A/
Indeed the exact triangle B[—-1] — A — X L induces the long exact sequence :
Hom(A’, B[-1]) — Hom(A’, A) — Hom(A4, X) — Hom(A, B) .
As B € DZ! (hence B[—1] € DZ2) and A’ € D=0 axiom (2) gives
Hom(A', B[-1]) = Hom(A, B) =0

and the result.
Hence A is unique up to unique isomorphism and we define 7<oX := A (axiom of choice).
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Similarly for 7> X.
The adjunction properties follow easily. O

We now proof that the completion
T<oX —= X —= 751X — — = 7o X[1]
is functorial :
Proposition 14.1.2. Given X € D there exists a unique morphism
d(X) : 751X — 1< X[1]

such that the triangle T<oX ——= X —— 751X —— 7«0 X][1] is exact. Moreover d is a morphism of
functors.

Proof. The existence of d(X) follows from axiom (3). Let us prove uniqueness. Suppose h; : 751X —
T<oX[1], ¢ = 1,2, are two such morphisms. By TR, there exists a commutative diagram

h
TS()X T>1X ! T<0X

ha

TS()X T>1X 7'<0X

hence (id,., X — ¢) o g = 0. Thus there exists 1 : <o X[1] — 751X such that
idT21X_¢:woh1 .

As 7<oX[1] € D=7! and 751X € D=! necessarily ¢ = 0 by axiom (2), hence ¢ = id,,, X and hy = ho.
The fact that d is a morphism of functors follows formally. O

Definition 14.1.3. One defines 7<, X = (7<0(X[n]))[—n] and 7>, X = (7>0(X[n]))[—n].

Lemma 14.1.4. D<" = - D>n gpd D>n = p<n™

Proof. Follows from axiom (3). O

Lemma 14.1.5. Let X — Y — Z —% be an ezact triangle. If X,Z € D" then Y € D=". Similarly
replacing D" by D>".

Proof. Suppose X, Z € D>° We have to show that 7<_;Y = 0. Applying Hom(7<_1Y,-) to our triangle
we obtain the exact sequence

Hom(7<_1Y,X) — Hom(7<_1Y,Y) — Hom(7<_1Y, Z) .
As X,Z € D% and 7<_1Y € D="! one has Hom(7<_1Y, X) = Hom(7<_1Y, Z) = 0. Hence Hom(7<_1Y,Y) =

0. However Hom(7<_1Y,Y) = Hom(7<_1Y,7<_1Y") by adjunction, hence 7<_1Y = 0.
The other case is similar. O

Of course for a < b one has 7<,7<p = T<,. More interestingly one has :

Lemma 14.1.6. If a < b one has T>qT<p 2 T<pT>q-
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Proof. Consider the diagram given by the octahedron axiom :

T<aT§bX = T<aX Tng TzaTng
\ \L I
X

’7'>bX = T>b7'2aX
Notice that 7>,7<p X € D=t : indeed TsbT>aT<pX = T>pT<pX = 0. Hence necessarily

i
T>aT<b = T<bT>a -

Remark 14.1.7. Notice that the isomorphism ~ above is canonical.
Definition 14.1.8. One defines :
T[mb]X =T T<p X = T<pT>aX
D[a,b] — Dza n ng ;
HX = 0,0 X € Dol —. ¢ |
H"X := H(X[n]) = (750(7<n X))[0] -
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15. THE CORE IS ABELIAN

Theorem 15.0.9. Let (D=°,D2%) be a t-structure on a triangulated category D and C := D= ND20 its
core. Then :

(1) C is Abelian.
(2) For A— B — C € C the following properties are equivalent :
(i) The sequence 0 — A — B — C — 0 is exact in C.

(ii) There exists d : C — A[l] such that A— B — C N A[1] is a distinguished triangle in
D (in fact d is unique).
(3) The functor H® : D — C is cohomological : for any distinguished triangle X — Y — Z RN
in D there is a long exact sequence :

i — HYZ) — HY(X) — H°(Y) — H°(Z) — HY(X) — - --

Proof. Proof of(1). First notice that C is obviously additive.
Let us show that C has cokernels. Let f: A — B € C. Choose a distinguished triangle in D :

(39) A— B—C— A[l] .

As A € D% one has 751 (A[1]) = (70(A))[1] = 0 hence A[1] € D=~ For any T € C applying
Hom(T, -) to the distinguished triangle (39) gives rise to the long exact sequence

(40) -+ — Hom(A,T) — Hom(B,T) — Hom(C,T) — Hom(A[1],T) — - --

As T € D% one has Hom(C,T) ~ Hom(7>0C,T). Second, Hom(A[1],T) = 0 as A[l] € D="! and
T € D=°. Applying Hom(-, X) to (39) for X € D>° one obtains that C' € D=° hence 757C € C.
Finally equation (40) tells us that B — 7>¢C'is a cokernel for f : A — B.
Similarly one checks that H~'C = 7<oC[~1] — A is a kernel for f: A — B.
It remains to show that Coimf ~ Im f. Consider the following diagram obtained from the octahedron
axiom :
ker f[1] = 7<1C

7z
-

-~

ker f = 7<oC[-1] A

cokerf = 750C
where I = Im f = ker(B — cokerf). The distinguished triangle

kerf—>A—>I+—1>

shows that Im f = I = coker(ker f — A) = Coimf.
This finishes the proof that C is Abelian.

Proof of (2).

Suppose (7). Let A B9 0 bea distinguished triangle with A, B,C € C. By (1) one knows
that cokerf = H°C = C and in a dual way ker g = A. Thus

0—A—B—C—0

is a short exact sequence in C.
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Conversely let 0 — A — B — C' — 0 be a short exact sequence in C. Choose a distinguished
triangle

ALy By x Y

As A,B € C one has X € D=1 As f is monic H'X = 0. As cokerf = H°X one obtains X ~
cokerf = C and the result.

Proof of (3). Let X — Y — Z L bea distinguished triangle.

Step 1 : we first show that if X,Y,Z € D2° then 0 — H°X — H°Y — H°Z is exact in C.
Notice that H°X = 7<¢X and similarly for Y and Z. Hence it is enough to show that for any T € C
the sequence

0 — Hom(T, 7<0X) — Hom(T, 7<oY) — Hom(T', 7<¢2)
is exact. Applying Hom(T),-) to our triangle we obtain the exact sequence
Hom(T, Z[-1]) — Hom(T, X) — Hom(7T,Y) — Hom(T, Z) .

As T € D=0 and Z[-1] € D=! the term Hom(T,Z[—1]) vanishes. As T € C one has a canonical
isomorphism Hom(7T, 7<¢X) ~ Hom(7T, X') and similarly for ¥ and Z. The result follows.

Step 2 : let us show that if Z € D2° then 0 — H°X — HOY — HYZ is exact. As before we want
to show that the rows in the following diagram are exact :

0 — Hom(T, H°X ) — Hom(T, H°Y') — Hom(T, H°Z)

0 —— Hom(T, 750X ) —— Hom(T, 7>9Y) —— Hom(7, Z)

Applying the first step, it is enough to show that 750X — 7>¢0Y — Z is part of a distinguished triangle.
The morphism X — Y gives rise to a commutative diagram :

T<pX —> X ——> T>0X

L

T<gY —=Y —— TZOY
We first claim that 79X =~ 7-0Y. By the universal property of the truncation functor 7.¢ it is

equivalent to showing that for any T € D<? the morphism Hom(7, X) — Hom(7,Y) is an isomorphism.

This follows from applying Hom(T', ) to our distinguished triangle X — Y — Z 2L since Z € D20
(hence Z[—1] € D=1) by assumption.
Applying the octahedron axiom we obtain :

T<oX = T<0Y*>X*>T20X

S

Y

NN

TZ()Y
I
I
\i
Z
and the result.
Step 3 : in a dual way we obtain that if X € D=0 then H'X — H'Y — H°Z — 0 is exact.
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Step 4 : the general case. Consider the following diagram obtained from the octahedron axiom :

T§0X4>X4>T>0X

NG

Y

NS

[
|
[
[
[
y
1
[
y
Z

Apply H? :
HO%<oX HOX 0
|
|
\ l l
HY !
|
\ |
\i
HU
|
|
N
H°Z

We want to show that H'X — H°Y — HYZ is exact. This follows from the fact that :
e ) — HOTS()X — H'X — 0= H7. (X is exact by step 2.
o H'7<oX — H°Y — HU — 0 is exact by step 3.
¢ 0 = H'70X — H'U — H'Z is exact by applying step 2 to the distinguished triangle
U— Z — 150X[1] 5.
O

16. NON-DEGENERATE t-STRUCTURES AND t-EXACT FUNCTORS

Definition 16.0.10. The t-structure (D<°,D=%) is non-degenerate if one of the following equivalent
conditions is satisfied :
(1) ﬂneZ'DSn = {0} and ﬁneZDZ" = {0}
(ii) If X € D satisfies HP(X) =0 for all p € Z then X = 0.
Let us show that the two conditions are indeed equivalent. First assume (7). Consider the distinguished
triangle :
70X — X — 70X
As
HP(X) ifp<0
0 otherwise

HP(1<0X) = {

vanishes in any case, one obtains 7<o X € D=P for all p € Z. Similarly 7-¢(X) € D2P for all p € Z. Hence
T<0X = 750X = 0 by assumption (i), hence X = 0.

Conversely assume (ii). Let X € NMpezD=". Thus 75,X = 0 for all p € Z. Hence HP(X) =
(7<p(m5pX))[p] = 0 and X = 0 by (i4). Similarly N,ezD=" = {0}.

Ezample 16.0.11. The standard t-structure on the derived category D(A) of an Abelian category is non-
degenerate. On the other hand for any triangulated category D the t-structure ({0}, D) is degenerate.

Proposition 16.0.12. If the t-structure (D<° D=%) is non-degenerate then :



INTERSECTION HOMOLOGY AND PERVERSE SHEAVES 67

(i) the family of functors (H?) is conservative : a morphism f : X — Y € D is an isomorphism if
and only if for all i € Z the morphisms H'f : H'X — H'Y are isomorphisms.
(ii) for allm € Z,
D" ={X €D/ H’X =0 forp > n},
D" ={X €D/ HPX =0 forp<n} .

Proof. For (i) : clearly if f is an isomorphism then H'’f is an isomorphism ofr all i € Z. Conversely
suppose H'F is an isomorphism for all i € Z. Let

XY —zIh

be a distinguished triangle. The associated long exact sequence
HPX = HPY — H?Z — HPT' X = HPTY

forces HPZ = 0 for all p € Z hence Z = 0 as the t-structure is non-degenerate, hence f is an isomorphism.

For (i) : if X € D=" then HPX = 0 for p > n. Conversely suppose H?X = 0 for p > n. As
HP(X) ~ HP(T>p4+1X) for p > n one has H?(r>,41)X) = 0 for all p € Z. Thus 75,11 X = 0 ie.
X € D=, O

Definition 16.0.13. Let F : Dy — D>FE be a triangulated functor. Let (’D?O,D?O), 1= 1,2 be t-
structures on D;, with core C;.
One says that :

o F s left t-ezact if F(D7°) C D5°.
o F is right t-ezact if F(D:°) c D3°.
o [ s t-exact if it is both right and left t-exact.

We denote by PF : C; — Ca the functor Hyo F o1y.

Proposition 16.0.14. Let F' : Dy — D5 be left t-exact. Then :

(1) For all X € Dy one has a canonical isomorphism
T<0(F(r<0X))) ~ 7<o F(X) .
In particular if X € DZ° then HO(F(X)) ~PF(H?(X)).
(2) PF : C; — Cy is left-exact.
Symmetric statement for F' right t-exact.

Proof. For (1). Consider the exact triangle 7<gX — X — 750X iy Applying F' one obtains the
exact triangle

(41) F(r<0X) — F(X) — F(r50X) -5

As F is left t-exact, F(1-0X) € ’D;l. Hence it is enough to show that for any A — B — C RN
with C' € D2! then 7<pA ~ 7<¢B ; equivalently that for any W € D= the morphism Hom(T, A) —
Hom(T', B) is an isomorphism. This follows from the long exact sequence obtained by applying Hom(T, -)
to our triangle.

For (2). Let 0 — X — Y — Z — 0 be an exact sequence in C;, hence X — Y — Z RN
is an exact triangle in D;. Applying F' one obtains the exact triangle F(X) — F(Y) — F(2) REN
Applying H® and as F(Z) € DQZO one obtains :

0 — H°F(X) — H°F(Y) — H°F(Z) ,

hence PF is left t-exact. U
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17. GLUEING OF t-STRUCTURES
17.1. The glued t-structure. Consider the following topological situation :
Ut X </—Y

Denoting by D the derived category of sheaves with constructible cohomology D.(Zz) on a space Z we
have the following diagram of adjunctions between triangulated categories :

Dy

satisfying the following identities
id = 4
J5 e —id
i, —id
id =5 4
%, =0 hence i'j,=i*jii=0,

where we wrote j, rather than Rj,, etc ...

From now on we will assume we are given abstracly three categories Dy, Dy and Dx and functors
i*, 5%, ji, Je, ix, i satisfying the previous relations. Suppose that (D%O,Déo) and (D%O,Dgo) are t-
structures on Dy and Dy respectively. We would like to “glue them” together into a t-structure on Dx.
Our candidate is the following :

Definition 17.1.1. We define :
DY’ :={FeDx /i*F € D3 and j*F € D5’} .
D’ = {F eDx /i'F e D3° and j'F € D5°} .
Theorem 17.1.2. (D)%O,D;(O) defines a t-structure on Dx.

Proof. We have to show that the three axioms (7), (i) and (ii7) of ¢-structures are satisfied.
For (i) : clearly D}’ C D)S{O and D3° C D)Z(O as the same is true for Dy and Dy.

For (i) : Let F,G € Dx. We have an exact triangle :

ii'G — G — j. it G
Applying Hom(F, -) to this triangle we obtain the long exact sequence :
.-+ — Hom(i*F,i'G) — Hom(F,G) — Hom(j*F, j*G) — - --

If Fe D3’ and G € D3P then i*F € D3” and i'G € D3 hence Hom(i* F,4'G) = 0. Similarly j*F € D5’
and j'G € D;O hence Hom(j*F, j'G) = 0. The long exact sequence implies Hom(F, G) = 0 in this case,
thus Hom(D3’, D3°) = 0.

For (iii) : Let F' € Dx. We want to produce an exact triangle : A — F — B 2 with A € D)S(O
and B € DY°.

Let us first analyse the problem, thus suppose such a triangle exists. As j* is exact and j*A € DEO
and j*B =j'B € ’D;O, necessarily j*A = 7<oj*F and j*B = 15j*F.
As j* = j' is right-adjoint to j. we get from j*A = 7<(j* F' a morphism

jITS()j*F — A
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which becomes an isomorphism after applying j*. Applying the octahedron axiom we obtain the diagram :

J1itA = it F ——= A — i i* A

|
\l |
Y

F——G
|

|

v

B

.

. 1
ii*A — G — B4

hence an exact triangle

Applying i' we obtain
A —i'G—i'Bh
As i* A € D3 we obtain i* A = 7<(i'G necessarily.
Using our analysis we now construct A and B. Start from the morphism
T<0j*F — j*F .
By adjunction we obtain a morphism
jITS()j*F — F .
Complete it into an exact triangle
git<oj*F — F — G RN

Consider the morphism Tﬁoi!G — (. By adjunction it gives i*TSOi!G — (G which we complete into an
exact triangle

i, T<0i'G — G — B 1%
Consider the diagram given by the octahedron axiom :

. .1
1x7<0? G

A
/
/ \
// G
/ / \
/
/
F B

e
JiT<oj " F
which produces A and B.
We have to check that A and B satisfy the required properties, namely A € D)S(O and B € D;O. But
J*A= (<o F) = T<0j"F € D5
where the first equality follows from applying j* to the triangle
j!TSOj*F — A — Z'*Tgoi!G +—1)
and j*i, = 0. On the other hand :
A =% T<i' G = T<0i'G € D .
Hence A € D)S(O.
SImilarly :
j'B=1u0j"F € D;° .
i'B = cone(t<pi'G — i'G) = 720i'G € DF° .
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Hence B € D;O.
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Proposition 17.1.3. (i) The functors j* : Dx — Dy and i, : Dy — Dx are t-exact.
(ii) The functors ji : Dy — Dx and i* : Dx — Dy are right t-exact (but not t-exact in general).
(iii) The functors j. : Dy — Dx andi' : Dx — Dy are left t-ezact.

Proof. Consider first i, : Dy — Dx. As i*i, — id and j*i, = 0 one has i*’D;O C ’D)S(0 by definition
of D)S(O. Asid = %, and jli* = 0 one has i*D}Z,O C D)Z(O. Hence i, is t-exact (hence Pi, : Cy — Cx is
exact and i, commutes with H?).

Consider next j* : Dy — Dy. This time j*D5° € D5’ and j*D3° = §'D3° € DF° by definition of
the t-structure on Dx and the result.

For (i) : As id =+ j*j one has j*ng§0 C DEO. As i*j; = 0 this implies j;D§0 C D)S(O. On the other
hand i*D)S(O C ’D;O by definition.

Statement (4i7) is dual to (i4).

Corollary 17.1.4. We have the following diagram of adjunctions

Cu

H%l j‘ij* JH%
Cx
Cy

satisfying the following identities
id = j'(H ) ,
JHH ) —id
(HY*)i, —id
id = (H%')i, |

j%i. =0 hence (H")(H"j,)= (H"")(H’)=0 .

Let us now study what the distinguished triangles in D

(42) G F — F — i it F 14
and
(43) Wi'F — F — juj*F 15

become in C.

Lemma 17.1.5. Let F € C. One has the following exact sequences in C :

(44) 0 —Pi, H YW*F — PjPj*F — F — Pi.Pi* F — 0
and
(45) 0— PiPi'F — F — PiP*F — Pi. H ' F —0 .

Proof. From the triangle (42) one deduces the long exact sequence :

oo — H'F— H Yi,i* F — H°)j'F — H°F — H%,*F — H'jj'F — ---
As F €Conehas H ' =0and H'F = F. As i, commutes with H° (hence with H', i € Z) the exact
sequence (44) will follow from H'jj'F = 0. As F € D)S(O one has j'F € DEO. As 7 is right t-exact it

follows that jij'F € D" hence H'jij'F = 0.
The proof of (45) starting from (43) is similar. O
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Corollary 17.1.6. (a) The essential image of Pi, : Cy — Cx s
{FeCx /| F~HY% F}y={F/jF=0}.
(b) The essential image of Pj,. = H'j, : Cy — Cx identifies with
{F/F~H",j*F}={F ) H*\F = H'i\F =0} .

Proof. If F ~4,G then H%*F ~ G by adjunction hence F ~ i, H%*F = H%,i*F as H° commutes with
i.. We deduce from the sequence (45) that F -~ H%,i* F if and only if P§P5*F = 0. As id — j'7j
the functor ”j' is fully faithful and F -+ H%,i* F if and only if 7j*F = 0.

Similarly : if F ~ P4, F then as j*?j, — id one has j*F ~ G hence F ~ Hj,j*F. Contemplating
the sequence (44) shows this is the case if and only if P4,”;'F = Pi,H''F = 0, hence if and only if
HY%'F=HY%WF=0asPi, is fully faithful. O
Lemma 17.1.7. Let F € Cx. The exact sequences

0 — i, HY%'F — F
and

F— i, H'%*F — 0
obtained from the sequences (44) and (45) are respectively the biggest subobject and the biggest quotient
of F contained in the essential image of Cy .

Proof. Let G € Cy. Then Hom(i,G, F) = Hom(G, H*'F) = Hom (.G, i, H''F) where the first equality
follows from adjunction and the second one from the fact that i, is fully faithful.
The second statement is dual to the first one. O
18. INTERMEDIATE EXTENSIONS
Definition 18.0.8. Let G € Cy. One says that F € Cx extends G if j*F — G.
Ezxample 18.0.9. Both H°5G and H%j,.G extend G.

Proposition 18.0.10. There exists a pair (F € Cx,a : j*G —= G), unique up to unique isomorphism,
extending G and satisfying

(i) *F € D3°.
(ii) 'F € DJ°.
It will be called the intermediate extension of G and denoted ji,.G.
Proof. First notice that :
*F e D5’ = H%*F=0
<= any quotient of F in Cy is 0 by lemma (17.1.7).
Similarly i'F € D;O if and only if H%'F = 0, if and only if any subobject of F in Cy is 0.

Let us prove first the unicity of the intermediate extension. Suppose a : j*F — G and o/ : j*F' == G
are two such intermediate extension. Applying Hom(F,-) to the exact triangle

W' F— F— j g F S
one obtains the long exact sequence :
-++ — Hom(i* F,i' F') — Hom(F, F') — Hom(j*F, j*F') — Hom(i*F,i' F'[1]) — - --
As i*F € D30 and @' F' € D30 (thus i' F'[1] € DZ°) we obtain
Hom(F, F') — Hom(G,G) .

Hence there exists a unique isomorphism between F and F’ compatible with o and o'.
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Let us show the existence of the intermediate extension. Considering the adjunctions (j,j' = j*, j.)
we get a canonical morphism j1G — j.G in D which induces the identity of G once composed with j*.
Applying H? we obtain a canonical morphism

Hj\G — H'j.G

in C inducing the identity of G once composed with j*. Define the intermediate extension M as the image

of this morphism :

H%,G —— H°},G

Obviously j*M = G. It remains to show that M satisfies the conditions (i) and (i3) for intermediate
extensions.

First (H%*)(H°;iG) = 0 hence H;G has no quotient in Cy. A fortiori M has no such quotient.

Dually H°},G has no subobject in Cy hence also M. 0

Ezample 18.0.11. If D = D.(Zx) with its standard ¢-structure then 5.G = 51G.
Lemma 18.0.12.
§1+G = H°j,G /i, H%'5iG  where i, H%'j G is the biggest subobject of H°§G in Cy ,
= ker(Hoj*g — i*HOi*j*g) where i, H%* j,G is the biggest quotient of H%j,G in Cy .
Proof. Put F = j,G in the triangle jijj'F — F — i,i*F 2L On the other hand put F = 51§ in the
triangle ii' F — F — joj*F 2L One gets the diagram

ii'j1G ng Y ii'jiG[1] —

Hence i,i*j,G — igi!jgg[l]. As i, is fully faithful on D we deduce : i*j,G — m‘!g[l]. Applying H® to
the second line of the previous diagram we obtain the exact sequence :

H°(,G[-1])) = 0 — i, H%'jiG — H"j,G6 — i, Hi*j*G — H'(jiG) .

As j.G € DF° one has H(j.G[—1]) = 0. Similarly G € DX° hence H'(jiG) = 0 which gives the
result. O

Proposition 18.0.13. Simple objects in Cx are the Pi,F, where F € Cy is simple, and the j1.G, G
simple in Cys.

Proof. Follows immediately from the exact sequence of Abelian categories :

0—Cy —Cx —Cy —0.

19. APPLICATION TO PERVERSE SHEAVES
Recall our setting :
X=X, 00X 1D---DXgDX_
is an evenly stratified space with dim¢ X; = 7 and we consider the middle perversity for simplicity.
We define the perverse t-structure on D2(X) inductively on m := dimc X as follows :

e if m = 0 we consider the standard t-structure. Hence a perverse sheaf is just a sheaf.
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e the inductive step works as follows. Consider the diagram

X1~/ X <0—2X\ X1

Yo/ X =—0—2U

By induction hypothesis we have the perverse t-structure on Dy := D5(Y). On Dy := D4(U) we
put the standard t-structure shifted by my := dimc U :

pDEO — stDUS—mu7
{pDEO — StDUZ_mU.
We then define the perverse t-structure on Dy := D’(X) by glueing the two t-structures on Dy
and Dy .
Let us show that we recover our previous definition of perverse sheaves.
Proposition 19.0.14. Let F € DY(X). Then :
(1)
FePDyS — kIF € SIDST™S for any stratum kg : S — X

<= dim¢ supp H'F < —i for any i € Z.

FePDy20 — k!s]: €'DyZ7™s for any stratum kg : S — X
< kiDxF € SIDST™S for any stratum kg : S — X
<= dim¢ supp H'Dx F < —i for any i € Z.
(3) F € Cx if and only F is a perverse sheaf in the sense of the definition 13.2.1.

Proof. The proof is by induction on m := dim¢ X.
If m = 0 this is obvious.
The inductive step works as follows. With the above notations F € PDx =0 if and only if

j*]: S pDUSO,
i*F € PD3°.
By definition of the t-structure on Dy and by induction hypothesis this is equivalent to saying that

k5 F € **Dg=""™5 for any stratum S. This proves (1).
The proof of (2) is similar and (3) follows. O

19.1. Intermediate extension for perverse sheaves. Once more consider the situation J“—0—> X <-/—Y
and let £ be a local system on U (hence £[m] is a perverse sheaf on U). Recall that the intermediate
extension ji.£[m] is the unique extension F € Perv(X) of £[m] such that i*F € PDy <" and i' F € PDy>°.
Let us check it coincides with Deligne’s extension.

Notice that :

i*F € PDy <Y «— i*F[-1] € PDy=°
<= dimc supp H?i* F[-1] < —j for any j € Z
<= dim¢ supp H’i*F < —j for any j € Z
<= dim¢supp H F < —j for any j € Z with strict inequality for j # —m.

Similarly for i'F replacing F by Dx F.
Hence the result.
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